Homogenization of diffusions on the lattice Z¢
with periodic drift coefficients, applying a
logarithmic Sobolev inequality or a weak
Poincaré inequality

Sergio Albeverio®, M. Simonetta Bernabei?, Michael Réckner?, and Minoru
W. Yoshida*

! Inst. Angewandte Mathematik, Universitit Bonn, Wegelerstr. 6, D-53115, Bonn,
Germany. SFB611; BiBoS; CERFIM, Locarno; Acc. Architettura USI,
Mendrisio, albeverio@uni-bonn.de

2 Inst. Angewandte Mathematik, Universitit Bonn, Wegelerstr. 6, D-53115, Bonn,
Germany, Dipartimento di Matematica e Informatica, Universita di Camerino,
Via Madonna delle Carceri, 9 1-62032 Camerino, Italy,
simone-bernabei@unicam.it

3 Department of Mathematics, Purdue University, Math. Sci. Building 150N.
University Street, West Lafayette, IN 47907-2067, USA; BiBoS,
roeckner@math.purdue.edu

4 Kansai Univ. Dept. Math. 564-8680 Yamate-Tyou, Suita-shi, Osaka, Japan.
wyoshida@ipcku.kansai-u.ac.jp

1 Introduction

In this paper we treat limit theorems for diffusions on the lattice Z¢ of the form
of those constituting the solution of the homogenization problem of diffusions.
For finite dimensional diffusion processes, various models of homogenization
(generalized in several directions) have been studied in detail (cf. eg. [F2],
[FNT], [FunU], [O], [PapV], [Par] and references therein). On the other hand,
for corresponding problems of infinite dimensional diffusions only few results
are known (cf. [FunU], [ABRY1,2,3]). In this paper we consider a homogeniza-
tion problem of infinite dimensional diffusion processes indexed by Z? having
periodic drift coefficients with the period 27 (cf. (10)), by applying an L?
type ergodic theorem for the corresponding quotient processes taking values
in [0,27r)zd (cf. Prop. 1). The ergodic theorem which is based on a (weak)
Poincaré inequality.

In [ABRY3] the same problem has been discussed by applying the uniform
ergodic theorem for the corresponding quotient process, that is available by
assuming that the Markov semi-group of the quotient process of the original
process satisfies a logarithmic Sobolev inequality. In the same paper it has also
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been shown that a homogenization property of the processes starting from an
almost every arbitrary point in the state space with respect to an invariant
measure of the quotient process holds (cf. also [ABRY1], [ABRY?2]). In this
occasion, the main purpose of the present paper is the comparison between
the results derived under the assumption of logarithmic Sobolev inequality
and the corresponding results proven by assuming L? ergodic theorem based
on (weak) Poincaré inequality, which is strictly weaker than the one for log-
arithmic Sobolev inequality (cf. [G], [AKR]). This paper is a series of works
on the considerations of several types of homogenization models for infinite
dimensional diffusion processes.

For an adequate understanding of crucial differences between homogeniza-
tion problems in finite and infinite dimensional situations, we first briefly
review a simple case of the homogenization problem for finite dimensional
diffusions.

On some complete probability space, suppose that we are given a one
dimensional standard Brownian motion process {B:}ier . and consider the
stochastic differential equation for each initial state z € R and each scaling
parameter € > 0 given by

1 [t Xe boXe
X<(t,z) = + f/ p( X520 ﬁ/ o) g
€ Jo € 0 €
le R+7 (1)
where a € C*°(R — R) is a periodic function with period 27 which satisfies
A <alz) <A Vz € R,

for some constant A > 0 and b(z) = -La*(z).

Let p§(z,y) be the transition density function corresponding to the diffu-
sion process defined through (1). Then by Nash’s inequality (cf. eg. [S]) we
have that there exist constants c1,co > 0 such that

pi(z,y) < et 2 exp{—calz — y[2t 1Y, VE>0, Vee(0,1]. (2)
Also, there exists a periodic function y € C?(R) with period 27 such that
(@)X (2) + b (@) = b(z), sER,  x(0)=0. 3)

Then by It6’s formula and using (3) we see that

Xe(t,x) = & — ex(g) +eg(XBD),
+ \/§/t(1 sy XD g er,. )
0 € €

The (probabilistic) homogenization problem consists of proving weak conver-
gence of the process {{X(t,z)}er, }e>o0. In this simple situation and also in
various generalized models of finite dimensional diffusions, it is shown that
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1€ifr01EP; ()] = B [()], (5)

Vz € R, Vo € Cp(C(R+ — R) — R),

where Pg is the probability law of the process {X(¢,z)}er,, as a C(Ry —
R) valued random variable, P, is the probability law of the continuous Gaus-
sian process starting at * € R with constant diffusion coeflicient given by

2w

o={2 ; {a- x/(y))a(y)}Qdy}%, (6)

EP:[], EP:[] are respectively the expectations with respect to the corre-
sponding probability measures, and Cy(+) is the space of bounded continuous
functions.

Here, our problem is a homogenization problem of a diffusion

{Xi(t, %) breze

with index set Z? involving the periodic drift coefficients of perion 27 defined
by (10) in the next section. Since the constants in Nash’s inequality depend
on the dimensions, for our infinite dimensional diffusions we can not use the
uniform bound (2) for the Markovian transition density functions which are
based on Nash’s inequality. By Lemma 3 below for our infinite dimensional
diffusions we can define a family of functions i, (k € Z%) (cf. (19)) that is
an infinite dimensional version of x defined by (3). But except for some trivial
cases, we can not expect the regularity yix € C2. Thus the same strategy
developed for the consideration of finite dimensional problems can not be
applied directly in infinite dimension. These are the main difficulties which
appear in the alter situations.

But in Theorem 9 and Theorem 12, by using the L? ergodic theorem (17),
which is a consequence of a weak Poincaré inequality for the corresponding
quotient process of {Xj. (,x) }xeza, instead we can show that in the infinite di-
mensional situation a homogenization holds, roughly speaking, in the following
weaker sense than (5): Let a Polish space W be a subspace of C(R4 — RZ")
equipped with a topology which is sufficiently stronger than the product topol-
ogy on C(Ry — de) (cf. (13)), Cp(W) be the space of bounded continuous
functions on W, P, be the probability law of an infinite dimensional diffusion
{Y:}1er, with a constant covariance matrix defined through xx, (k € Z¢)
starting from the initial state 0 (cf. (22) and Definition 5), also let P be the
probability law of the process

Xe(t,x X
Xt — e 4o (B,
then it holds that

tim EP% ()] = ER[p()), Vo € Cu(W — R), (7)
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where for each € € [0, 1), the probability measure Pjg on (W, B(W)) is defined
by
PLw)= [ P (Bldy), VB € BOV), ¥

€y

for a probability measure v on ([0, 27T)Zd, 5([0, 27T)Zd)) such that

dv

||@‘|Loc([o,2w)zd) < o0, 9)

and p is the unique invariant measure of the quotient diffusion process on the
infinite dimensional torus (identified with [0, 27r)zd) of the original diffusion
{Xi(t,%)}xeza (cf. Proposition 1).

2 Fundamental notations

Let N and Z be the set of natural numbers and integers respectively. For
d € N let Z¢ be the d-dimensional lattice. We consider the problem for the

diffusions taking values in RZ‘. We use the following notions and notations:
By k we denote k = (k!,... k%) € Z9 For a subset A C Z? we define
|A| = card A. For k € Z? and A C Z9 let

A+k={1+k|le A}

For any non-empty A C Z%, we assume that R4 is the topological space
equipped with the direct product topology. For each non-empty A C Z?, by
x4 we denote the image of the projection onto R4:

d
RZ 9x»—>xA€RA.

For each p € N U {0} U {co} we define the set of p-times continuously
differentiable functions with support A: Cﬁ(RZd) = {p(x4) | p € CP(RM)},
where CP(RA) is the set of real valued p-times continuously differentiable
functions on R4. For p = 0, we simply denote C’g(RZd) by CA(RZd). Also we
set

CH(R*') = {p € CH(R*") | [4] < o0},

B(RZ") is the Borel o-field of RZ" and B, (R2") is the sub o-field of B(RZ")
that is generated by the family CA(RZd). For each k € Z<, let Y% be the shift
operator on RZ" such that

d .
(ﬁkx){j} = X{k+j}s X € RZ ,J€E Zd,

where X 44 is the k + j-th component of the vector x.
We shall define the infinite dimensional diffusions we are interested in
through a stochastic differential equation (SDE). On a complete probability
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space (£2, F, P;F;) with an increasing family of sub o-field {F;}icr, we are
given a family of independent 1-dimensional F;-standard Brownian motion
processes {Bi(t)}ier, , k € Z%. For each € € (0,1] and each x = {zk }yeza €

de, consider the following system of SDE’s :

1 [t X
Xﬁ(t,x):xk—i-\/in(t)—i—z/ (X0 te R, kezd (10)

0 €

where we set

X(s,x) = {Xg(5,%) ez, and define bi(x) = > (=5 —Ja(x)),
A€k

for a given family of potentials J = {J4 | A C Z%, |A| < oo} such that
J-1)  (Periodicity) for each A C Z¢ such that |A| < oo,

Ja € CT (R,

and it is a periodic function with respect to each variable with the period 2;
J-2)  (Shift invariance)

JA_;,_k:JAO’LS‘k, VkEZd;

J-3)  (Finite range) there exists an L < oo and J4 = 0 holds for any A
such that A>0 and A ¢ [-L,+L]%

By Lemma 1.2 of [HS] we have the following: Under the assumption J-1),
J-2) and J-3), for each € > 0, SDE (10) has a strong unique solution. Also,
for any T < oo and € > O there exists a constant A5 < oo and for any
x = {@k fxeze, X = {@} ez one has that

1 € 2 €
B o 2B, Xkt — ol < A i
c Sts

1 € € "2 € 1 /2
E[Z WOE?ET\Xk(t,X) — X (t,x"|7] < A%( Z ka -z 7). (12)
kezd =65 kezd

By (11) and (12) we can define a metric p on a linear subspace W of
CRy — de), on which the trajectories of the diffusions X¢(-,x) exist if
their initial states satisfy x € H. Namely, let

d 1
H= {x = {2k tega € R? | Z Wxi < oo},
keZd

denoting x(-) = {zk(-) }xez« and define

W= {x(-) € O(R; — RZ")

1
Z ] Sup |21 (1)]? < 00, VT < oo}.
keZzd 2 Ost<T
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We define a metric p on W, and denote the Polish space equipped with this
metric by the same symbol W:

px().X() = Y 2n{{z g S0 [ok(t) — o (OPYE AL (13)

nEN <t<n

for  x() = {ax()}kezae, ¥'(-) = {2k () }xeza € W.

The metric p gives a stronger topology than the product topology and keeps
the Borel structure unchanged. We note that the metric p is also stronger
than the following metric (cf. [AKR])

L 2! 21
ST
Let B(W) be the Borel o-field of W and B,(W), t € R4, be the sub o-field

of B(W) generated by the cylinder sets of (C([0,t] — R))Zd
For each t > 0, let £, be the measurable map given by

€ W 5 x(-) — x(t) e R%,

then By (W) is the o-field generated by &,, s € [0,].
For each x € H and € > 0, let P¢ be the probability measure on (W, B(W))
which is the probability law of the process {X(t,x)}ier,

P{w|X(-,x) € B}) = PS(¢. € B), VB e B(W).

Let T ={y € R? : |y| = 1} be the unit circle equipped with the natural
Riemannian metric. Let T2 be the product space of T endowed with the di-
rect product topology, so that TZ" is a Polish space. Let (Wr, B(Wr); B:(Wr))
be the measurable space of the Polish space Wy = C(R4y — Tzd), such that
B(Wr) is the Borel o-field of W and B,(Wr), (t € Ry), is the sub o-field of

B(Wr) generated by the cylinder sets of C(]0,t] — Tzd).
Corresponding to the previously defined notations x4, resp. Cﬁ(RZd) and

ch (de), we define the following:  For each non-empty A C Z%, by y 4 we
denote the image of the projection onto T4:

Tzday»—>yA€TA.

Also, Cﬁ(TZd), C’g(TZd)7 and C4(T%") are defined correspondigly.
We use the notation y = {yx }xeze to denote a point in 7%

In order to give a correspondence between the points in RZ’ and the points
in Tzd7 we introduce the function

0 :T% 3 {phezs — {Otneza € [0,2m)%
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where 0 = 0(yx) and the function 6 : T — [0, 27) is defined by

- (e

T 2.
sino<y>) creR

Let C([0, 27T)Zd) be the linear subspace of C([0, 27T)Zd) such that

~

0(0,2m%") = {# € C(10.2)%) | lim 6(6) = 6(0l o).

Ok 127

VO = {01 }1cza € [0,2m)%", Yk € zd},

where 0|, —¢ is the vector defined by changing the k-th component 6y of 8 to

0. Then, each ¢ € C’(Tzd) has a corresponding element ¢ € C([0, 27T)Zd) such
that

d
¢(y)=¢oO(y), VyeTl”
By this, we will identify the elements of C (Tzd) with the corresponding ele-
ments in C(]0,27)%").
In addition we define @(xy) = O € [0, 27) if 2 = O mod 27. Then we can
define a surjection from RZ’ to T%" such that

0 'od :R% 5 x = {tiheeza — {0 0 B(a1) heeza € TZ . (14)

In the sequel, if there is no ambiguity, to denote such interpretation
(O o B()) € C(RZ") of p(-) € C(T%") we will use the same notation
@, i.e., we will not always write the corresponding periodic function by
©(@~! o B(x)) but simply p(x).

The following Proposition 1-i), ii) resp. and iii) are results of Theorem 2.23
of [HS] resp. and Proposition 1.2 of [S] (cf. also [BoRW]):

Proposition 1. (Quotient process of {X'(t,x)}+>0)
Let J be a potential that satisfies the conditions J-1), J-2) and J-3).
i) For each t > 0, let m, be the measurable function defined by

N Wroy()—y(t) € %",

Lety € T%" and take x € H such thaty =@ 'o b(z).
On (Wp, B(Wr)) define the probability measure

Qy =Plo6'od,
1.€e.

Qy(B) = P({x() € W |67 0 ®(x()) € B}), VB € B(Wr),
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where the probability measure PL on (W,B(W)) is the probability law of the
process {X!(t,x)}ier, . Then, Qy satisfies the following:

Qymo=y)=1 and (f(n,)— / (LF)(n.)ds, B(Wr), Qy)

is a martingale for each f € C’(‘)’O(Tzd), where

L = 5 {FE0) + ez 1m)}-

kezd Y

Furthermore, Qy is the unique solution of the above martingale problem.
i1) Let p(t,y,:) be the transition function associated with the diffusion

process (n,Qy 1y € Tzd). For NeN,ye Tzd, let p™N)(t,y,-) be such that
PNy, D) =plt.y, ) for IeBENHN),

where I' = {y € T |yv) = Yi-n,nje € T'}. Then p(N)(t,y,dy(N)) has a
density p(N)(t7 Y,y (n)) with respect to Lebesgue measure on TI=NAN yhose
partial derivatives in the variable y(ny of all order exist and are continuous
functions of (t,y,y)) in (0,00) x TZ" x TI=NA+N*,

it1)  There exists at least one Gibbs probability measure pu on (Tzd,B(TZd))
such that

(', 1) = (p,p), VACZ4 st |A] < oo, Ve Co(TZ),  (15)

where

1

A —

/ Py 1 - yac)e U OV avaN gy,
Tz

with

Here we use the notation y'y - yare =y" € Tzd,
so thaty’y =y and y'ic = yae.

Remark 2. (Q, and Dirichlet forms)

Let 1 be some Gibbs measure on (TZdJS’(TZd))7 and consider the Dirichlet
space (E#,D(EM)) on L?(p) that is a quasi-regular Markovian extension of the
form



Homogenization of diffusions 9

dp 0
Z/Tzd a;i 35} p(dy), @b € C(T?Y), on L2(p).
keZd

(closability holds according to [AKR].) Let M be the (strong) Markov pro-
cess properly associated with the Dirichlet space (£¥,D(E")), which ex-
ists by [MR]. Denote the corresponding Markovian transition function and
the probability law of the process M starting at y € %" by pM(t,y,-)
(teRy,ye T2 and QY'(-) on (Wp, B(Wr)) respectively.

By the uniqueness statement given in Prop. 1 we see that the Markov
process ({1 }+>0,Qy 1y € Tzd) defined by Prop. 1 is equivalent to M above,
hence properly associated to the Dirichlet space (E#,D(E#)) (for precise ar-
guments cf. Remark 1.1 of [ABRY3], also cf. [F1], [MR]).

3 Theorems

In [ABRY 3] we have considered the homogenization problem of the sequence of
the diffusions {{X(¢,x)}+er. }e>0 in the case where the the following uniform

ergodicity (16) holds for the quotient process ({n;}+>0,Qy : ¥ € Tzd). Here we
consider the same problem for {{X(¢,x)}/cr, }e>0 in the case where the L?-

type ergodicity holds for (n,,Qy :y € Tzd), and compare the results available
under these two different assumptions of (16) and (17). Each comparison will
be given as a Remark following each Theorem resp. Lemma.

In the sequel we denote the uniform ergodicity (16) as (LS) and the L?-type
ergodicity (17) as (WP) respectively. We have to remark that if the potential
J, that satisfies J-1), J-2) and J-3), satisfies in addition Dobrushin-Shlosman
mixing condition, then (16) holds, more precisely in this case the logarithmic
Sobolev inequality (LS) holds for the Dirichlet form £(u(-),v(-)) defined in
Remark 2, then the stronger inequality such that the term (¢ +¢)~ in (16)
is replaced by e~ for some a > 0 holds (cf. [S]).

Correspondingly, if £(u(-), v(+)) satisfies the weak Poincaré (WP) inequal-
ity, then (17) holds. We remark that the logarithmic Sobolev inequality is
strictly stronger than the the weak Poincaré inequality (cf. [RWang]).

Precisely, we define the ergodicities (LS) and (WP) as follows:

(LS)  For some Gibbs state p, there exists a ¢ = ¢(J) > 0 and an o =
a(J) > 1 which depend only on 7, such that for each A € Z¢ with |A| < oo

there exists K (A) € (0,00) and for V¢t > 0, Vo € C’jo(TZd) the following holds

H/TZ P(ya)p(t, - dy) = (@, )l < K(A)(c+8)" (VoL + [lollL>=), (16)

(WP)  There exist ¢ = ¢(J) >0, a = a(J) > 1 and K > 0, that depends
only on 7, and the following holds
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—a d
IPep— < o1 > N2y < K(e+ )7 llllzaqn, V>0, Yo € C(T#). (17)

We also remark that (16) or (17) gives the uniqueness of the Gibbs state,
since by (16) or (17) we see that a Gibbs state p that satisfies (16) or (17) is
the only invariant measure for p(t, -, dy), but every Gibbs state is an invariant
measure. From now on we denote the unique Gibbs measure by p (cf. [ABRY3]
and [AKR]).

Lemma 3. Assume that J-1), J-2), J-8) and the L? ergodicity (WP) is sat-
isfied. Then, for any k € Z%,

y) = E%| / " (O} s,

is well defined as a measurable function of y € TZ"
Let for u, v € D(E)

=> /T e ) v(y)ldy),

jezd
then for any k € Z¢

xk(-) € D(E), Xk 18 quasi-continuous (18)

& xx) <
E0act) ) == [ blO)uyn(dy) vo e CF(T)

Remark 4. Under the assumption (LS), we have a stronger result than (18)
(cf. Lemma 2.1 of [ABRY3]):

k() €EDE) and xk(-) € C(TZ).

By Lemma 3 we define

Xlk,j(Y) = \/ia—ijk(y) if j£k

and
Xig(y) = vV2(1 = —x(y)) if j=k

Let x’ and A be the matrices whose components are functions such that
respectively
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X )= (}a®), . (19)
ay) = (ag®), 0 with @) = Y X)) (20)
J€ ez

By (19), we can define a matrix A whose components are constants as follows:

(- . _ / /
A= (ak,j)k7jezd7 with  ayx) = Ezz:d /Tzd Xi,j (V) - xa;(y)pldy).  (21)
ez

For each M € N let A|y; be the submatrix of A such that

Aly = {dk,l}|k|,\1|gM’
then by (19) and Fubini’s Lemma, for z = {2k }jxj<am
0< z-Aly-'z

B /Tzd 2 ( > (Xi«,j(Y))Zk)zu(dy) < 4o0.

JEZ? |k|<M

Hence, by the martingale representation theorem by means of the Brown-
ian motion processes (cf. for e.g. Section II-6 of [IW]) the finite dimensional
quadratic variation matrix Ay determines uniquely an M’ = #{k| |k| < M}-
dimensional continuous Gaussian process on some adequate probability space.
Since the sequence of the probability laws of such M’-dimensional processes,
that is a sequence of Borel probability measures on C(R, — RM /), is con-
sistent, by the Kolmogorov’s extention theorem there exists a unique proba-
bility measure on (C(R; — de), B(C(Ry — de))), such that any of its
M'-dimensional marginals is identical to the probability law of the continuous
Gaussian process characterized by A|]M.

By this construction, we denote by {Y;};cr, with Yo = 0 as the unique
continuous Gaussian process taking values in RZ" (namely Y. is a C(Ry —
de) valued random variable) with covariance matrix ¢ - A (t € R ) defined
on a complete probability space.

If x = {Zk }eze € H, then by (19), (22) and above mentioned construction
of {Y;}1er, with Yo = 0 by means of A|s7, by using the martingale inequality
we see that the trajectories of {Y; er}teRJr stay in W with probability 1, and

B(C(R; — RZ))NW = B(W) is identical with (W, B(W)). We can then set
the following definition:

Definition 5. Let {Y;},er, with Yo = 0 be the unique continuous Gaussian
process defined above, with a law which is a Borel probability measure on
(W,B(W)). For each x € 'H, let Px be the probability measure on (W, B(W))
that is the probability law of the process {x + Y }ier, -
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Heuristically, {Y;}/er, can be expressed by

t
Yt:/ A%dBt, t€R+7
0

where {B;}icr, = {{Bk’t}teR‘F}keZd and {Bx}ier, (k€ Z4) are some in-
dependent sequences of one-dimensional standard Brownian motion processes.

Lemma 6. Assume that J-1), J-2), J-8) and that the L? ergodicity (WP) is
satisfied. Let xx(-) € D(E) (k € Z¢) be the functions defined by Lemma 3,
denote x1 (@' o B(x)) simply by x1(x). For each e > 0 let

M) = (€50) ~ 60) — (3D ey (o)

Sety = O(y), for © the mapping from TZ to [0, 27T)Zd defined in the previous
section. Then, for each e > 0 and £-q.e. the processes {Mf’k}telh, k€ Z? on

(W,B(W), PS) are L*(PS;), continuous By(W)-martingales whose quadratic
variations are given by
e,k el _ ¢ 59() d
< MER(), M () >= | ax( . )ds, k,1€Z°, (23)
0
where
ax1(y) = Z X/k,_j(Y)Xll,_j(Y)a
jezd
with 9
, ﬁfy_Xk(Y) i#k
X k,j(Y) = ) b .
V2(1-5oady) =k
Yk

Remark 7. If we assume (LS), then for each ¢ > 0 and each x € H the pro-
cess {Mf’k}t€R+, k € Z on (W, B(W), PS) is an L?(P¢) continuous B, (W)-
martingale, with quadratic variations given by (24).

|
Let v be a probability measure on (Tzd, B(Tzd)) such that
dv
||@HL<>°(TZ‘1) < 0. (24)

For each e € [0, 1), define a probability measure P;_on (W, B(W)) such that

P (B) = /TZd PS(B)v(dy), VB e BW), (25)

where as above (and in the sequel) y = O(y).
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Remark 8. We remark that by Lemma 6, the processes {Mf’k}teR+, k € Z4
on

(W,B(W), Pg) are L*(Pt), continuous B;(W)-martingales with quadratic
variations given by (24).

Theorem 9. Assume that J-1), J-2), J-3) and (WP) are satisfied. Then, for
each € > 0 and each probability measure v on (Tzd,B(TZd)) satisfying (25),
it is possible to construct a probability space (W, B(W), Ps_; By(W)), which is
a standard extension of (W,B(W), P;_;B{(W)), and a Bi(W)-adapted RZ"-
valued continuous process {Ci }ier, (defined precisely in the next section) that
satisfies the following: ¢ is a W wvalued random variable whose probability law
Pg o( forms a relatively compact set {P5 o ( }eso in the space of probability
measures on (W, B(W)) equipped with the weak topology, and for any ¢ €
Cy(W — R), the following holds:

gﬁgEﬁSe [P(CE())] = BT [ (€.())], (26)
limn BT [p(€.(-),¢())] =0, (27)
where
&0 =60) — (™) 1 xSl

Remark 10. Under the assumption (LS), we can take the initial states as Dirac
point measures (cf. Theorem 2.1 of [ABRY3]):

lim B [p(¢5())] = E*[p(€.())].  VxeH, (28)

el0
One then also have :

lim B [p(¢C())] = EP[p(€ ()], wxe2m, ()

where the approximation sequence {{¢{}icr., }E>0 satisfies

€

lim | B [p(€.(),¢5())uldy) =0. (30)
€ TZ

Remark 11. In order to show that xx € D(E) satisfies xx € C(Tzd — R) we
used crucially (LS) in [ABRY3]. Here, in Lemma 3 we assume (WP) and we
can show xi € D(&) only, and we can not see in general that xj is bounded.
By this we are not able to assert that the term
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&() ()

—ex( )+ GX(T)

vanishes as € | 0, and we have to modify &,(-) by &€,(-) in Theorem 9 above
and 12 below (cf. Remarks 4 and 10).
|

Theorem 12. Let Py be the probability law of the process {Y;}ier, - Assume
that the assumptions of Theorem 9 are satisfied, then the following hold:

Lim ER[p(€.(-)] = EP[p(£.()), Vo € Cy(W = R). (31)

Remark 15. Under the assumptions J-1), J-2), J-3) and (LS), in [ABRY3] we
d
proved the following: For y = O(y) with © : 7% [0, 27T)Z ,

lim
E,LO TZd

EPS[p(€.())] = BPlp(€.())]| uldy) =0, ¥ € Cy(W — R).
(32)
Also there exists an N € B(T%") such that u(N) = 0, and a subsequence

{en}nen C {e|e € (0,1]},
and the following holds (cf. [PapV] for the finite dimensional case):

lim £7ix[p(6.())] = ERp(6.())). Ve e GyW —R)  (33)

Vx = {2k brezt € RZ"  such that 07 'd(x) € 7% \N, sup |ak| < oco.
keZd

Remark 14. For the present problem we use crucially the ergodicity of the
corresponding quotient process ({n,}+>0,Qy : ¥ € Tzd) whose existence de-
pends essentially on the periodicity of the coefficients of original process. If we
consider the homogenization problems based on the diffusions processes tak-
ing values in RZ’ with the index set Z? which are defined through Dirichlet
forms with convex potential terms (cf. [AKR]), then there are no correspond-
ing quotient processes and the present formulation is impossible.



Homogenization of diffusions 15

4 Construction of {{Ci}t€R+}e>o and an outline of the
proofs

In order to get the results on the homogenization problem for the infinite
dimensional diffusions {X(¢,x)}icr, (¢ > 0), we firstly pass through the dis-
cussion of a sequence of approximating processes {¢;}ier. (€ > 0) of the

original diffusions introduced in Theorem 9. {{¢{}icr +}6>0 is composed in

order that the sequence of probability laws of {{{{}icr +}e>0 forms a rela-
tively compact set in the space of Borel probability measures on (W, B(W))
equipped with the relative topology. For each € > 0 the dimension of {{{}icr,
is essentially finite, that is controlled by the parameter € > 0 with a tricky way
composed by using the uniform ergodic theorem (LS) or L? ergodic the-
orem (WP). In [ABRY3] under the assumption (LS) this subsidiary sequence
of processes {{¢{}icr, }e>0 has been constructed in order that it satisfies the
pointwise homogenization property given by (29).

Here, we show how the approximating processes {{{;}icr, }e>0 that sat-
isfy the homogenization property given by (27) are constructed by using the
assumption (WP). Onece {{{{}icr, }€>0 is constructed, the proofs of Theo-
rems 9 and 12 of the present paper are very similar to the ones of Theorems
2.1 and 2.2 in [ABRY3], we do not repeat them here. Also, since Lemmas 3
and 6 in this paper are included in Lemmas 2.1 and 3.1 of [ABRY3], therefore
we also omit these proofs here.

For the (WP) case we construct {{C:}t€R+}e>0 as follows. Let A(y) be

the matrix valued function defined by (21), and for each N € N let
N’ = §{k| [k|] < N},
and define an N’ x N’ matrix that is a submatrix of A(y) such that

y € T%".

Aly)lv = (ak,j(Y))

K], [jI<N

Then by (19) and Fubini’s Lemma, for any real vector z = {2k }jxj<n
0< 2 AWy)lx 'z

- Z ( Z (Xic,j(Y))Zk)Q < 400, p—as yeT?.

jezd |k|<N

By this for each N € N, there exists a matrix (Jf(vl(y))l il such that
g INRHESY

d
aca(y) = Y on5(y)-oii(y), kI, <N, p—as yeT?. (34)
<N

By (19), (20) and (21) since for any k € Z¢



16 Authors Suppressed Due to Excessive Length

5
/ arex(y)uldy) < 2,
TZd 2

we see that

5
Z ||01]<\{1||%2(u) < 2 for any k such that |k| < N. (35)
[1I<N

By this, for each NV € N, there exists a sequence of N’ x N’ matrices
{Uljzin(y)}\k|,|1|§N n=12-.,
such that
Uﬁ{in € Ciy. (T%" - R), for some bounded Ann CZ% neN,
Tim o0 () = ROz =0, kLI < .

Next, define a natural number valued function n(-) as follows:

1
n(N) = min{n eEN ‘ > llowi = olillizgy < 7 VIK| < N}, (36)

[1I<N
and then define
) =o' My),  yer®, k<N (37)
By construction we see that
51](\{1 € Oy, (Tzd — R), where Ayx = Ungn(N) AN .-

Let
p- ~ ~ d
afcv,k(Y) = ngjv Uli\ij(Y) 'Uljxj(Y) =0, yeT?. (38)

Finally, by using the constants ¢(J) > 0, &« = a(J) > 1 and the constant
K > 0 which appeared in (WP) we define

2
Ky = K{ ‘1 } : a : 39
y = Kqmax(Z, 1) ¢ - { max aiclzzg } (39)
and then, for each € > 0, we define

N(e) = max{N €N |VeKyMygr <1, V|, V]| < N}, (40)

where (cf. (39))

SIS

Myx1= sup (@f(v,k(Y) 'df?/l(Y)) (41)

yETAN

Now, we define the approximation sequence of the original process as fol-
lows. By Lemma 6, for each € > 0 (hence for N(e) defined by (41)), since the
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quadratic variation of the L?(Py, ) continuous B;(W)-martingale {Mf’k}teR+,
k € Z¢, on (W,B(W), Pt ) is given by

t
< Me’k('), Me’l(') >p= / ak,l(ése( ))ds, k,1e Zd7
0

from the expression of ay 1(y) given by (35), by applying the martingale rep-
resentation theorem by means of the Brownian motion processes for the finite
dimensional continuous L? martingales (cf., for e.g., section II-7 of [IW]),
we see that on a probability space (W,B(W),Ps ;B,(W)) there exists an
N'(e) = #{k]| |k| < N(e)} dimensional standard Brownian motion process

{Bi()}ier, » k[ < N(e),
and the following holds:
() = &5 () — exa( )

+ 0y /affl‘e)(‘s ())dBl() P —as., [k| < N(e). (42)
N<N(e) 70

Then, by using 5111 l(e) defined by (38) and (41), we define the approximating
process {C5hen. = {1C™hiem. boge o0 (W, BOV), Pe; (1)) as follows:

GrO =g+ S / 500G apes), 1< Ny (@3)

[1<N(e)
CC) = €5, k| > N(e), VteRy. (44)

Let us explain the key point of the proof of the tightness of {{Ci}teR+ }
Let

e>0"

.,N €
) = llap 21 ¢)-

y (39) using

Pur (@ () Pug—r (Gt () ()

< @) +ad Olpu, (a0 () v >—@
M) —ag )

+||a’k f( 9 ||L°°pu1 (‘pug U1 (a’k k

by (43), (44), Fubini’s Lemma and (WP) we see that
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pe k k
I [ OBl Ol

B || S /Oaﬁfe)(gs('))dBf(s)P

€
<N (e)

<[ {/ / P (3 )+ P, (@304 () (7 )er e ()

~N(e) 4~N(e) ~N(e

t
dv = t o
< a2+ I N Neag [ K (G — (et )

N | =

dv ~N(e ~N(e 6% 6% -
R P NS P A P A B e )

But, for a > 1, using

z 2
62/ ———ds < emax(—, 1)t%, Ve € (0,1],
o (c+s)* c

togetherwith (40), (41), (42) and using the bounds (36) and (37) we see that
the RHS of (46) is dominated by

3
A2+ 't
for some constants ¢/, ¢”” > 0. Thus we have

EPCICER () = () < 2 +"t2,  VE>0, VkeZi Ve>0. (46)

From (47) through a similar discussion as for the proof of Theorem 2.1 of
[ABRY3] we can complete the proof of Theorem 9 in the present paper.

Remark 15. In [ABRY3] by using the ergodicity (LS), we constructed the cor-
responding approximation sequence {{C;}teR N }e>o which satisfies

BPICOR() = RO < P+ ",
Vt>0, VkeZl VYe>0, VxeH. (47)
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