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I X smooth over C, a ∈ X (C). Malčev =pro-nilpotent
completion

lim←−
N

Q[πtop(X , a)]/IN+1

I = augmentaton ideal Ker(Q[πtop(X , a)]→ Q)

I

N = 1 : 1→ H1(X )→ Q[πtop(X , a)]/I 2 → Q→ 1

N = 2 : 1→ (quotient of ∧2 H1(X ))→ Q[πtop(X , a)]/I 3

→ Q[πtop(X , a)]/I 2 → 1

I Thm (Morgan):
Q[πtop(X , a)]/IN+1

carries a Q-mixed Hodge structure, functorial in X and in N,
extending the one on H1(X ).

I It suggests: Q[πtop(X , a)]/IN+1 should be definable as a
motive.
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I Which motives? Whatever motives, we are very far from an
answer.

I For k = Q (more generally a number field), Deligne defined
the category Real(k) of realizations

I Objects (for k = Q) are tuples of f.d. vector spaces(
MBetti/Q,MDR/Q,M`/Q`,Mcrys/Qp(for a.a p)

)
+ weight filtration W , with comparison isos and mixed Hodge
structure (model: cohomology of varieties over Q).

I main property: Real(k) Q-Tannaka (via fiber functors MBetti

or MDR); Tannaka group: semi-direct product of Gm with a
pro-unipotent Q-group; independent of choice of fiber functor
(as H1(Q, Ga or Gm) = 0)

I Thm (Deligne): For X = P1 \ {0, 1,∞} over Q, and
a ∈ X (Q), there is a pro-group scheme object πmot

1 (X , a) in
Real(k), such that (πmot

1 (X , a)Betti, π
mot
1 (X , a)DR) is the

Malčev completion together with its mixed Hodge structure.
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I Extension to tangential base point:
a ∈ m/m2 \ {0}, m=maximal ideal at ā ∈ (P1 \ X )(Q).

I Thm (Beilinson): for a ∈ X (C), there is a cosimplicial scheme
Pa(X ) such that

Q[πtop
1 (X , a)]/IN+1 augm−−−→ Q =

(
Q→ H0(Pa(X )≤N)

)∨
functorially in X and N.

I Moreover (Wojtkoviak) Hopf algebra structure on
lim−→N

H0(Pa(X )≤N) arises from operations on Pa.

I Concretely Pa(X ) defined by
{0} 7→ a, {0, . . . , n} 7→ X1 × . . .× Xn so(

a
2−→ X

)
→

(
a

2−→ X
3−→ X × X

)
→ . . .

I cor: Morgan’s theorem

I cor: one can think of half of the information of πmot
1 (X , a),

a ∈ X (C), motivically:
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I recall Voevodsky’s DMgm(k), k char. 0. (or with resolution of
singularities) field:

Smk : cat. of smooh varieties over k

finite correspondences (X ,Y ) ⊂ zdimX (X × Y ) finite /X ,
dominant over one irreducible component of X  Cork :
tensor via ×k  Kb(Cork) triangulated tensor category

localize by
(
homotopy X × A1 → X + Mayer-Vietoris

)
 

DMeff
gm(k): triangulated tensor category of geometric effective

motives

Dgm(k): invert Z(1) = cone
(
[P1]→ Spec(k)

)
[−3], i.e.

HomDMgm(k)(X ,Y ) = lim−→n≥0
HomDMeff

gm(k)(X⊗Z(n),Y⊗Z(n))

 triangulated tensor category of geometric motives

I Conclusion: for X smooth over k, a ∈ X (k), Pa(X ) is an
ind-object in DMgm(k). But we do not have endofunctors on
DMgm(k) defining H0(P≤N

a ).
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I Construction (Levine): DMT (k) ⊂ DMgm(k)op ⊗Q full
triangulated sub spanned by Q(n), n ∈ Z

involution: DMT (k)→ DMT (k), Q(n) 7→ Q(−n) = Q(n)∨

weight structure DMT (k)≤n ⊂ DMT (k) ⊃ DMT>n(k) full
sub spanned by Q(−m),m ≤ n resp. Q(−m),m > n

HomDMT (k)(DMT (k)≤n,DMT>n(k)) = 0 ⇐=

HomDMT (k)(Q(a)[s], Q(b)[t]) = CHa−b(k, 2(a−b)−t+s)⊗Q
∃ right adjoint yielding
Wn : DMT (k)

(
→ DMT≤n(k)

)
→ DMT (k)

I Thm (Levine): if Hp(k, Q(q)) = 0 for p ≤ 0 and q > 0
(Beilinson-Soulé conjecture) then ∃ t-structure on DMT (k)
with heart MT (k), the mixed Tate category over k

Hélène Esnault, j. w. Marc Levine
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MT (k) abelian rigid tensor category, objects (finitely) filtered
by Wn

 neutral fiber functor MT (k)
grW−−→ VecQ

 G (MT (k), grW ) semi-direct product of Gm with a
pro-unipotent group scheme over Q.

I Consequence: Borel’s work =⇒ Beilinson-Soulé vanishing

Beilinson +Levine =⇒ for X ⊂ P1 \ S ,S ⊂ P1(ratl pts)
[Pa(X )] ind-object in DMT (k) =⇒ H0([Pa(X )]) ind-Hopf
algebra object in MT (k) as well

I Thm (Deligne-Goncharov): 1) realization of pro-group
scheme object H0([Pa(X )])∨ in MT (k) =Deligne’s original
πmot

1 (X , a) in Real(k)

2) for a ∈ m/m2 \ {0} at ā ∈ S(k), ∃ a pro-group scheme
object in MT (k) with realization πmot

1 (X , a) in Real(k)

3) extend MT (k) to MAT (k) (Artin-Tate) to allow finite
motives k ′ ⊃ k finite  πmot

1 (X , a) defined in MAT (k) for X
rational variety over k, a ∈ X (k).
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I Question (Deligne-Goncharov): localization implies k(t)
fulfills Beilinson-Soulé’s vanishing  
MT (k(t)) ⊂ DMgm(k(t)) defined ; what is the relation
between πmot

1 (X , a),G (MT (k(t)), grW ),G (MT (k), grW )?

I Our answer: Cisinski-Déglise: X smooth over k =⇒
DMgm(X ) defined, with objects ZX (n), n ∈ Z computing
Hm(X , n) in DMgm(k)

X ⊂ P1, (P1 \ X ) ⊂ P1(k) =⇒ Levine’s construction yields
MT (X ) ⊂ DMgm(X ) Q linear abelian rigid tensor category
with grW : MT (X )→ VecQ neutral fiber functor  
G (MT (X ), grW )

exact sequence of Q-pro-group schemes (from X
ε−→ Spec(k))

1→ K → G (MT (X ), grW )
ε∗−→ G (MT (k), grW )→ 1

I Thm (E-Levine): a ∈ X (k) defines section of ε∗, thus Ka in
Rep

(
G (MT (k), grW )

) ∼= MT (k). Then Ka
∼= πmot

1 (X , a).
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I Rmk: it follows MT (X ) ∼= RepMT (k)(Ka).

I Main steps of Proof: 3 ways of defining MT (k), k satisfying
Beilinson-Soulé vanishing

Levine: as heart of triangulated DMT (k) ⊂ DMgm(k)

Bloch-Kriz: augmented Adams graded dga over Q:
Nm

k (r) := z r (k, 2r −m)Alt; Nk = Q
⊕
N+; N+ =

⊕r≥1Nk(r); Nk → Q; reduced bar construction  Adams
graded Hopf ind-algebra H0(B̄(Nk))  pro-group scheme
GBK (k) = Spec(H0(B̄(Nk)))  
MTBK (k) = gr. Rep(GBK (k)). As GBK (k) pro-unipotent,
MTBK (k) = graded representations of the Lie algebra. At any
rate, appears naturally as a Tannaka category (with
self-contained fiber functor), no triangulated category in the
construction.

Kriz-May: bounded derived category Df
Nk

of Adams graded

dg-Nk -modules; t-structure via Hq(M ⊗L Q) = 0 for q > 0 or
q < 0, defining heart Hf

Nk
= {M,Hq(M ⊗L Q) = 0 q 6= 0}

Hélène Esnault, j. w. Marc Levine
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Levine: as heart of triangulated DMT (k) ⊂ DMgm(k)

Bloch-Kriz: augmented Adams graded dga over Q:
Nm

k (r) := z r (k, 2r −m)Alt; Nk = Q
⊕
N+; N+ =

⊕r≥1Nk(r); Nk → Q; reduced bar construction  Adams
graded Hopf ind-algebra H0(B̄(Nk))  pro-group scheme
GBK (k) = Spec(H0(B̄(Nk)))  
MTBK (k) = gr. Rep(GBK (k)). As GBK (k) pro-unipotent,
MTBK (k) = graded representations of the Lie algebra. At any
rate, appears naturally as a Tannaka category (with
self-contained fiber functor), no triangulated category in the
construction.

Kriz-May: bounded derived category Df
Nk

of Adams graded

dg-Nk -modules; t-structure via Hq(M ⊗L Q) = 0 for q > 0 or
q < 0, defining heart Hf

Nk
= {M,Hq(M ⊗L Q) = 0 q 6= 0}

Hélène Esnault, j. w. Marc Levine



I Rmk: it follows MT (X ) ∼= RepMT (k)(Ka).

I Main steps of Proof: 3 ways of defining MT (k), k satisfying
Beilinson-Soulé vanishing
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I Kriz-May: ∃ Db
(
MTBK (k)

)
→ Df

Nk
identifying

MTBK (k) ∼= Hf
Nk

I Spitzweck: ∃ Df
Nk

∼=−→ DMT (k) identifying Hf
N
∼= MT (k); so

G (MT (k), grW ) ∼= GBK (k) n Gm

I So can think of an object in MT (k) as a gr. repn of GBK (k),
and also (Kriz-May) as a flat connection on
(M ⊗Q)→ N+

k ⊗Q (M ⊗Q), M cell module
I Do the “same” construction with k  X ,

X ⊂ P1, (P1 \ X ) ⊂ P1(k):

NX defined with cycles equidimentional over X , becomes
Adams graded Nk -dg algebra

∃ Df
NX

∼=−→ DMT (X ) identifying -if X satisfies Beilinson-Soulé

vanishing- Hf
X
∼= MT (X ); so objects are N+

X -valued
connections on M ⊗NX

Q, M cell module

∃ Db
(
MTBK (X ) := gr. Rep Spec(H0(B̄(NX ))

)
→ Df

NX

identifying MTBK (X ) ∼= Hf
NX

So G (MT (X ), grW ) ∼= GBK (X ) n Gm
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I So Thm reduces to

I 1→ Ker→ GBK (X )
ε∗−→ GBK (k)→ 1, section of ε∗ defined

by a ∈ X (k), yielding Kera as an object in Rep(GBK (k)):
what is this mixed Tate motive?

I One defines the relative minimal model NX{∞}Nk
, shows its

existence and computes Ker = SpecH0(B̄(NX{∞}Nk
⊗Nk

Q))

I a defines augmentation augma : NX → Nk ; so
N+

X = N+
k ⊕ rest; absolute connection

H0(B̄(NX{ 1}Nk
))⊗Q→ N+

X ⊗ H0(B̄(NX{ 1}Nk
))⊗Nk

Q
reduces to “Gauß-Manin” connection
H0(B̄(NX{ 1}Nk

⊗Nk
Q))→ N+

k ⊗H0(B̄(NX{ 1}Nk
⊗Nk

Q))
 object in Hf

Nk

I Following Beilinson’s construction yields identification Kera
with it.
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Questions

I Deligne-Goncharov have no direct construction of πmot
1 (X , a)

for a tangential at ∞. Using Levine’s section
G (MT (k), grW )→ G (MT (k), grW ) associated to a, result
should be the same: Ka

∼= πmot
1 (X , a)

I What are all the sections? Relation with Grothendieck’s
section conjecture.

I Motivic π1 defined only for X rational, so πtop
1 of

compactification = 0. What about pro-algebraic completion:
Simpson’s non-abelian Hodge theory, Toën?
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