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Summary. The purpose of this paper is to construct the analog of Malliavin deriva-
tive D and Skorohod integral ¢ for some class of processes which include, in partic-
ular, processes with conditionally independent increments. We introduce the family
of orthogonal polynomials. By using these polynomials it is proved the chaos de-
composition theorem of L?(£2). The definition of Malliavin derivative and Skorohod
integral for a certain class of stochastic processes is given and it is shown that they
are equal respectively to the annihilation and the creation operators on the Fock
space representation of L?(£2). The analogue of Clark-Haussmann-Ocone formula
for processes with conditionally independent increments is also established.
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1 Introduction

It was shown by Karatzas and Ocone [14] how the stochastic calculus of vari-
ations developed by Malliavin [20] can be used in mathematical finance. This
discovery led to an increase in the interest in the Malliavin calculus.

In the Brownian setup the calculus of variations has a complete form (see
the elegant presentation of Nualart [22]). It is based on the operators D and
6 which are called Malliavin derivative and Skorohod integral, respectively.
There are two equivalent approaches to definition of the operator D: as a
variational derivative and through the chaos decomposition.

For discontinuous processes it is possible to develop the Malliavin-type
calculus by using some “generalized” or “weak” derivatives (see, e.g., [1, 4,
15] and references therein). Nevertheless, it was shown in [24] that in the
Poisson case small perturbations of the trajectories lead to a certain difference
operator. This idea was extended for Lévy processes in [26, 28, 31, 33].
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Alternatively, the operator D can be defined by its action on the chaos
representation of L2-functionals. The case of normal martingales with chaotic
representation property was considered in [19]. But, in general, a Lévy process
has no chaotic representation property in the sense that Brownian motion and
Poisson process do. There are two different chaotic expansions introduced in
[11] and [23]. By using these expansions two types of Malliavin operators for
some classes of Lévy processes have been studied in the papers [2, 7, 8, 16,
18, 25, 31]. The relationship between them has been shown in [2, 31]. The
connection of such derivative to the difference operator from [26, 28] was
studied in [18, 31, 33]. For random Lévy measures the Skorohod integral and
Malliavin derivative were considered in [5, 6].

The purpose of the paper is to construct the Malliavin calculus for some
class of processes which includes, in particular, the processes with condition-
ally independent increments. It is also proved the chaos representation theo-
rem for such type of processes.

In general the processes with conditionally independent increments can
be described in terms of their triplets of characteristics (B, u,v), where B
represents the “drift” part, p is connected with continuous martingale part
(Gaussian part for Lévy processes) and v is a compensator of measure asso-
ciated to the jumps of the original process. Since B is a bounded variation
process then for our purposes we can set B = 0 without loss of generality.
Therefore we start with two random measures p and v on certain measurable
spaces which describe, respectively, the continuous and discontinuous parts
of the process. In Section 2 we define the appropriate Hilbert space H con-
nected to these measures and stochastic process indexed by elements of H.
This construction allows us to consider aa rather general class of processes.
The system of generalized orthogonal polynomials defined in [33] is used in
the proof of the chaos decomposition of L? functionals.

Section 3 deals with multiple integrals with respect to the L2-valued mea-
sure generated by the considering process. Their connection to generalized
orthogonal polynomials and chaos expansion is also proved.

In Sections 4 and 5 we define the operator D and its adjoint operator J.
Then we show that they are generalizations of the Malliavin derivative and
Skorohod integral. It is also proved that their action on the Fock space repre-
sentation of L2-functionals coincides with annihilation and creation operators.
In the end of the last section we prove the analogue of Clark-Haussmann-
Ocone formula for processes with conditionally independent increments.

2 The chaos decomposition

Let (£2,F,P) be a complete probability space. Suppose that p and v are
random measures defined on the measurable spaces (7,.4) and (T' x Xo, B)
respectively, such that the following conditions are satisfied:

1. u(A,-) and v(B,-) are F-measurable for all A € A and B € B,
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2. pu(-,w) and v(-,w) are o-finite measures without atoms for all w € £2.

Consider A ¢ X and denote X = Xy U {A}, G = 0(A x {A}, B). Define a
new measure 7(dtdx) = pu(dt)da(dx) + v(dtde N (T x X)) on the o-algebra
G. Here 0 (dx) is the measure which gives mass one to the point A. Let H
be a o-algebra generated by measure 7 and the collection N of P-null events
of F, i.e.,

H=0c{r(A): A€ G} VN.

Define a new measure M, on o-algebra G ® F in the following way. For
any A € G and B € F we set M.(A x B) = E[1pm(A)]. Then extension
of it on the o-algebra G ® F can be done as usual (see e.g., [27, Ch. 4]).
Suppose that measure M, is o-finite. Then there exists the sequence of the
sets U,, € G ® F such that UZO:1 U,=TxX x £ and M,(U,) < co. We can
choose U, = A,, X By, where A,, € G and B,, € F. Indeed for any ¢ > 0 and
each U,, we can find A* € G and BF € F such that U, C [J;—, A¥ x BF and
M (Uy) <3272 M (A* x BF) < M. (U,,) + €. Hence M, (AF x BY) < 0o and
T x X x 2 =51 Ay x Bj. Renumeration of the sets A} x B yields the
desired result.

If we consider the restriction of the measure M, on the o-algebra G ® H
then it is possible to show that it will be o-finite. Indeed, let U,, = A,, X By,
A, € G and B,, € F be as above then | J,.; A, =T x X and |, B,, = {2.
Denote by C7* the following sets: C" = {w € 2 : w(A,) <m},m=1,2,....
Then C" € Hand |J,,_, CI* = {7(A,) < oo} D (B, \N,,), where P(N,,) = 0.
Hence U,,,—1 An X (CFUN,,) = T'x X x 2 and M (A, x (C]"UN,)) <m <
oo. In fact we have a stronger property: m(A,,w) < co for all w € J-_, C".
This property implies the sigma-finiteness of the 7 in the sense [27, Ch. 4,
Def. 21].

Consider the Hilbert space H = L*(T x X x £2,G ® H, M) and assume
that it is separable. Denote by 7(f) the integral of f with respect to measure
s

(f) = /T St dnd),

It was shown in [27, Ch. 4] that if E[x(]|f])] < oo then 7(f) is H-measurable
or F -measurable whenever f is G ® H-measurable or § ® F -measurable
respectively. The scalar product and the norm in H will be denoted by (; ) g
and ||-||; respectively, i.e. for any f, g € H

(f;9)m = E(n(hg)) = E/T . h(t, 2)g(t, x)m(dtdz), ||f|I7 = E(x(h?)).

Definition 1. We say that a stochastic process L = {L(h),h € H} is a con-
ditional additive process on H if the following conditions are satisfied.

1. For allh, g € H and o, 8 € L*>®(£2,H,P) we have P-a.s.

L(ah + Bg) = aL(h) + BL(g),
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2. Forallze R and he H

E[elZL(h)|H] = exp <—;2’2/ h2(t7 A)ﬂ(dt)
T

_~_/TXXO (ez'zh(t,x) _1— izh(t,@) y(dtdm)) (D

Remark 2. 1.In this definition we suppose that the process L(h) can be
defined on the original probability space ({2, F,P). If it is not the case
then it is possible to define p, v, and L(h) verifying the above conditions
on some extension (£2/, F', P) of the original probability space. So we can
always assume that original probability space ({2, F,P) is rich enough for
defining all necessary objects.

2. The definition 1 shows that the random variable L(h) has a conditionally
infinitely divisible distribution.

3. If measure v is zero and measure p is deterministic then L is an isonormal
Gaussian process (see, e.g., [22, Def. 1.1.1, p. 4]).

4. If measures p and v are deterministic then L is an isonormal Lévy process
(see, e.g., [33]).

Ezample 3. Let Ly, t > 0 be a cadlag real-valued process with H-conditionally
independent increments on complete probability space ({2, F,P), where H C
F. Suppose that L; is a quasi-left-continuous semimartingale with respect to
filtration F;, t > 0 generated by the natural filtration and o-algebra H, i.e.
Fi = Nyst(FP VH), where F = o{L, : s < t}. In this case there exists a
version of the characteristics (B, u,v) of L; (see, e.g., [12, 17]) such that:

1. B, t > 01is a continuous process of locally bounded variation with By = 0;
2. pg, t > 0 is a continuous nondecreasing process with g = 0;
3. v(dtdx,w) is a predictable random measure defined on the Borel o-algebra

of Ry x Ro, where Rg = R\ {0} such that v({t} x Ro) =0, [§ [ (|z|> A
1)v(dsdz) < oo for all t > 0 P a.s.

Moreover, B, i and v are H-measurable and we have for all z € R and s <t

Elexp(iz(L — Ls))|H]

1 ¢ .
= exp [iz(Bt — By) — gzg(ut — lis) +/ / (e — 1 —izal g <1 )v(dtdx)
s Ro
Here pu; = (L¢ L), is a quadratic variation of the continuous parts of L, v is

a compensator of the random measure N (dtdx) associated to the jumps of L.
Hence the following canonical representation holds:

Ly = Lo+Li+ // N (dsdz)—v(dsdz)) // N(dsdx)+B;. (2)
\m\<1 \:v|>1



The Malliavin calculus for processes 5

We can define L2-valued measure L(dtdr) with conditionally independent
values on the disjoint sets by

L(4) = /A R / /A o (N ada) — v(ata),

where A € G, M,(A) < 00, A(0) = AN (T x {0}).

Suppose that T = Ry, Xg = Rg, A = 0. Let A and B be the Borel o-
algebras of T and T'x X respectively. Let u(dt) be the measure on .4 generated
by process p¢. Suppose that o-algebra H is generated by the measures p and
v. Construct measure 7 and Hilbert space H = L*(Ry x R x 2,G @ H, M)
as above. Then it is easy to show that for any h € H the random variable

- / " h(s, 0)dLE + / T h(s, ) (N (dsdz) — v(dsdz))
0 0 Ro

_ / /R . h(t,z)L(dtds) (3)

is well defined and L(h) is a conditional additive process on H.

On the other hand if we have a conditional additive process L(h) on H then
the L2-valued measure L(dtdx) which is given by L(A) = L(1,4) for all A € G
with M, (A) < oo has conditionally independent values on the disjoint sets. In
order to express the process L; in terms of process L(h) we can not write L; =
L(hy), where hy(s, ) = 1jg,4(5) 150y (2)+21[g,(s) because, in general, h; ¢ H.
Therefore we define for any n > 1 the random variable 7, = inf{t > 0 : p; <
n}. Obviously 7, is an increasing sequence and h¢ar, 1{z—oy € H for all t > 0
and n > 1. Moreover, the process L(hiar, 1{z—0}), t > 0 has a version with
continuous sample paths and L(h¢ar, 1{z—0}) = L(hiar,, L{z=0y) if t < 7, and
n < m. Therefore L(t) = lim, oo L(htar, 1{z—0y) Well defined continuous
process. Furthermore for any set A € B such that M, (A4) = E[v(A)] < oo the
random variable N(A) = L(14) + v(A) is an integer valued random measure
with compensator measure v. And we can define

/ /|I|<1 N(dsdz) — v(dsdz)) / /|I|>1 (dsdzx). (4)

Comparing equalities (2) and (4) we deduce that the only characteristics which
cannot be determined from L(h) is the drift process B and initial value L(0).

Denote by K the following subset of H:
K={heH:hlx, € L°(TxXx02,GMH, M), n(h*) € L®(£2,H,P)} (5)
The elements of K satisfy the following properties.
Lemma 4. Suppose that h € K then
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1. |h| € K and zh € K for all z € R.
2. Elexp(m(h?)/2)] < oo, E[r(|h|*1x,)] < oo and E[x(h*)*] < oo for all
k> 2.

9 E [eXp (% fT h2(t,A)u(dt) + foXU (eh(t,x) —1—- h(t,x)) V(dtdl‘))} < 00.

Proof. The first two properties are evident. The proof of the last statement
is based on the boundedness of hly, and inequality |e® — 1 — x| < el®l22/2,
which can be proved by using Taylor’s formula. We omit the details.

Lemma 5. The set K is dense in H.

Proof. Choose a h € H. Then m(h?) < oo a.s. Consider two sequences of
sets By, = {n(h?) <m} € H and Cy = {(t,z,w) : |h(t,z,w)| < k} € G H.
Denote hy m = hlc, 1p,, It is evident that Ay ., € K for all integers k, m > 1.
By dominated convergence theorem we have ||hg,m — hlp,,||;; — 0ask — oo
and ||h1p, — hl|y = E[r(h*)1o\p,,] — 0 as m — oo which completes the
proof of the lemma.

The following lemma describes some properties of L(h).

Lemma 6.
1.If h € H then L(h) € L?(£2,F,P). Furthermore E[L(h)|H] = 0 and
E[L(h)L(g)|H] = m(hg).
2. Let hy, € H be a sequence such that ||h,, — h||; — 0 as n — oo for some
h € H. Then E[(L(h,) — L(h))*|H] — 0 as n — oo in L' (2, F,P).
3. If h € K then L(h) € LP($2,F,P) for all p > 1, Elexp(c|L(h)])] < oo for
all c € R, and

Elexp(L(h))|H] =
exp (; /T R2(t, A)pu(dt) + /TXX (eh(t’z) -1- h(t,x)) V(dtdx)) .

4. Let hy,...hy € K be such that hihj = 0 Mr-a.s. if i # j. Then for any
integers p1,...,pn > 1 we have

E[L(h1)" - - L(hn)" [H] = E[L(h1)"* |H] - - - E[L(hy)"" [H].

Proof. 1. Choose a B € H, P(B) > 0. Denote by fp(z) the characteristic
function of the random variable L(h) with respect to restriction of probability
on the set B, i.e., fp(z) = E[1ge**F(")]. Equality (1) implies that fz(z) can
be written in the following form:

fB(z) =E {1BeXp (—Z; /T h2(t, A)p(dt)

+ /T . (eizh“vf) 1- izh(t,x)) u(dtdx)ﬂ .
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By using this equality it is easy to show that fp(z) two times differentiable
function. Hence L(h) € L*(£2, F,P). Taking the first and second derivatives
at z = 0 in both sides of the equality above yields E[L(h)1g] = 0 and
E[L(h)?15] = E[x(h?)15]). Then E[L(R)|H] = 0, E[L(R)2[H] = =(h?) and
E[L(h)L(g)|H] = E[L(h + g)*> — L(h — g)*|H]/4 = 7(hg) which completes the
proof of the first statement of the lemma.

2. Suppose that h,, — h as n — oo in H. It means that E(w((h,, —h)?)) —
0 as n — oo. Then from the first part of the lemma we have E[(L(h,,) —
L(h))?|H] = 7((hn — h)?) which implies the proof of second statement of the
lemma.

3. Denote by u(z) the following expression:

2

u(z) = E {exp <22 /T R2(t, A)p(dt)

+ /T . (ezhw 1 —zh(t,x)) u(dtdx)ﬂ .

Since h € K then Lemma 4 implies that u(z) is finite for all z € R. The right
hand side in the equality above is meaningful even z is complex. Indeed if
z = a + ib then Re (e*" — 1 — zh) = e cos(bh) — 1 — ah = (e®* — 1 — ah) +
e (cos(bh) — 1) < (e?® — 1 — ah). Hence from Lemma 4 we have

‘E {exp (Z;/ThQ(t,A)M(dt) + /T><Xo (ez"(t’r) —1- zh(t,x)) V(dtdx))] ‘

<E [exp (“; /T R2(t, A)p(dt)

+ /TXXO (e“h(t’z) -1- ah(t,x)) V(dtd$)>:| < 00.

The function u(z) is analytic function for all z € C. If z = it, t € R then
u(z) = f(t) = E[e®*F(M] coincides with characteristic function of L(h). Hence
characteristic function f(¢) infinitely differentiable for all ¢ € R and L(h) has
finite moments of all orders, i.e. L(h) € LP(£2,F,P) for all p > 1. Moreover
— 1
u(z) = ) 72 EIL(R)"],
k=0

where the radius of convergence of the series being infinite. It follows that

k

CELR)] < oo

Elexp(c|L(h)])] =

gE
x|

=~
Il

0

for all ¢ € R. Hence f(z) = E[exp(zL(h))] is analytic for all complex z. The
uniqueness theorem yields u(z) = f(z) which implies the third statement of
the lemma.
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4. From the previous parts of the lemma we have L(hy) € LP(02, F,P) for
all p > 1 and conditional characteristic function of random variables L(hy) is
infinitely differentiable if hy,...h, € K. Since h;h; = 0 My-a.s. if i # j then
we have the following equality:

E [exp (z szL(hk)> ‘ H] = exp (; Z z,%/ R (t, A)p(dt)
k=1 k=1 T

+ kZ::l /T><XO (eiZkhk(t,x) —1- izkhk(t,x)> V(dtd&t)) -
E [exp (iz1L(h )| H] - - E [exp (izn L(hn))| H] -

gP1tp2t-tpn

92T 0zh" at z1 =22 =

Taking the (p1 + p2 + - - - + p, ) th partial derivative
-+ =0 in both sides of the above equality yields

E[L(h1)P* -+ - L(hn)"" K] = E[L(h1)"* |H] - - - E[L(hn )" [H].
Lemma 7. Let N be a collection of P-null events of F. Then
HCFr=0c{Lh):he HYVN.

Proof. Tt is suffice to show that w(C) is Fr-measurable for all C € G.

Since the measure M is o-finite then there exists a sequence of pairwise-
disjoint sets A, X B,,, A,, € G and B,, € H such that |J;; A, xB, = TxX x 2
and M, (A, x B,,) < co. Then we have M, (Cx2) =3"" | M.((CNA,)xB,)
and M,((C' N A,) x By) < co. Therefore 7(C' N A,)1p, < oo P-as. for all
n=12,...and Y ;_,7m(CNA)lg, — 7(C) P-as. as n — oo. Hence it is
suffice to show that 7(C'N Ay)1p, is Fr-measurable.

Denote by C}* the following sets C}* = {n(C' N Ax) < m}. Then CJ* € H,
m(C N Ag)leplp, < m and 7(C N Ag)leplp, — m(C' N Ag)lp, P-as. as
m — oo. Therefore the proof will be complete if we show that 7 (U)1lp is
Fr-measurable for all U € G and D € 'H such that 7(U)1p is bounded.

Let U € G and D € H be arbitrary sets such that 7(U)1p < @ a.s. For
any w € D define measure 7%2%(dt,dzidtodrs, w) = w(dt1dzy, w)m(dtadws, w)
on G®2. Since measures w and v without atoms then the measure 7 has no
atoms and m®%(AY w) = 0, where AY = {(u,u) : u € U}. Therefore if we
define measure M2(dzdw) = 7%2(dz,w)P(dw) on G®2@H then M2(AY x D) =
E(r®2(AY)1p) = 0. Hence for any m = 1,2,... there exists a system of sets
UmeGand D" € H, k=1,2,... such that J;—, U x U x Di* > AY x D,
Une Ut = U, Uy D = D and Y07 E(n(Uf*)*1pm) < 1/m.

For any n > 1 we can find a system of pairwise-disjoint sets {V{", ..., VZ;}
CGand {E7,...,Ep } CH, such that each U and D' k=1,...,n can be
expressed as a disjoint union of some V" or E7 respectively. Then we have

dn DPn

o n
1y, upsupxnp = D D Ghgalvixva e, (6)
k=1j1,j2=1
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where €}, . is equal to 0 or 1. Set
dn P
o n
1z, =)D & ialvry
k=1j=1

It is evident that Z, C U x D. Furthermore 1z, (s,w) — 1lyxp(s,w) as
n — oo. Indeed, if s € U and w € D then (s,s,w) € AY x D and there exists
no > 1 such that (s, s,w) € Up_,; U x U™ x D} for all n > ng. Hence one can
find j, and k, for all n > ng such that € ik, =L Therefore Z,(s,w) =1
for all n > ny.

It follows from dominated convergence theorem that

2
dn DPn

E(D > eum(Vigy —x(U)1p | = Mx(Z,) — Mr(U x D) — 0. (7)
k=1 j=1
Set Vg; = V' N (T x Xo) and let as calculate the following expectation:

2
dn Pn

Su=E| DD GunLlvplep)? = Llvg Lgy) = 7(V]) ey
k=1j=1

Since 7r(VO7})1E£ < 7r(Vj")1Eg < w(U)lp < @ then lvjnlEg € K and from
Lemma 6 we get

dn  Pn

Sn=> 3 & et E((L(yplgp)? = Lyplgy) — w(V)
k=11,5=1

*(L(Lyr1gp)® — L(lyg 1oy) — w(vjn)nEg)

= i > etk E (e (VMm(V]) = m(Vm (V) = m(Vm (V)

k=1 i#£j
dn  Pn
Ar (VI m(Vi))lep)+> Y e yE ((L(1V, L)' + L(Lyp 1gp)* + 7 (V})?
k=1j=1

~2L(1yr1gp) L1y Ley) — 2L(1an1Eg)27r(v;."))1Eg) .
Taking respective derivatives at zero of conditional characteristic function of
L given by formula (1) yields E[L(lvjnlEg)‘l\H] = (37 (V}")? +7(Vgi)) 1y and
E[L(1vn lE;L)zL(lvov} 1pp)[H] = 7(Vg;)1Ey . Therefore we have

dn Pn

S =D D kB (Br(V)? + (V) + w(Vy) + (V)"

k=1 j=1

dn Pn
—2m (V) = 2m (V")) gp) = 2B | D e ym(V)) 1pyp

k=1 j=1
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The last equality and formula (6) imply

Adn Pn o]
S <2E Z Z €l]k7r Vn)].En Z 1Dm)<2/m
k=114,7=1 k=1

(®)

Therefore from expressions (7) and (8) we deduce that

dn Pn

>3 (bl ley)* =~ Lty L))y — 7(U)Lp
k=1 j=1

as n, m — oo. Hence 7(U)1p is Fr, measurable, which completes the proof
of the lemma.

In what follows we will always assume that F is a completion of Fr =
o{L(h),h € H}.

Now we will introduce the generalized orthogonal polynomials P, (see, e.g.
[33]). Denote by T = (z1,22,...,Zn,...) a sequence of real numbers.

Define a function F(z,T) by

F(2,T) =exp <i }”12 ) . (9)
1

If R(Z) = (limsup |zx|'/*)~! > 0 then the series in (9) converges for all
|z| < R(T). So the function F(z,T) is analytic for |z| < R(Z).
Consider an expansion in powers of z of the function F(z,T)

=Y 2"P,(T)
n=0

Using this development, one can easily show the following equalities:

(n + 1 n+1 Z :Ck-i-an—k’(f)a n > Oa (10)
=0
0, if Il > n,
axl {( 1 l“%Pn,l(T), it <n. (11)
Indeed, (10) and (11) follow from 25 = S°%° (—1)kzkz; 1 F, respectively,
and 3712 = (=11 E2L From (11) 1t follows that P, depends only on finite
number of variables, namely x,xo,...,z,. Since Py = 1, then (10) implies

that P,(x1,22,...,2,) is a polynomial with the highest order term %1: The
first polynomials are Pi(z1) = z1 and Py(z1,22) = 5(23 — 22).
Using the equality F(z,Z +79) = F(z,7)F(2,7y), where § = (y1,¥Y2, - -, Yn,
)andZ4+7 = (1 +y1, 22+ Y2,y Tn + Yn,...) it is easy to show that
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n
k=0

Ifa(y) = (y,9% 9 ...,y",...) then F(z,7(y)) = 1+ zy for |zy| < L.
Hence P;(u(y)) = y and P, (u(y)) = 0 for all n > 2. Furthermore, equation
(12) implies that

P (T +1(y)) — Pu(T) = yPn1(7). (13)

It is possible to find the explicit formula for polynomials P,. Indeed, P,
can be written in the following form:

i1 i
Py (x1,x9,...2,) = E @iy ig,in BT Ty
irFigtFin<n
It is easy to see that
girtizttinp,

0x 0xg? - -+ Dy

(0, ey O) = 21'22' e in!aihi%_in.

It follows from the equality (11) that

Hirtizttin P,

__ L (0,...,0) =
0x 0z - - - Dy
(_1)n+21+z2+~-+1n2*123*%3 .. .nﬂn’ if il + 22'2 + 3,‘3 NS nin =n.

Hence

i1 .12 in
E (71)n+i1+i2+---+in Ty Ty " Ty (14)
S i i1lig!- -4, 120230 ... pin’
11 12 13 TNl =N

For h € K let Z(h) = (z1(h),z2(h),...zn(h),...) denote the sequence
of the random variables, such that x1(h) = L(h), z2(h) = L(h®1x,) +
S x BE(t, 2)m(dtde) = L(h*1x,) + w(h?), zp(h) = L(A*1x,)+
Jrvx, BE (@t ) (dtde) = L(hF1x,) +m(hF1x,), k= 3,4,....

The relationship between generalized orthogonal polynomials and condi-
tional additive processes on H is given by the following result.

Lemma 8. Let h and g € K. Then for all n,m > 0 we have P,(T(h)) and
Pn(@(g)) € L*(£2), and

0, if n#m,
a1 (ELL( LMD", if n = m.

n!

E[P, (2(h)) P (2(9))[H] = {
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Proof. Since h,g € K and P,,, P,, are the polynomials, then by Lemma 6 we
have P,(z(h)) and P,,(Z(g)) € L*(2,F,P).
Denote by ¢(z,T) the power of the exponent in the formula (9):

o k
- k+17
o(2,T) = kzz:l(—l) ?xk.
Since

L . 1/2k
= 11]I€r1$up ka(h)HlL/;zQ) = klingo [E(L(R*1x,)?) + E(n(h*1x,)?)] /

. 2k—2 2%—4 1/2k
< lim (|1hLx |72 E(r(h%1x,)) + [hlx 7" E(m(h?1x,)%))
< 1L -

Then the series
— |z[*
> & NzrM)llL2 o)
k=1

converges if |z| < 1/||hlx,||;« < R, which implies that ¢(z,Z(h)) € L*(2)
for all |z] < 1/||hlx,]| -

Let’s note that for all |z| < 1/]|lhlx,||;~ we have In(1 + zhlx,) € H.
Indeed, by using Taylor’s formula, we get

Z2h21X
(In(1 + zh1x,))? < 0 .
’ (1= [zl [Ih1x, [ )?

In the same way one can obtain the following inequality

22h21X0
(1= 2| [IPLx, |l o)

[In(1 + zhlx,) — zhlx,| < 5

which implies that In(1+ zh(t, z)1x,) — zh(t,x)1x, is integrable with respect
to measure M, for all |z] < 1/||hlx,]| -

So by using the linearity and the continuity of the mapping h — L(h) we
have for all |z| < 1/||hlx,]|| e

2

(71)’”1% (L(W*1x,) + m(h*1x,)) + 2L(h) — %ﬂ'(hlA)

=L (In(1+ Zhlxo) + zhla)

¢(z,7(h)) =

NE

~
U

2

+/ (In(1 + zh(t,x)) — zh(t, z))v(dtdr) — %27T(h1A). (15)
TxXo

We claim that w = In(1 4+ zhlx,) + zhla € K for all |z| < 1/[|hlx,]|| -
Indeed
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< 2] 1AL, [l oo
1= [2 [h x| e |

and since h € K then we have for some constant C; > 0

|lwlx,| = |In(1+ zhlx,)

m(w?) = 22w(h®14) + 7(In®(1 + zhlx,))

2 2
z 7T(h ]_XO) _ SCl
(1 =zl [Ih1x, ] L)

Hence from inequality In(1 4+ z) < z, equality (15) and Lemma 6 we have
for all |z] < 1/||hlx,]||

< 2%m(h*1,) +

E(F(z,(h))?) = Elexp(26(z,T(h)))]
< E[exp(2L (In(1 + zhlx,) + zhla))] < oo

So F(z,z(h)) € L*(2) if |2| < 1/||hlx,|| e
Consequently for |z| < 1/||hlx,|| .~ and |y| < 1/][g1lx,|| -~ We get from
(15)
E[F(z,2(h))F(y,%(g))|H] = Elexp(¢(z, Z(h)) + ¢(y, Z(9)))[H]
= Elexp(L(In[(1 + zhlx,)(1 + yglx,)])

+/ (In[(1 + 2zh(t,2))(1 + yg(t, 2))] — zh(t, x) — yg(t, z))v(dtdx)
TxXo
L(eLa+ygla) — 5 [ (20302) 420 Aplan) g
T
= exp(/ (enlA+zh(ta)Atyg (o)) g _n[(142h(t, ) (14yg(t, x))])v(dtdz)
TXXQ
—l—/ (In[(1 4 zh(t,2))(1 + yg(t, x))] — zh(t, z) — yg(t, z))v(dtdz)
TxXo
45 [(Gh(e2)+ yge. 3)2 = 2120, 4) = 2420, )pla)
T

= eXP(Zy/T N h(t, x)g(t, z)m(dtdr)) = exp(zyE[L(h)L(g)[H]),

where we have used Lemma 6 to calculate the condltional expectation.

Taking the (n+m)-th partial derivative a na — at z =y = 0 in both sides
of the above equality yields

et P, (7)o (T = { 0y 0 o) M) e

Lemma 9. The random variables {e!", h € K} form a total subset of
L3(0,F, P).
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Proof. Tt follows from Lemma 6 that e“(") € L2(2) if h € K.
Let € € L?(£2) be such that E(¢e”™) = 0 for all h € K. The linearity of
the mapping h — L(h) implies

E <§ exp Z sz(hk)> =0 (16)
k=1

for any z1,...,2, € R, hy,...,h, € K, n > 1. Suppose that n > 1 and
hi,...,h, € K are fixed. Then (16) says that Laplace transform of the signed
measure

7(B) = E(€1p(L(h1), - - ., L(hn))),

where B is a Borel subset of R™, is identically zero on R™. Consequently,
this measure is zero, which implies E(§1g) = 0 for any G € F. So £ = 0,
completing the proof of the lemma.

For each n > 0 we will denote by P, the closed linear subspace of
L?(02, F, P) generated by the random variables {¢P,(Z(h)) : h € K, € €
L>(2,H,P)}. Py will be the set L2(£2,’H, P) of H-measurable square inte-
grable random variables. For n = 1, P; coincides with the set of random
variables {L(h) : h € H}. From Lemma 8 we obtain that P, and P, are
orthogonal whenever n # m. We will call the space P,, chaos of order n.

Theorem 10. The space L?(£2, F, P) can be decomposed into the infinite or-
thogonal sum of the subspaces Py, :

L*(2,F,P) =P Pn.
n=0

Proof. Let ¢ € L*(£2,F,P) such that ¢ is orthogonal to all P,, n > 0.
We have to show that £ = 0. For all h € K and n € L®(2,H,P) we
get E(¢nP,(z(h))) = 0. Hence E[¢P,(Z(h))|H] = 0. Since from the proof
of Lemma 8 we have that F(z,Z(h)) € L?(£2) for all z < 1/ ||hlx,||;, then
E[¢F(z,T(h))|H] =0 for z < 1/ ||hlx,]|| ;. Using equality (15) we obtain

0 = E[¢F(2,Z(h))|H] = E[¢e?=M)|H] = E[¢ exp(L(In(1 4 zh1x,))

+ / (In(1 + zh(t,z)) — zh(t, z))v(dtdz) + L(zh1A)
TxXo

_%/Tz‘zh?(t,A)u(dt))\H}-

Thus for any z < 1/||hlx,]||
E[¢exp(L(In(1 + zhlx,)) + L(zh14))] = 0. (17)

We claim that if h € K such that h > ¢ — 1 M -a.e. for some 1 >
e > 0 then equality (17) holds for z = 1. Indeed the right-hand side of the



The Malliavin calculus for processes 15

expression (17) meaningful in this case for all z € [0; 1]. The extension to the
complex numbers Re z € [0; 1] is evident. Denote this function by @(z). Since
hx, /(1 + 2h1x,)| < ([, |l /e and m(h21x, /(1 + k1, )?) < 7(h2)/<2
then hlx,/(1 + zhlx,) € K and the straightforward calculation shows that
&(z) is differentiable and

?'(z) = E[€L(h1x,/(1 4+ zhlx,) + hla)exp(L(In(1 + zhlx,)) + L(zh1A))].

Hence @(z) is an analytical function for Rez € [0; 1]. Consequently the unique-
ness theorem yields the desired statement.

For any g € K we have (e9 —1) € K and (e? —1)1x, > —1+¢ Mr-a.e. for
some 1 > ¢ > 0. Putting in (17) h = (e9 — 1)1x, + g1a and z = 1 we deduce
that E(¢e’(9)) = 0 for all g € K. By Lemma 9 we get & = 0, which completes
the proof of the theorem.

3 Multiple integrals

The purpose of the section is to define multiple stochastic integrals with re-
spect to L and to show that the nth chaos P,, is generated by these multi-
ple stochastic integrals. The construction of multiple stochastic integrals for
processes with independent increments provided by Ité in [11]. For its gener-
alization to other classes of processes the reader referred to [9, 13, 21, 32].

Recall that random measure 7(dtdz,w) has no atoms for all w € 2. It
means that neither measure y nor measure v has no atoms for all w € (2. Since
a separable Hilbert space H has the form H = L?(Tx X x 2, G&H, M), where
M, (dtdrdw) = 7(dtdx,w)P(dw) is a o-finite measure, then the process L is
characterized by the family of random variables {L(A), A € G @ H, M, (A) <
oo}, where L(A) = L(14). We can consider L(A) as a L*(2,F, P)-valued
measure on the parametric space (T x X x 2, G®H), which takes conditionally
independent values on any family of disjoint subsets of T x X x f2.

Fix m > 1. Denote by M the following measure

M (dtydxy - - - dtpda,dw) = w(dtidey,w) - - T(dEmdXm,, w)P(dw),

defined on the c-algebra G®™ @ F. In this section will consider only the
restriction of this measure on the o-algebra G¥™ ® H. Since the measure M,
is o-finite then M* will be o-finite. Indeed if the sequence of pairwise-disjoint
sets A, x By, A, € G and B, € H such that |J;_, A, x B, =T x X x 2
and M, (A, x B,) < oo, then setting B¥ = {k —1 < w(4, x B,) < k}
we have UpZ, A, x B = A, x B,. Denote Bjifz-tm = ([, By then
M (Apy X Apy X+ + Ay, X Bithaebon )y < oy fog ook, < 0o and (TX X)X 2 =
Uz.i,ng Npm=1 Uzj,kg ..... km=1 A’ﬂl X ATLZ X An'm. X Bﬁiﬁz;lz,:;

For any w € {2 we can define measure 7™ (dt1dx1 - - - dtdzp,,w) on the o-
algebra G®™ as a m-th power of the measure 7. Since measure 7 is o-finite and

,,,,,
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without atoms then measure 7®™ is o-finite and without atoms. Moreover,
T (A, w) =0 for all w € 2, where A, = {(t1,...,tm) : I =t;,i # 5} is
a ‘diagonal’ set. Indeed, for fixed w € {2 o-finiteness of 7 implies that T'x X =
Ui2, Ty, where Ty, T5, . .. are pairwise-disjoint sets in G and 7(7};) < co. Then

(Tx X)™ =Uqy . i=1 Tiy - x Ty, and 7®™(T;, x -+ x Ty, ) < 00. Define
Ciy,.oie = (Tiy X - x Ty, )N A Then Ay, =Y  _ Ciy i, - Tt is casy
to see that Cy, . ;= 0 if all the indices 41, ...,y are different. Hence it

is enough to prove that #®™(C; ) = 0 if some of indices i1, ..., are
equal. Suppose that iy = iy. Using the nonexistence of atoms for the mea-
sure 7 for any n € N we can determine a system of pairwise-disjoints sets
{Vi,....Vi} C G, suchthat J_, V; = T}, and n(V;) = n(T;,)/n for every i =
L,...,n.Then C;, ;. C Ui, VixVixTj,x---xT; .Hence 7% (Cyy,. 4,.) <
S (Vir(Ty) - 7(Th) = (T (Ti)m(Te) -+ (T, ) /n. Letting n
tend to oo we obtain the desired result.

Precisely speaking the set A,,, may not be an element of the o-algebra G&™
but the calculations above show that A,, belongs to completion Ggem™ of gom
with respect to the measure 7™ (., w) for all w € §2. Since 7®™(-,w) can be
extended to the o-algebra G&™ = " _, G®™ and A,, € G¥ then measure
M™ can be extended on the o-algebra G®™ @ H and M (A,, x £2) = 0. This
fact is very important for definition of the multiple stochastic integral.

Set Go ={A€GRH: 14 € K}. We will define the multiple stochastic
integral I,,(f) of a function f € L2((T x X)™ x 2,G%™ @ H, M™). Denote
by &, the set of elementary functions of the form

f(tlaxlw"?tm)xmaw) =
n
Z Qiy,.ryim (w)]‘Ail (tla xlvw) e 1A17,L (tm7 .Z‘m,CU), (18)

i1yeim=1

where A4,..., A, are pairwise-disjoint sets in Gy, and the coefficients a;,,. ;€
L>(£2,H,P) are zero if any two of indices i1, ..., 1, are equal.

For a function of the form (18) we define the multiple integral of the m-th
order

In(f)= Y i, L(A;) - L(A;,).
i1yeeyim=1

The definition does not depend on particular representation of f, and the
following properties hold:

(i) In(af + Bg) = al,(f) + BIn(g) for all a and 3 € L>°(2,H,P), f and g
in &, _ _

(ii) In(f) = Iin(f), where f denotes the symmetrization of f with respect to
pairs of nonrandom variables, which is defined by

1
f(thxh' "atmaxﬂ%w) = mZf(t0(1)7x(7(1)7"'7t0(m)7xa(m)7w)7
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o running over all permutations of {1,...,m}.
(iii)
0, if p #m,

The properties can be proved using Lemma 6 and exactly the same arguments
as those used, for example, in [22, p. 8-9].

In order to extend the multiple stochastic integral to the space L*(M™)
we have to prove the following lemma.

Lemma 11. The space &, is dense in L*((T x X)™ x £2,G®™ @ H, M™).

Proof. In order to show that &,, is dense in L*(M™) it is suffices to show
that the indicator function of any set A x B = A; X Ay X --- x A,, X B,
where Ay,..., A, € G, B € H and M (A x B) < co can be approximated
by elementary functions in &,,.

Denote by By, the following set

B, ={we 2 :71(A,w)m(As,w) - m(An,w) < k}

. Since M*(A x B) < oo then 14, x..xA,,xB, — laxp as k — oo. Hence it
is possible to assume that (A, w)m(As,w) - 7T(Am,w)lp < C as. for some
positive constant C. This implies that A; x B € Gy, i = 1,..., m. Furthermore,
it is possible to suppose that any sets A; and A; either equal or disjoint.
Indeed, there exists a finite system of pairwise disjoint sets {A},..., A} C G
such that each A; can be expressed as a disjoint union of some of A;. Then
the indicator function of the set A x B can be represent as a finite sum of
the indicator functions of the sets A; x Aj x---x A] x B.If all indices
i1,...,4, are different then it is an element of &,,. For other indices some of
the sets Aj are equal.

Since M™(A,, x £2) = 0 then M™((A x B)((A,, x £2)) = 0 and for any
€ > 0 there exists a system of sets Uf = A¥ x --- AX x By, k=1,2,... such
that U, Uf S (4 x B)([(An x 2)), Yp, MI(UF) < ¢, U, A" = A,
i =1,....,m and J;—, By = B. Therefore A¥ x B, € Gy, i = 1,...,m,
k=1,2,... and U,—, Uf C Ax B.

For any n > 1 we can find a system of pairwise disjoint sets
{Cr,Cy,...,Cp } € Gand {B}y,BY,...,Bl' } C G, such that each A} and
Bi,i=1,....,m, k=1,...,n can be expressed as a disjoint union of some
of C7" or B} respectively. Notice that C7' x Bj' € Go for all j = 1,...,pp,
i1=1,...,q,. We have

an Pn
Wi, vp =2 D Grogmalop xop oy, xBps

k=1j1,....jm=1

where € ., is 0 or 1. Let J,, be the set of m-tuples (ji,...,jm), ji €

{1,2,...,pn}, i =1,...,m, where all the indices are different. We set
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qn
J— n
Lv: = Z Z (1 - €j17~--ajm7k)10;i XCL x--CR XBp-
E=1(j1,,m)€JIn

Then 1y belongs to &, and for M*-a.e. (t,w) € (A\ Ay) x B we have
ly:(t,w) = 1 for all € > g9 and n > ng. Hence 1y= — 1(a\a,.)xB M)"-a.c.
and in L2(M™) as n — oo and € — 0. Finally the fact M™(A,, x £2) = 0
implies the proof of the lemma.

Letting f = g in property (iii) obtains

E(L.(£)%) = mllIfl1Z2(army < M1 Z2am) -

Therefore, the operator I,, can be extended to a linear and continuous op-
erator from L?(M™) to L?(£2,F,P), which satisfies properties (i), (ii) and
(iii).

If f € L3(MP) is symmetric function and g € K the contraction of one
index of f and g is denoted by f ®; g and is defined by

(f@19)(t, 21, tp_1,2p1,w)

= / flt1, 21, b1, 2p1, S, 2, w)g(s, z,w)m(dsdz, w).
TxX

The tensor product f ® g will be understood as tensor product with respect
to nonrandom variables, i.e.

(f ®g)(t1’$17 .. 7tp+17xp+17w) = f(tlyxh s atpvxpaw)g(tp-‘rlvxp-‘rlaw)'

Notice that f ®; g € L2(M2~!) and f® g € L2(ME+) if g € K.

The tensor product f ® g and the contractions f ®; g are not necessarily
symmetric. We will denote their symmetrization by f®g¢ and f®1g respec-
tively.

The following, so called product formula, will be useful in the sequel. It
was initially derived by It6 [10] for Gaussian case and by Kabanov [13] for
Poisson case, then extended by Russo and Vallois [29] to products of two
multiple stochastic integrals with respect to a normal martingale.

Proposition 12. Let f € L*(MP) be a symmetric function and let g € K.
Then

L(H)1(g) = Iy (f @ g) + plpa(f @1.9) +plp(folx,) (19)

Proof. Since g € K then fgly, € L?(MP) and the right-hand side is correctly
defined.

By the density of elementary functions in L?(MP) and by properties
(i) and (ii) we can assume that f is the symmetrization of the function
14, (t1, 21,w) 14, (L2, 2,w) - - - 14, (tp, Tp, w), where the A; are pairwise-disjoint
sets of Gp, and g = 14, or 14,, where Ay € Gy is disjoint with Ay,..., 4,.
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The case g = 1,4, is immediate because f ®1 g = fg=0and f®g € Epta.
So, we assume g = 1,4,. Since A; € Gy then w(A;1)7(A2)---7(4,) < C for
some real constant C' > 0. Given € > 0, according to Lemma 11 we can find
the function v] € & such that |[v] — 14, ® 14, ||L2(M,%) < e. It is possible to
write v/ in the following form

ke

ve(t1, o1, o, T2, W) = Z ai;(W)le, (t1, 21, w)1g, (t2, 72, w), (20)
ij=1

where C1, ..., Cy, are pairwise disjoint subsets of Ay in Go, aj; € L (2, H,P)
and a5; =0, 4,5 =1,..., k. Set A) = A; N (T x Xy x 2) and
’Ue(th]?l, “ee ,tp+1,a:p+1,w)
= Ué(thl‘l,tz,l‘g,w)lfh (t37x3,w) ce 1AP (tp+1, Z‘p+1,w).
Then v, is an elementary function and we have
L(f)1(g9) = L(A1)’L(Az) - -- L(Ay)
= Ip+1(ve) + (A1) L(As) - - L(Ap) + L(A})L(Az) - - L(Ap)
H(L(A1)? = (A1) — L(A}))L(Az) -+ L(Ap) — Iyt (ve)]
= Ip1(ve) + ply-1(f ®1 9) + plp(f9lx,) + Re. (21)

Indeed i
f®g= ;W(Al) symm(1a, ® - ®14,),

and
1
fg]-Xo = 1;1/1(1) ® Symm(lAz K- Q® ]-Ap)7
where symm(-) denotes the symmetrization with respect to the pairs of non-
random variables of the function in parentheses. We have
- ~ 12
||5e — f®9||L2(M,€+1) =
- 2
Hve - Symm(1A1 Qla, ®1y,® - ® 1AP)HL2(M£+1)

<|ve =14, @14, ©14, @+ ® 1Ap||i,2(M3?+1)

=E W(AZ)W(AP)/ (’Ué(tl,xht%l'z)

(T'xX)?

1, (1) 1a, (2, 22)) ﬂ(dtldxl)w(dtgdzg)}
2
< COlve = 1a, @ 1a,llz2ar2) < O, (22)

and
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E(R?) = E([L(A1)? = 7(A41) — L(A) = L(v))2L(A2) L(4s)? - L(4,)?).
Lemma 6 and properties of multiple integral imply
E(R?) = E([L(A1)* + 7(40)? + m(A) + 272 ()

—2m(A)? — 2L(A1)?L(AY) — 2L(A1) 2Ty (v))] m(Asy) - - - W(A,,)). (23)

Taking fourth derivative at z = 0 of conditional characteristic function of L
given by formula (1) yields

E[L(A1)*[H] = 3m(A1)* + m(AY). (24)
By using the same arguments since A; = A U (A1 \ AY) we get

E[L(A1)*L(A})|H] =
E[L(A])® +2L(A1 \ AY)L(AY)? + L(A1 \ AY)L(AY)|H] = m(A}).  (25)

It follows from equality (20) and Lemma 6 that

ELL(AN L) = 3 af,EL(A)2L(C)L(C,)[H]

i,j=1
ke ke
= D afERL(C)’L(C)*H] =2 ) af;m(Ci)n(Cy) =
ij=1 i,5=1

2/ v dn®? = 2792 (1), (26)
(T'xX)2
Substituting expressions (24), (25) and (26) into (23) we have

E(R?) = E[(2m(A1)? + 202 () — 472 (0/0))m(Aa) -+ m(Ay)]
= 2E[r®3 (/e — 14, ® L4,))m(4a) - m(4,)]
<20|0L — 14, @ 14, |[72(pp2) < 2062 (27)
From formulae (21), (22) and (27) we obtain the desired result.

The next result gives the relationship between generalized orthogonal poly-
nomials and multiple stochastic integrals.

Theorem 13. Let P, be the nth generalized orthogonal polynomial, and
z(h) = (zx(h))$2,, where x1(h) = L(h), xo(h) = L(h*1x,) + ||h||?{,
zi(h) = L(hF1x,) + foXO Rk (t,z)v(dtdx), k = 3,4,... and h € K. Then it
holds that

n!P,(z(h)) = I,(h®"), (28)

where R (t1,x1, ..., ty, Tp,w) = h(t1,x1,w) - h(tn, Tn,w).
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Proof. We will prove the theorem by induction on n. For n = 1 it is immediate.
Assume it holds for 1,2, ..., n. Using the product formula (19) and recursive
relation for generalized orthogonal polynomials (10), we have

In+1(h®(n+1)) =
LW 1 (h) = ny (RO V() — 0L, (h2C D @ (W1x,))

= 1! Py (T(h)) L(h) — nlm (h?) Py (T(h) — 0Ly (WD) (R 1x,)

= )L oW x,) (= DI 1 (120 @ (B1x,))
=n! Z D a1 (R) Py i (T(h)) + n!P,_o(T(h))m(h31x,)

+n(n— DL, (A2 D @ (hP1x,)) =...

=n! Z D a1 (B) P i (T(h)) + nl(=1)"Py(Z(h))m (A" 1x,)

n

+ (=) I (") = Z D1 (h) Pa_ik(T(h))

= (n+ D!Ppia(T(h)),
which completes the proof of the theorem.
From this theorem and Theorem 10 we deduce the following result.

Corollary 14. Any square integrable random variable ¢ € L*(£2,F,P) can be
expanded into a series of multiple stochastic integrals:

§=> Ii(fr)
k=0

Here fo = E[¢|H], and Iy is the identity mapping on the L*(£2,H,P). Fur-
thermore, this representation is unique provided the functions fi, € L*(MF)
are symmetric with respect to the pairs of nonrandom variables.

Proof. The proof uses the same arguments as those used, for example, in [22,
Th. 1.1.2], so we omit it.

The following technical lemma will be needed in the sequel.

Lemma 15. Let fi, € L>((Tx X)*x 2, G®k@H, M¥) and g,, € L?>((Tx X)™x
2,G°"Q@H, M™) be a symmetric with respect to pairs of nonrandom variables
functions and p < k Am. Then there ezist GEP @ F measurable versions of the
processes I (fr (-, t1, 21, -, tpy @p)) and Iy—p(gm (- t1, 21, - - ., tp, Tp)) which
belong to L*((T x X)P x 2,G%P @ F, ME) and the following equality holds
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E [/ Ik:—p(fk?('atlvxlw"7tp7xp))
(T'xX)P

I p(gm (s t1, 21, .oty zp))m(dtrday ) - - - w(dtpda,)]
07 me 7é k77
= (= D)E [ fie sy G Fon) (1,21, s )
w(dtrdxy) - - - w(dtyde,y,)], ifm=k.

Proof. 1t is easy to verify that statement of the lemma is valid for elementary
functions from & and &,,. The general case will follow by the limit argument.

Now let T =Ry, Xo = Ry, A = 0 and L(dtdz) be as in Example 3. Denote
by X, the ‘increasing simplex’ of (R x R)™:

Yo ={{1, 21, tn,2n) E Ry XR)":0<t) < -+ < tp},

and we extend a function f,, defined on X, x {2 by making f,, symmetric with
respect to pairs of nonrandom variables. If the function f, square integrable
with respect to measure M then we have

Ln(f2) :n!/ Pt @n ot an)L(dtrday) - - L{dbndan).
E"L

Indeed, this equality is clear if f,, is an elementary function of the form (18),
and in the the general case equality will follow by the density argument,
taking in account that iterated integral verifies the same properties as the
multiple integral. In particular Lemma 15 holds for iterated integral. Note
that the domain X, and its symmetrization do not cover (R; x R)™: we are
ignoring the ‘diagonal set’. Since in the beginning of this section was proved
that the ‘diagonal set’ has M measure zero and we consider the functions as
an elements of L? which are the the equivalence classes, then we will always
choose the representative that vanishes on the ‘diagonal set’.

4 The derivative operator

In this section we introduce the operator D. Then we will show that it is
equal to the Malliavin derivatives in the Gaussian case (see, e.g., [22]) and to
the difference operator defined in [24, 26] in the Poisson case. We will also
proof that the derivatives operators defined via the chaos decomposition in
[2, 3, 18, 19, 25, 28, 31] for certain Lévy processes coincide with the operator
D.

We denote by Cp°(R™) the set of all infinitely continuously differentiable
functions f : R™ — R such that f and all of its partial derivatives are bounded.

Let S denote the class of smooth random variables such that a random
variable £ € S has the form
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£ = f(L(h), ..., L(hy)), (29)
where f belongs to Cp°(R"™), hq,...,h, are in K, and n > 1.

Lemma 16. 1. The set S is dense in LP(§2, F,P), for any p > 1.
2. The set {¢h: € € S,h € K} is dense in L(T x X x 2,G® F, M).
3. The set {ue™) : u,v € K} is a total set of L*(T x X x 2,G & F, My).

Proof. 1. Let {hi}32, C K be a dense subset of H. Define F,, = o(L(h1),...,
L(hy)). Then F,, C Fpy1 and F is the smallest o-algebra containing all the
Fy’s. Choose a g € LP(2). Then

g9 =E(g|F) = lim E(g[Fn).

By the Doob-Dynkin Lemma we have that for each n, there exist a Borel
measurable function g, : R™ — R such that

E(g|fn) - gn(L(h1)7 ) L(hn))

Each such g,, can be approximated by functions fr(n" ) where fr(f ) e CP(R™)

such that || £5” (L(h1), - ., L(hn)) = gn(L(h1), - ., L(hn))|| o (s2) converges to

zero as m — o00. Since ffﬁl)(L(hl), ..., L(hy)) € S we have the first statement
of the lemma.

2. It is enough to show that indicator function 1 4« g, where A € G, B € F
and M, (A x B) < co can be approximated by the processes of the form &h,
where £ € S and h € K. It follows from the previous part of the lemma that
there exists the sequence &, in S such that &, — 1p as n — oo in L2(£2).
Set Cy, = {m(4) < m}. Then C,, € H and |J,,~; Cr, = {7(4) < 0} D B
a.s. The processes 14xc,, &, have required form and letting m — oo and then
n — 0o we obtain the desired result.

3. Lemma 9 implies that finite linear combinations of the random variables
el y € K are dense in L?(02). The same arguments as in previous part of the
lemma yield the density of the set of the linear combinations of the processes
uel ) u, v € K, which completes the proof of the lemma.

Definition 17. The stochastic derivative of a smooth random variable £ of
the form (29) is the stochastic process D{ = {Dy ¢, (t,x) € T x X} indezed
by the parameter space T x X given by

D€ =3 5 (L) Ll s (t,2) L (o)
k=1
+(f(L(h1) + hl(tvx)7 Tt L(hn) + hn(tvx)) - f(L(hl)v RS L(hn)))lXo($)~

(30)

Remark 18. 1. If the measure v is zero and the measure u is deterministic
then D¢ coincides with the Malliavin derivative (see, for example, [22,
Def. 1.2.1, p. 24]).
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2. If the measure p is zero and the measure v is deterministic then D coin-

cides with the difference operator defined in [26].

3. If T = R, the measure p is the Lebesgue measure and X is a metric
space, and the measure v is the product of the Lebesgue measure times
the measure § satisfying [, (|z|> A 1)3(dx), then D is the operator V~

from [28].

4. If measures p and v are both deterministic then D coincides with operator

defined in [33], see also [31].

Lemma 19. Suppose that & is smooth functional of the form (29) and h € H.

Then
E [ Dy &h(t, x)m(dtdx)
TxX

H] — E[¢L(h)[H].

Proof. The proof will be done in three steps.
Step 1. Suppose first that

é— — eizlL(hl) - eiZnL(hn).

Then Reé € S and Im¢ € S and

E[¢L(R)|H] = %dilz (E [exp (z z": zkL(hg) + izL(h)) ’ ’H])

k=1

z=0

2
1d 1 =
=S oP _i/T (;zkhk(t,A)—th(t,A)) wu(dt)

+ /TXXO <exp(i Z zihy(t, x) +izh(t,z)) — 1

k=1
—i (i zihi(t, ) + zh(t, m))) V(dtdm))
= 2=0
= (/TXXO h(t,x) (exp(ikz_l zphi(t,x)) — 1) v(dtdz)

(31)

/ izkhk t, A )) exp —7/ <Z ziphi(t, A) ) w(dt)
T st

—i—/TXXO (exp szhk (t,z))—1 —zszhk (t,x > dtdm))
= E[¢|H] ( /T ; h(t,x) (exp(iz,zkhk(t,:r)) - 1) v(dtdz)
X2Xo k=1
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+i /T h(t, A)>  ziehi(t, A)Mdt)) .

k=1

n H}

=E l/TXXO <eXP(iZ 2k (L(hy) + hi(t,x))) — exp(i Z sz(hk))>

k=1

On the other hand

E [ Dy 2Eh(t, z)m(dtdx)
TxX

k=1
h(t,z)v(dtdz)|H| + E [ /T i zjexp(i Y zL(hi))h;(t, A)p(dt)| H
j=1 k=1

= E[¢|H] (/TXX h(t,x) (exp(iszhk(t,x)) - 1) v(dtdx)

k=1
+i L h(t, A) kz::l zihi(t, A)u(dt)> .

Hence we have (31). By linearity we deduce that (31) also holds for smooth
variables of the form (29), where the function f is a trigonometric polynomial.

Step 2. Assume that £ of the form (29) such that f € C;°(R™) is periodic on
every variable function. Then there is a sequence of trigonometric polynomials
gm such that g,, — f and 9g,,/0xr — Of/Oxy, for every k = 1, ...n uniformly
on R™ as m — oo. Denote 1, = g (L(h1), ..., L(hy)). Then n,, € S, and by
Step 1 we get

Elnm L(h)[H] = E { /T Duanh(t.)r(duds)

H} . (32)

Since 7, — £ in L?(2) and Dn,, — D¢ in L*(T x X x 2,G @ F, M)
then letting m — oo in (32) we obtain (31).

Step 3. Assume that £ of the form (29). Consider the sequence {xm, m =
1,2,...} of functions, such that x, € C°(R"), 0 < xm < 1, xm(z) = 1 if
|z] <m, x(z) =0, if || > m+1 and |Vxu,| < 2. Define g, as a periodic ex-
tension on all variables of the function fx,. Then (= gm(L(h1), ..., L(hy))
is smooth variable such that (| < ||f]| ;0 and [Dén| < |V £l poo Doy il
Hence by the dominated convergence theorem ¢, — & in L?(§2) and D¢, —
D¢ in L3(T x X x 2,G® F, M,) as m — oo. Since by Step 2 formula (31) is
true for (,,, then letting m — oo completes the proof of the lemma.

Applying this lemma to the product of two smooth functionals we obtain
the “integration by parts” formula.

Lemma 20. Suppose £ and i are the smooth functionals and h € H, then
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E[énL(h)[H] =

E [/ (D¢ an + 1Dy o€ + 1x,Dy €Dy xn)h(t, x)m(dtdx)
TxX

H} . (33)

As a consequence of the above lemma it can be shown in the same way as
in [33] that the expression of the derivative D¢ given in (30) does not depend
on the particular representation of ¢ in (29).

For p > 1 define a norm for G ® F measurable function by the following

expression
p/2]\ /P
lull,, = (E ( / u(t,x)zw(dtdx)) ,
' TxX

Let L?P(M,) = L*P(T x X x 2,G ® F, M) be the set of all (equivalent
classes of) functions u(t, z,w) on T'x X x §2 such that [[u||, , < oo.

Lemma 21. The operator D is closable as an operator from LP(£2,F,P) to
L?P(M,), for any p > 1.

Proof. Let {&,,n > 1} be a sequence of smooth random variables such that
E|¢.|P — 0 and D¢, converges to ¢ in L*P(M,). Then from Lemma 20 it
follows that for any h € K and n € S we have

E(&nnL(h)) = (Dn; Eah) 2 (ar,) + (DEnsnh) 2 (aryy + (D& LxohDn) 12 (0, -
Taking the limit as n — oo, since 1, Dn are bounded, and h € K we obtain
(Ginh) 2y + (G IxohDn) p2(ar,,) = 0. (34)

If h(t,z) = 0 for © # A, then (34) implies, that

(¢;mh) L2 (a,) = 0.

Thus from Lemma 16 we deduce (; o = 0 for My -almost all (¢, A,w) €
T x {A} x £2. Substituting this expression into (34) we have for any h € H

(GGhDn)p2(ar,y = 0. (35)

Let ¢, € Cg°(R) such that 0 < ¢,,(z) < e” and ¢, (x) — e” for all x € R.
Putting in (35) n = é,(L(g)) and h(t,z) = u(t,z)e 9% where u, g € K
and then letting n — oo we get

(¢ ueL(g)>L2(M,) =0.

It follows from Lemma 16 that (¢, = 0 for Mr-a.a. (t,z,w) € T x X X {2
completing the proof of the lemma.
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We will denote the closure of D again D and its domain in LP(§2) by DP.
Now we will state the chain rule.

Proposition 22. Suppose p > 1 is fized and & = (£1,...,&™) is a random
vector whose components belong to the space DYP. Let ¢ € CY(R™) be a
function with bounded partial derivatives. Then ¢(¢) € DY and

_ > ke %(f)Dt,A§k7 ifer=A,
Dexd(e) { G(E" + Dy all, . 6"+ Dy €M) — @€Y, .. €M), if x # A(. |
36

Proof. The proof can be easily obtain by approximation £ by smooth random
variables and the function ¢ by smooth functions with compact support.

Applying the above proposition we obtain, that L(h) € D*2 for all h € H
and Dy, L(h) = h(t, z).

Lemma 23. It holds that P,(T(h)) € D'? forallp>1, he K,n=1,2,...
and
D, P, (T(h)) = P,_1(T(h))h(t, ). (37)

Proof. As in the proof of Proposition 22 one can obtain that P, (Z(h)) € D1?
forallp>1,he K,n=1,2,... and (36) holds. Then the definition of T(h)
and equality (11) imply

0P,

Dy, aPp(z(h)) = i

(@(h))h(t, A) = Po_1(Z(h))h(t, A).

It follows from the relationships (36) and (13) that for z # A we have
Dy2Po(T(h)) = Po(z(h) + u(h(t, x))) — Pu(T(h)) = h(t, z) P 1 (T(h)),
where u(y) = (y,y?,...,y",...). The proof is complete.

The product rule can be proved in the same manner.

Proposition 24. Let £ € DYP, p > 1 and 1 is a smooth variable from S.
Then &n € DYP and

D(&n) = £€Dn +nDE + DEDNl x,. (38)

Proof. The equation (38) holds if £ and 1 are smooth variables. Then, the
general case follows by a limit argument, using the fact that D is closed.

The following proposition is more or less evident.

Proposition 25. Let ¢ be H-measurable random wvariable such that & €
LP(82,H,P) for some p > 1. Then £ € DMP and D¢ =0 M -a.e.
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Proof. By the density arguments we can assume that £ = 1y, where U € H.
Then for any h € K as in the proof of Lemma 7 we have {1(r()20) =
L(€h)?/L(h)*1{1(n)20}- Since h € K it easy to show that n.(h) = L(¢h)?/
(L(h)? +¢) = EL(h)?/(L(h)® 4+ &) — Elirnyzoy as € — 0 in LP(£2). If we
will show that 7.(h) € DY? and Dn.(h) — 0 in L?P(M,) for any h € K then
E1(L(n)01 will be in DYP and D(£1(n)£01) = 0 for any h € K implying as
in the proof of Lemma 7 that ¢ € DP and D¢ = 0.

Let us show that 7.(h) € DV? and Dn.(h) — 0. Set f(z,y) = 2%/(y* +¢).
Then f(z,y)e~ @)/ = £ (z,y) € Cp°(R?) and by dominated convergence
theorem we have f,(L(£h), L(h)) — f(L(Eh),L(h)) = n-(h) as n — oo in
L?(£2). In the same way we obtain that the derivative D f,, (L(¢h), L(h)) con-
verges in L?P(M,) which implies n.(h) € D' and the limit D(n.(h)) is given
by

(2R 2LLENh
Dine(h)) = (L(h)2 te TR +ep ) ta®

( (L(Eh) +ER)*  L(£h) >1X0

(L(h)+h)2+e L(h)?2+¢
[ 2Lk (L(h) + h)> — L(h)*
- <<L<h>2 A T E SO 1X°> :

Letting € — 0 in the equality above we obtain the desired result.

The following lemma shows the action of the operator D via the chaos
decomposition.

Proposition 26. Let £ € L%(£2) with a development
oo
§=> Iil(fr), (39)
k=0

where fi, € L2(MF) are symmetric with respect to pairs of nonrandom vari-
ables. Then & € DY2 if and only if

D kR fellZe gy < o0 (40)
k=1

and in this case we have

Dio& =Y kI 1 (fi(t,)). (41)
k=1

Moreover

. {/TXX(Dt,xE)%T(dtdx) H} _

TxX)k

Zkk!/ Felty,z1, ..oty x)?m(dtyday) - - - w(dtpday,).
k=1 (
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Proof. The proof will be done in three steps.
Step 1. Suppose first that k£ > 1 and

1
Tk

with h € K. Then by Lemma 23 ¢ € D12 and by equality (37) we get

¢ = Po(@(h) = =L (h®*) = Li(fr), (42)

Dy, Pi(T(h)) = Py—1(Z(h))h(t, x).

Hence
Dt,ajg = ka*l(fk(Wtax))' (43)

(From Proposition 25 and formula (38) we deduce that equality (43) holds
for any linear combination of random variables of the form 7Py (Z(h)), where
7 is H-measurable bounded random variable. Since formula (43) implies that
| D€]172(ar,) = KEE? then it follows that Py, k > 1 is included in D2,

If £ = 0 then Proposition 25 implies that Py = L?(§2, H,P) C D12,

Step 2. Let £ € L%(£2) has an expansion (39). Suppose that (40) holds.
Define

gn = Z Ik?(fk)
k=0
Then the sequence &, converges to £ in L?(2), and by Step 1 we have &, € D2
and Dy & = > 7, kl—1(fi(-,t,z)). It follows from Lemma 15 and equality
(40) that D; &, converges in L?(M,) to the right-hand side of (41). Therefore
¢ € D2 and (41) holds.
Step 3. Suppose & € D12, Note that formula (33) holds for & € D2 and

n € DL for some p > 2 if h € K. Since by Proposition 23 n = P,,,(Z(g)) € DP
for all p > 1 and g € K, then we have

nli_{I;O<<D€’ﬂ; nh) 2,y + (D& Dnhlx,) r2(ar,))
= lim (E(&unL(h)) = (Dn; &nh) 12 (0,))
= E(EnL(h)) — (Dn; €M) 2,y = (D& nh) p2 ) + (D& Dnhlx,) 2oty
It follows from equation (23) that
1+ 1x,Dn = Pu(Z(9)) + 1x,9Pm—1(Z(9))-

Then for all m = 1,2,... we obtain
T (D& P (B0))h) 1201,y + (DEn: Prar (2(9))gh1x,) 220, )

= (D&; Pr(T(9)) 1) L2 (ar,) + (DE; Prn—1(Z(9))9h1xy) 12 (01, -

Since Py = 1 and limy, oo (D&n; Po(T(9))h) L2,y = (DE; Po(T(9))h) L2 ()
for all h € L?(M,), then we deduce by induction that
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lim (D&n; P (T(9))h) 201,y = (DE; P (T(9))1) L2 (01,

n—oo

From Lemma 15 we deduce that for n > m the expression

(Dé&n; Pm(f(g))}wL?(Mw)

is equal to
E ( [ 0t ) h(t,x>w<dtdx>Pm<x<g>>) |

Hence the projection of [ Dy £h(t, z)w(dtdz) on the m-th chaos is equal
to

/ (m 4+ Dl (Fons 1 (1, ) Bt @) (dtdz).
TxX

Thus for any ¢ € L?(§2, F,P) we have

(D& hC) 2,y = E ( . Dt,th(t,x)w(dtdx)g‘>

Tx

=E (g_:o/m)((m + Dl (fms1 (@) h(tﬂ?)ﬁ(dtdﬂf)C)
= <Z (m + 1)1771 (fm-‘rl('a ta Z‘)) ; hC>L2(M.,r)'
m=0
Since the set {h¢ : h € K,( € L?>(2,F,P)} is dense in L?(T x X x 2,G ®
F, M) then

Dt@»f = Z (m + 1)Im (fm+1('7tax)) ’
m=0

which completes the proof of the proposition.

Remark 27. This proposition implies that the operator D is an annihilation
operator on the Fock space on Hilbert space H.

The equations (41) can be considered as a definition of the operator D.
This approach was developed for pure jump Lévy process, the particular case
of Poisson processes, the case of general Lévy process with no drift and the
case of certain class of martingales in [2, 3, 18, 19, 25, 28].

Let A € G ® H. We will denote by F§ the o-algebra generated by the
random variables {L(B),B C A, B € Go}. Set Fa = F4 V 'H. The following
results are modification of Proposition 1.2.5 from [22, p. 32] and it shows
how to compute the derivative of a conditional expectation with respect to a
o-algebra generated by stochastic process.
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Lemma 28. Suppose that & € L?(£2, F,P) with the expansion (39). Let A €
G H. Then

o0

E[¢1Fa] =) L(fi1§h). (44)

k=0

Proof. By the density of elementary functions in L?(MP¥) and by linearity we
can assume that & = It (f), where fr, = nla, ®- - -®1 4, with pairwise-disjoint
sets Aq,..., A € Go and n € L*°(£2,H,P). Then we have

E[§1Fa] = E[nL(A1) - - L(Ag)|Fal

k
=nE [ [J(L(Ai N A) + L(4; \A))’ Fa

i=1

=nE[L(A;NA) - L(An,NA)|Fa] =

=0, (NMlana ® - @1a,n4a) = L(£155).

Proposition 29. Suppose that £ € D2, and A € GRH. Then E(|F4) € DL2
and we have

Dy . (E(€|Fa)) = B(Dy 2&|Fa)lalt,v)
My-a.e. inT x X x 2.

Proof. By Lemma 28 and Proposition 26 we obtain

E(Dy ot Fa)la(t,2) =3kl y (ful,t,2)15% )14t 2) = Dy o (E(€|F)).
k=1

Remark 380. In particular, if ¢ is F4-measurable and belongs to D'2, then
Dy & =0 Mz-a.e. in A

5 The Skorohod integral

In this section we consider the adjoint of the operator D, and we will show
that it coincides with the Skorohod integral [30] in the Gaussian case and with
the extended stochastic integral introduced by Kabanov [13] in the pure jump
Lévy case. See also [2, 3, 18, 28]. So it can be considered as a generalization
of the stochastic integral. We will call it Skorohod integral and will establish
the expression of it in terms of the chaos expansion as well as prove some of
its properties.

We recall that the derivative operator D is a closed and unbounded op-
erator defined on the dense subset D'2 of L?({2) with values in L?(T x X x
2,6 F, M,).

Definition 31. We denote by § the adjoint of the operator D and will call it
Skorohod integral.
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The operator § is closed unbounded operator on L?(T x X x £2,GRF, M)
with values in L?(£2) defined on Dom &, where Dom § is the set of processes
u € L*(M,) such that

‘E D, ,&u(t, x)m(dtdz)
TxX

< clléll 20

for all £ € D'2, where c is some constant depending on .
If u € Dom 4, then 6(u) is the element of L?({2) such that

E(&6(u)) =E Dy &u(t, x)m(dtdx) (45)
TxX

for any ¢ € D2,
The following proposition shows the behavior of § in terms of the chaos
expansion.

Proposition 32. Let u € L*>(T x X x 2,G ® F, M) with the expansion
(oo}
u(t,2) = 3 (il 1)), (16)
k=0
Then u € Dom ¢ if and only if the series
0 ~
5(u) = Tea(fe) (47)
k=0

converges in L?((2).

Recall that fk is a symmetrization of f; in all its pairs of nonrandom
variables is given by

1
fe(t, z1, o b, T, b2, w) = m(fk(tl,xl,...,tk,mk,t,m,w)

k
+ka(t1,l‘1,-~-,ti—hIi—l,t7337t¢+1,$¢+1,-~-7ti,9€i,w))-
i=1
Proof. The proof is the same as in the Gaussian case (see, e.g., [22, Prop.
1.3.1, p. 36)).

Remark 33. It follows from Proposition 32 that the operator § coincides with
Skorohod integral in the Gaussian case and with extended stochastic integral
introduced by Kabanov for pure jump Lévy processes (see, e.g., [30, 13, 22, 2,
3, 18, 28]).
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It follows from proposition above that Dom d is the subspace of L?(M,)
formed by the processes that satisfy the following condition:

o0

Z(k+1)!||fk”i2(M§+1) < 00. (48)
k=1

If u € Dom 4, then the sum of the series (48) is equal to ES(u)?.
Note that the Skorohod integral is a linear operator and has zero mean,

e.g., E(6(u)) = 0if u € Dom §. The following statements prove some properties
of 4.

Proposition 34. Let u,v € Dom 6 be arbitrary stochastic process. Then for
all o and B in L (02, H,P) we have cu + Bv € Dom 6 and

0(au + pv) = ad(u) + Bé(v).
Moreover E[6(u)|H] = 0.

Proof. The proof follows from the properties (i) and (iii) of the multiple inte-
gral.

Proposition 35. Suppose that u is a Skorohod integrable process. Let & € D2
such that E( [, (€% + (Dy,2€)*1x, )u(t, )*w(dtdx)) < co. Then it holds that

6«s+1XdD@u>:5&u>ij‘Xan@ougﬁwwwumx (49)

provided that one of the two sides of the equality (49) exists.

Proof. Let n € S be a smooth random variables. Then by the product rule
(38) and by the duality relation (45), we get

a/ (Diam)(€ + 1, (2) Dy o€)ult, z)m(dtdz)
TxX
=3/ E(u(t, 2)(D1.o(€n) — 1Dy 0€))(ditda)
TxX

—E@@w—ﬁmumwmmmmm)

and the result follows.

As in the Gaussian case or in the case of processes with independent in-
crements in order to prove some other properties of Skorohod integral we will
define a class of processes contained in Dom § (see [22], [33]).

Definition 36. Let .12 denote the class of processes u € L*(T x X x 2,G®
F,My) such that u(t,z) € DY? for all (t,z) ¢ R, where R C T x X and
M (R x £2) =0, and there exists a measurable version of the multiparametri-
cal process Dy gu(s, y) satisfying E [ [, x (Dicu(s, y))*m(dtdz)m(dsdy) <
00.



34 Aleh L. Yablonski

If the process u has the expansion (46), then u € L%? if and only if the
series

o 2
/TXX »/T><XE (Z klk_l(fk(.,t,a;,s,y))> 7(dtdzx)m(dsdy)

k=1
S kk! 2
—Z -||fk||L2(M7’:+1)
k=1

converges.
Since || fellp2(prit1y < | fkllp2(pge+r) then from (48) we deduce that L2
Dom §.
The proofs of the following propositions use the chaos expansion therefore
they can be done as in the Gaussian case (see, for instance [22, pp. 38 - 40]).

Proposition 37. Suppose that uw € LY“2 and for all (t,z) ¢ R, where
R C T'xX and Mr(Rx{2) = 0 the two-parameter process { D; zu(s,y), (s,y) €
T x X} is Skorohod integrable, and there exists a version of the process
{8(Dy zu(-, ")), (t,z) € T x X} which belongs to L?*(My). Then §(u) € D2
and we have

Dy ,0(u) = u(t, ) + 6(Dy zul-,-)). (50)

Proposition 38. Suppose that u € L2 and v € LY2. Then we have

d

—|—E[ /T » TXXDs7yu(t,x)Dwv(s,y)ﬂ(dtdx)ﬂ(dsdy)‘H}. (51)

E[6(u)5(v)|H] = E { /T u(t, 2)o(t, 2)m (dtdz)

x X

Now we will show that the operator ¢ is an extension of the Itd integral.
Let Ly, t € [0;1] be a processes with H-conditionally independent increments.
Assume that the canonical triplet of its characteristics (B, u,v) such that
B = 0. Then as in Example 3 we have random measure N (dtdx) associated
to jumps of L with compensator measure v, the measure p connected with
continuous part of L and conditional additive process L(h) on H. We denote
by LIQ, the subset of L?(M,) formed by JF;-predictable processes.

Te following technical will be needed.

Lemma 39. Let A € G ® H be a set with finite M, measure, and let & be
a square integrable random variable that is measurable with respect to the o-
algebra Fac. Then the process €14 is Skorohod integrable and

6(€14) = EL(A).

Proof. Suppose first that ¢ € D2 and 14 € K. By using Proposition 35 and
Remark 30 we have
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6(614) = 0((§+1x,DE)1a) = 56(1,4)—/ (Dt28)La(t, x)m(dtdr) = SL(A).
TxX
The general case follows by a limit argument, using the facts that D'2 and
K are dense and § is closed.

Proposition 40. L2 C Dom 4, and the restriction of the operator § to the
space L2 coincides wzth the usual stochastic integral, that is

6(u)=/01 (t,0)dL (1 //}R (t,2) (N (dtdz) — v(dtdz)).

Proof. Suppose that u is an elementary adapted processes of the form

Utz = Z EilAi ]‘(ti§ti+1] (t)]'Bi (I)’

where 0 < t; < -+ < tp41 < 1, B; is a borel set of R, A; € H such that
1(,5t,01]x BixA; (t, ) € K and &; is square integrable and F;, measurable ran-
dom variable. Then from the Lemma 39 we obtain v € Dom ¢ and

:igi((Ltm - / - / N(dtdz) — v(dtdz)).

The general case follows by monotone class argument since § is closed.

The predictable projection of a stochastic process indexed by t > 0 and x €
R can be defined similarly as in a one parametrical case (see, i.g, [12, 17, 31]).
Let Y = {Y(¢,2),t > 0,2 € R} be an measurable integrable process. There
exists a predictable process Z = {Z(t,x),t > 0,2 € R} such that for every
predictable stopping time 7

Z (T, x)1{7<00} = E[Y(T, .’L‘)].{T<Oo} |.7:T,].
The following result is so-called Clark-Haussmann-Ocone formula.

Proposition 41. Let £ € D2, and suppose that a process with conditionally
independent increments Ly, t € [0; 1] has the form

Ly=L§{+ // N(dsdz) — v(dsdz)) // N (dsdzx).
|z\<1 |z\>1

Then

— Efe[H] + / P(Dy o)dL + / [ (D1.)(V (dtde) — vatda)). (52)
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Proof. Let & € D'? have an expansion £ = >~ I,(f,,). Using (41) and (44)
we have

E[Dt’wﬂft ZTLE n—1 f”( tl‘ |ft ann 1 fn t$)1®(n 1))

It follows from the arguments in the beginning of the Section 3, that

Pl t )10 = o )Y

as elements of L?(M"~1). Thus
E[D; .£|Fi) = ann V(o t )1 Zn[n L(f (ot )15 Y),

Since I, 1(fn( )1%; 1)) is predictable then it is easy to show that

P(Ln—1(ful- ) ot x)l%;(gfl)). Hence

Therefore P(D; 4£) = E[D; ,&|F:] as an LQ(MW) processes.
Set ¢(t,x) = E[Dy | F:] and ¥(t, ) = P(D;z€). Then from equality (47)
we deduce

5() = 8(9) = Y In(fn) = € — E[¢]H],

which shows the desired result because Proposition 40 implies that

1 1
5(1) = /O P(Dy o€)dLE + /0 | P(Dus€)(N(dtd) = v(dtd)).
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