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Let M be a closed, oriented, smooth n-manifold, 1™ M 2 M
cotangent bundle. Canonical symplectic form w = df, where for
reM,uel;M,

0(x, 1) : Tigou) (T* M) 2 T,M 5 R

w is nondegenerate. w™ defines a volume form.

Question: How can one use techniques of algebraic topology to
study the symplectic topology of T*M (and other symplectic
manifolds)?




Floer Theory: Let
H:R/ZxT"M — R

be a 1-periodic Hamiltonian, “quadratic near oo”. Corresponding
(time dependent) Hamiltonian vector field Xy defined by

W(XH (t; X, U), U) — _dH(t;:B,u) (?})

for all t € R/Z, (z,u) € T*M, and v € T, ., (T*M).

Let
PH)={a:R/Z—-T"M : Ccli_(;




P(H) = set of critical points of perturbed symplectic action

functional

Ap : L(T*M) - R

v — v (0) — H(t,~(t))dt
R/Z

Assume P(H) is nondegenerate.

Let J be a compatible almost C-structure on T* M. Yields metric,

(v, w) = w(v, Jw).




Let u: R — L(T*M) be a gradient trajectory of Ay connecting
critical points a and 3. View as cylinder

u:R/ZxR— T"M

t,s

Satisfies (perturbed) Cauchy-Riemann equation

Osu — J(Oyu — Xpg(t,u(t,s))) =0.




Figure 1: J-holomorphic cylinder spanning periodic orbits a and




Theorem 1 (Abbondandolo-Schwarz + Gluing folk theorem) With
respect to a generic almost complex structure J, the moduli spaces

of piecewise flow lines M(a, 3) are compact, oriented manifold with

corners of dimensions pu(a) — u(B) — 1, where pu(a) =
Conley-Zehnder indez.




Floer chain complex

o S CE(T*M) L CE, (T M) S -

generated by Py, where if u(a) = p, then

L] > #M(a,p)[]

p(B)=p—1




Question. Is there a C.W-spectrum Z(T* M) with one cell of

dimension k for each o € Py with u(a) = k, and the cellular chain

complex = Floer complex?




More general question: When is a given chain complex

0 0i—1

is isomorphic to the cellular chain complex of a C.W-complex or

spectrum?

Assume each C; is a finitely generated free abelian group with basis

B;




: : : On On—
First, assume the complex is finite: C,, —= Cp—1 —— -+ — (.

Let X be a filtered space
Xo—= X1 == Xy = X,

where each X;_; — X is a cofibration with cofiber,

K; = X;Uc(X;_1) ~ X;/X;_1. When this is skeletal filtration, have

BQCZ \/ Sg

aeB;




Using homotopy theory, one one can “rebuild” the homotopy type
of the n-fold suspension, >" X as the union of iterated cones and

suspensions of the K;’s.

YX ~ YKy Uce(S"T K ) U U (TR U - UMK,

This decomposition is created using iterated Puppe extensions of
the cofibration sequences, X;_1 BlinkN X, K.
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Have attaching maps

¢7L,j : Ci—j—lzn—iKi _ Zn_JKJ

where for j =7 —1and K, =/ 5S4, have

acB,

Hn(zn_ZKz) (hii—1)x

|

&

Hn (Zn_i—i_lKi_l)




Describe functorially. Notice that

P¥IX = (Rp)P x R?) Uoo A X.

For any two integers n > m, define the space

R™Y™ ={t;, i € Z, where each t; is a nonnegative real number,

and t; =0, unlessm < i < n.}

RP™ 2 (R4)"~ ™~ 1. Have inclusions,

. n,m m,p n,p




f@ if n<m

x if nm=m
J(n,m) =
SO if n=m+1

(Riy™MUoo if n>m+1,

Define a category J to have objects = Z.
Mor(n,m) = J(n,m).




Theorem 2 (C., Jones, Seqgal) A finite chain complex of free
abelian groups C can be realized by a finite C.W -spectrum, iff the
assignment
m — Z(m) = \/ St
beB,

ertends to a functor Z : J — Sp,. = finite spectra.

Note on morphisms, have J(m,n) A Z(m) — Z(n) given by maps

Gmn \/ ¢mnmlgh \/ Sé

a€EB,, BeB,

defining attaching maps of spectrum.




More geometrically: Assume attaching map
Gop:ct TISE SBL
(R ™ 1 xR Uoo - R Uoo

is smooth. Pull back regular point, get a framed manifold with
corners, embedded in (R)""™~1 x RY,

Myg ——— Mog xR —=  (R,)" ™1 x RE

open set

“Framed embedding” When m =n + 1,

#M, g = degree g g : St — Sé’ determines (and is determined

by) the boundary homomorphism,
8 . Cn_|_1 — Cn




Recall: When f: N — R is a Morse function on a closed
Riemannian manifold (satisfying Palais-Smale transversality), there
is a Morse C.W complex Z¢(N) ~ N with one k-cell for each
critical point of index k.

Theorem 3 (C., Jones, Segal) The spaces of “piecewise flow

lines” connecting two critical points, M(a,b) is a compact, framed
manifold with corners whose cobordism type determines the (stable)

attaching maps of Z¢(N). 0




Theorem 4 Given a Hamiltonian H : R/Z x T*M — R satisfying
above properties, then the moduli spaces of J-holomorphic cylinders
M(a, B) have framings that are compatible with gluing. Therefore
there is a “Floer homotopy type” (a C.W -spectrum) Z(T* M) with

one cell of dimension k for each periodic orbit o € Py with

ula) = k.

Furthermore there is a homotopy equivalence,

Z(T*M) ~ $®°(LM.,).




This theorem generalizes a theorem of C. Viterbo, stating that

HF.(T*M) = H,(LM).




String topology: (Chas-Sullivan) Intersection theory in LM
defines considerable structure on H,(LM).

Theorem 5 (Chas-Sullivan, C.-Jones, Godin, Tradler-Zeinalian,
Kaufmann) Let M ,1, be the moduli space of bordered Riemann
surfaces of genus g, and p- incoming boundary components, and

qg-outgoing. Then there are operations

Pgptq : Hi (Mg,erq) ® H, (LM)®p — H, (LM)®q

respecting gluing of surfaces. Works with any generalized h,

admitting an orientation of M. Need q > 0.

“Homological Conformal Field Theory”

(positive boundary)




The constructions of these operations use “fat” (ribbon) graphs
(Thurston, Harer, Penner, Strebel, Kontsevich)

A fat graph is a finite, combinatorial graph ( one dimensional CW

complex - no “leaves” ) such that

1. Vertices are at least trivalent

2. Each vertex has a cyclic order of the (half) edges.




ORDER IS IMPORTANT!

thicken thicken

) &




Study the combinatorics:

Let Epr = set of edges of I', Epr = set of oriented edges. So each

edge of I' appears twice in Er: e, e

Have a partition of Ep:




(A,B,C), (A,D,E,B,D,C,E)

These are called “boundary cycles”.




Given a fat graph I" of type (g,n), designate p boundary cycles as
“incoming” and ¢ = n — p boundary cycles as “outgoing”.

An important class of marked fat graph was defined by V. Godin.

Definition 1 An “admissible” marked fat graph is one with the
property that for every oriented edge E that is part of an incoming

boundary cycle, its conjugate E (i.e the same edge with the

opposite orientation) is part of an outgoing boundary cycle.

Theorem 6 (V. Godin) The space of admissible, marked, metric

fat graphs of topological type (g,p + q), Gg.p+q S homotopy
equivalent to the modult space of bordered surfaces, My piq.




Let Gpgrq(M) ={(T, f) : T € Ggpiqg, [ : T — M}

Gp.gt+q(M) = MP (M) ={(3,f): € Mypiq, f: X — M}

g9,p+q
= Map(Eg,erq, M)th‘fer(E,a)

Ggprq X (LM)P e Gg,ptrq(M) S (LM)1

Idea: With these types of graphs, there are sufficient transversality
properties to define umkehr map,

(Pin)1 : Hi(Gg,ptq X (LM)?) — Hoyi(g)(Gg,p+q(M)




The string topology operation is defined to be the composition,

Pout © (Pin )1 H*(gg,erq x (LM)P) — H*-|—k:(g)(LMp)-

Here k(g) =2 —29 — (p+ q)n.

Question: How do these operations translate into operations in
HF,(T*M)?

(Combination of work of Abbondandolo-Schwarz, and Cohen-

Schwarz)




Given a graph I' € G4, define the surface Xt

Sr = (]_[ St x (—00,0]) L) (]_[ St x [O,—|—oo)> U/~ (@

where (t,0) € S x (—00,0] ~a~(t) €T, and
(t,0) € St x [0,4+00) ~at(t) el







For a fixed I, define Hol(Xp, T*M) = {¢ : Xpr —
T* M is J-holomorphic on the cylinders}.

For a@ = (a1, - ap, Qpt1,- -+, Qptq) Where each a; € Py, define

Holgz(Xr, T*"M) ={¢ € Hol(Xr, T" M) that converges to the

periodic orbit o; on the i*"-cylinder}

This is a manifold of dimension

b Ind(a;) — ?:1 Ind(apt5) — x(Xr)n, with a well understood

compactification.




Define an operation

pr : HE (T*M)®P — HF,(T*M)®1

1] ®@ - @ [ap] = Y #Hola(Sr, T*M) [ayy1] @ -+ @ [ap]

Theorem 7 With respect to the isomorphism,
HF,(T*M) = H,(LM), this is the string topology operation.




