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Summary. We study a class of diffusions, conjugate Brownian motion, related to
Brownian motion in Riemannian manifolds. Mappings that, up to a change of time
scale, carry these processes into each other, are characterised. The characterisation
involves conformality and a space-time version of harmonicity. Infinitesimal descrip-
tions are given and used to produce martingales and conservation laws. The relation
to classical constants of motion is presented, as well as the relation to Noether’s
theorem in classical mechanics and field theory.

To K. Ito on the occasion of his 90th birthday.

Introduction

The theme of the present article is invariance properties of a wide class of
diffusions, termed conjugate Brownian motion. Much of the inspiration comes
from the interplay between classical and quantum mechanics as expressed in
the ideas of R.P. Feynman [FH] and early approaches to quantum mechan-
ics. (See also Nelson [N].) Feynman’s ideas are based on using the classical
variational principle (in the free case)

1
5 [ il a0 M)
to explain, e.g., its quantum counterpart
1 2
d [ 5ldu(q)|”dg =0. (2)
The latter case is related to harmonic morphisms, which, under pull back,

preserve harmonic functions, and therefore Brownian motion. The basic re-
sult, due to Fuglede and Ishihara, is a characterisation of harmonic morphisms
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in terms of harmonicity (harmonic mappings Eells-Lemaire [EL]) and confor-
mality. See [F1], [F2] and [Ish]. These concepts correspond to preservation of
martingales, and conformality (Darling [D] and Emery [Em]). A non-geometric
treatment of related problems can be found in @ksendal [Ok].

The heat equation can obtained from the variational principle ([BK2],

[Gol], [IK], [MF])
5 / / 5 (06— b0 1 ¢an, a6)) = 0, 3)

where integration is carried out over space-time. The result is a pair of equa-
tions, viz., 6 + %A@ =0 and 6* — %AQ* = 0. Time-symmetry is built in: we
have one backward and one forward heat equation.

The intimate relations between the classical Newton equation ¢ = 0 and
the (backward) heat equation 0+ %9’ " = 0, in one space dimension for sim-
plicity, are fundamental. They are apparent when looking at the classical con-
stants of motion 1, p, pt — ¢, the Heisenberg algebra, and p?, p(pt —q), (pt — q)?,
the Lie algebra sla, and comparing with the heat Lie algebra (Lie [Lie],
Anderson-Tbragimov [AI], Ibragimov [Ibr2], [Ibr3], Olver [Orl]). The latter
consists of linear differential operators of order at most one, viz., the Heisen-
berg algebra (1, 9,,td; — q), and

a = (0,10 + 240y, 3t°0 + 3tq0, — 2(¢° — t)). (4)

This is another representation of sly. Whereas the first five elements in the
classical and the heat Lie algebras correspond via the symbol map—a kind of
Laplace transform, see Sect. 6—the sixth elements differ. In the classical case,
we have the function —itQp2 + %p — ti, the symbol of the PDO %tzat +
%tqﬁq - ti. In the heat Lie algebra, there is an additional term: instead of ¢
we have ¢ — t. The former function satisfies the equation % = 0, the second
satisfies @ + $u” = 0. What we observe is Itd’s formula: ¢* — t =:¢*: is the
renormalised second power, corrected to fit the heat equation. In essence, this
is the difference between the equations.
The main results presented below are

e A characterisation of the mappings that preserve ordinary and conjugate
Brownian motion; (Sect. 4)

e The corresponding infinitesimal description in terms of Lie algebras, and
the identification, in the free case, of the Lie algebra in terms of classical
Lie algebras; (Sect. 5)

e Analysis of conservation laws and stochastic constants of motion (martin-
gales), and their relation to the heat Lie algebra. Relations to the classical
Lie algebra. Comparison via two Noether theorems. (Sect. 6)

In Sect. 2, we provide background on diffusions in manifolds, as well as
the dynamical aspects of conjugate Brownian motion. In Sect. 3 we present
the background for the mappings and Lie algebras needed. Cf. [Ibr2] or [Orl].
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Among other related treatments we mention Djehiche-Kolsrud [DK],
Ibragimov [Ibr2], Kolsrud [K2], Kolsrud-Loubeau [KL], Loubeau [Lob] and
Thieullen—Zambrini [TZ1], [TZ2].

General references are [Al], [Arn], [AG], [AKN], [DKN], [DNF], [Ga], [Go],
[Gol], [Gorb], [Ibr2], [Ibr3], IW], [Ko], [LL], [M], [MF], [Or1].

1 Preliminaries

We shall consider a connected manifold N of dimension n. When N is given
a Riemannian structure, the metric g = (g;;) will also be written (-, ). V
shall denote covariant (Levi-Civita) differentiation with Christoffel symbols
I 1'13'7 and d the outer derivative. Recall that V is completely determined by
being metric: Vg = 0, and symmetric: F(’ﬁj) = %(Fllj + Fﬁ) = FZ; g, OF just
vol, is the volume form determined by g. We will need two Laplacians: The
Laplace-Beltrami operator

A=Ay =g"7(0;0; — T}ok) = VIV = gV, V; = Tr, V?, (5)
and the de Rham-Hodge Laplacian
O=—(dd" + d'd), (6)

where d' is the formal L?(u,)-adjoint of d. Here and below we use Einstein’s
summation convention with respect to repeated indices, one up, one down.
When acting on functions, A and O coincide. The Ricci tensor will be denoted
by Ric. We shall often make use of Weitzenbock’s identity

Aa = UOa + Rica (7)
for one-forms «, and the fact that d and [0 commute:

[d, 0] = 0. 8)

2 Basics on diffusions in manifolds

2.1 Connections, geodesics and scalar 2nd order elliptic PDOs

Consider a differential operator on N of the form @ := %giiaiaj + b, 0. We
assume that for all points z in N, ¢¥(z)§¢&; > 0 whenever some & # 0.
Then (¢g%) is the inverse of a metric ¢ = (g;;) on N. Let A = A, be the
corresponding Laplace-Beltrami operator. () may be written @ = %A + b,
where b is a vector field. Up to a sign, this is the general expression for a scalar
linear second order elliptic differential operator in NV, satisfying Q1 = 0. It
is formally self-adjoint (w.r.t. to L?(e?¥'p,)) precisely when b is a gradient:
b=grad F. Let
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—k 2 X
Iy =Trk+ m((sfbj — g0, nm#1, (9)

where by = gixb'. Then (Tfj) defines a metric connection V such that @ =

1Ty, (V2). V is unique for n = 2, but not otherwise (Ikeda-Watanabe [IW],
Prop. V.4.3). In general, the difference of two connections is a (1,2)-tensor.
We may write
- vk ok
(I'=1);; = Aj; + Sijs (10)
where, for each k, ij is antisymmetric and Ff ; symmetric in the lower indices.

The V-geodesics are given by

—2

D 2%  D2a% o =k

i = g T8y =@ (I 4+ 9;)3' =0, 1<k<n, (11)
independently of A. A # 0 if and only if V # V, the connections being metric.
@ however, only depends on V through the trace of its symmetric part.

Proposition 1. Let V' and V" be two g-metric connections with symmetric
parts 8" and S”, respectively. They have the same geodesics if and only if
S' = S". They have the same Laplacian if and only if Try(S")k = Try(S")*
for each k. Moreover, this happens if and only if their corresponding torsion
tensors satisfy T/F = THE.

The last characterisation can be found in [IW], Prop. V.4.3.
The important conclusion is

Observation 1. Two ‘quantum equivalent’ connections need not be classically
equivalent: Laplacians and geodesics do not correspond.

Ground state transform

Consider now the case Q1 # 0. Write Q = Qo — V, where V is a smooth func-
tion (potential) on N, and Qg = %A—HL as above. In general, multiplication by
a function £2 > 0 is an isometry (unitary equivalence) between L?(£2721,) and
L?(py). Suppose also that (2 solves the equation Q{2 = 0. (The case where 2
corresponds to another eigenvalue can be handled by letting V' — V + const.)

This is an implicit condition on V. Then (ground state transform or Doob’s
h-transform)

Q=071 =0"1Qy— V) = Qo + grad log 12, (12)

independently of b. Conjugation by (2 transforms ) to an operator without
constant term. Let b = 0 (the symmetric case when b is a gradient can be
handled similarly), so that @ is the Laplace-Beltrami operator. Then, for n #
2, Q is a factor times the Laplace-Beltrami operator for a new, conformally
equivalent, metric:
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1 1 1
1 <Ag — V) 0= iAg + grad log 2 = ipflApg, p= Qﬁ, n % 2.

2
(13)
There seems to be no general relations between the geodesics of pg and the
solutions curves of the classical Fuclidean Newton equations

2

x
= grad V(z). (14)

In other words, there is no classical counterpart of the ground state trans-
formation. The Maupertuis principle ([Arn], [Ga], [LL]) shows how, given a
constant energy submanifold, one can remove a potential and instead intro-
duce another conformally equivalent metric. This new metric is, however, not
the one in (13).

2.2 (g, V)-Brownian Motion and Conformal Martingales

Let (NN, g) be Riemannian with a g-metric connection V (not necessarily the
—k

Levi-Civita). The Christoffel symbols are denoted I";;. Let Y be a continuous

N-valued semi-martingale, so that in local coordinates

dY* = dA* +dM*, 1<k<n, (15)

where the A* are processes of finite variation, and the M* are (ordinary)
martingales. Define the covariant It6 differential d°Y of Y by

. 1k PR
d°Y}F .= dyF + 5Fij(y;)d[y Y9, 1<k <n, (16)

where the brackets indicate compensator. Given a connection, d°Y is well
defined, as observed originally by Bismut.

Definition 2. A semimartingale Y is a martingale w.r.t. V if

1— o
dAF = _irfj(n)d[w,mt, 1<k<n. (17)

Definition 3. A semimartingale Y is conformal w.r.t. g if
d[Yiu Y]]t = g”(n)dct» 1 S 7;7 j S n, (18)
for some strictly positive and increasing continuous process C'.

Itd’s formula shows that if Y satisfies (17) and (18), the time-shifted process

Y (v:), where v is the inverse of C, has generator %Z = %Tr?? A is the
Laplacian given by the connection.

Proposition 4. With respect to (g,V), any conformal martingale is a time-
shift of Brownian motion, and conversely.
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2.3 Conjugate BM

Let N = (N, g) and V be as in Sect. 2.2 with corresponding Laplacian A. Let
I=[-1,1],and let 6 : I x N — (0,00) be smooth. Write V = (§ + LA6)/8,
and H = —1A+V, so that 0 = HO. Hence 6 is a solution of the (backward)
heat equation with potential V. By conjugating the generator of BM(g, V)
with 6 we obtain a new, in general non-stationary, diffusion Z = (Z;, t € I),
called conjugate BM. Tts (forward) generator (regularised forward derivative
of u along Z) is

Du ::;(;—H)(G-u)z (;+;A>u+;<d0,du>. (19)

When 6 is independent of time, this is the ground state transform as in
Sect. 2.1. The (forward) Ité equation is

d°Z; = grad log 0(t, Z;) dt + dM;. (20)
The compensator satisfies
a2, 2%, = ¢ (Z,) dt. 21)
Note that (19) makes sense for tensor fields:

0o 1—i— =
= + §V Vio + Vo, (22)

where ¢ is the vector field dual to df/6. The following variant of It&’s formula
is useful:

Do

D(®(u)) = &' (u)Du + %@”(uﬂdu\z, ® € C*(R). (23)

2.4 Schrodinger diffusions

Schrodinger (or Bernstein) diffusions are time-symmetric in the following
sense. The forward description is a conjugate BM w.r.t. a positive solution
of a backward heat equation, whereas the backward description is a conjugate
backward BM w.r.t. a positive solution of the corresponding forward heat
equation. (Cf. [KZ1] for details on the construction of Bernstein processes.
See also [CZ].)

Consider again the situation in the preceding section, but with V given
(and sufficiently smooth). For simplicity we assume that V' does not depend
on time. We assume that 6* solves the usual, forward, heat equation with
potential V: §* = —H6*. The forward generator of the Bernstein diffusion Z
is as in (19). The backward generator is

D*u:= 0*(815+H>(6 u) = (815 2A)u o (do*,du).  (24)
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There is also a backward It6 equation similar to the one in Sect. 2.3.

Generally speaking, the backward heat evolution creates irregularities. We
can produce smooth positive solutions by letting 8(¢,-) = exp{—(1 — t)H }y,
where 0 #Z x > 0 is given. Similarly, we obtain solutions to the forward heat
equation with potential V by 6*(t,-) = exp{—(1 + t)H }x*. In particular we
may choose 0*(t,-) = 6(—t,-).

The probability density of Z is the product of these two functions: P(Z; €
C) = [, 0(t,-)0*(t,-) dug, C € Borel (N). This requires the normalisation

/ X" exp(—2H)x dvol = 1. (25)
N

2.5 Forward dynamics of conjugate BMs
Drift and momenta

If X is a continuous semi-martingale with values in a manifold with connection
{ng}, we define its drift, DX, by

d°X; = DX, dt + dM,, (26)

where (M;) is a martingale. DX, is a tangent vector above X for each t. The
drift measures the martingale deviation for X.

For conjugate BM, DZ, = grad A(t, Z;), where A = logf. We let p be the
corresponding one-form, i.e. p = dA = dlog6. This is the vector of momenta
corresponding to our process.

p(t, Z;) is a regularised forward derivative along Z. For the Levi-Civita
connection, one can calculate the drift directly, but along harmonic coordi-
nates. Then Dq® = (p,dq®) = g*°ps = p“.

The Lagrangian
Using DO = [d8/0]> + V = |p|? + V, (23) yields
1 1
DA =Dlog = S|p|* +V = L(p,"), Llw,q):= g’ + V(9.  (27)

L is the classical Fuclidean Lagrangian. By Dynkin’s formula we get the path
integral formula

o(t, Z,) = eXp{ - ]E[/tl L(DZy, Zy) dt' —log0(1, Z1)| F] } (28)

We therefore look at A as the forward action density.
We can now deduce the (forward) reqularised Newton’s equations:
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Proposition 5. For the Levi-Civita connection,
1.
Dp — iRICp =dV. (29)

Proof. On forms, the term in the generator involving the logarithmic deriva-
tives of 6 has to be replaced by the corresponding covariant differentiation. By
Weitzenbock’s formula Dp — %Ricp =0ip+ %Dp—i— Vep := Dop, where £ is the
vector field dual to p. The right-hand side equals DydA = dDgA + [Dy,d]A =
dDA + [Dy,d]A =: I + II. Using Vg = 0 and {* = ¢*'V,A, we find
VedA = p*V,VAde® = g*'V, AV, V3Ade® = %d|dA|2 = %d|p\2. Since
0y and O commute with d, 11 = [V¢,d]A. Obviously dV:A = d(dA(€)) =
dldA|* = d|p|?, so IT = —1d|p|*. Finally, dDA = d(%|p|* + V) according to
(27) above.

Energy
The space-time differential
dA = Adt + 0, Adg® = E dt + pdy, (30)

of the forward action density A plays a similar role as the Poincaré invariant
in classical mechanics. The second term is (forward) momentum. The first
function E is the (forward) energy A = HO/0. We have

1 1
E=—3pf = 5Vip+V. (31)

The energy is a stochastic constant of motion in that DE = 0 whenever V =0.
See Sect. 6.

Time reflection

For Bernstein diffusions, all that has been said has a backward counterpart.
We do not go into details here but refer to to [KZ1] and references therein.

3 Groups of mappings and their Lie algebras

3.1 Extensions of Diff and Vect

Let My and M be differentiable manifolds, without any additional structure.
Let f: My — My and a : My — R be C*. The pair v := (f,a) induces, by
pullback and multiplication, a mapping C*°(My) — C°(M;) by

U—u-y:=a-uo f (32)
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cf. [DK].
If we have several manifolds and mappings: fo : My — M; and f; : M —
My and a; are functions on M, we get

Y172 = (fio f2,az-a10 fa). (33)

Now suppose that all manifolds are one and the same, M, and denote by
D := Diff (M) all diffeomorphisms M — M. If f; € D, and the a; are never
zero, the previous identity is the composition in the group

D:=Dx C®(M)*, (34)

where X indicates semi-direct product. D is an extension of D,and u — u-7y
is a right-action of D on C*°(M).

The infinitesimal version of this is as follows. Let V := Vect (M) denote
all vector fields on M, and consider all first-order differential operators

u— Au:=Xu)+U - u, (35)

where X € V and U is a function on M. Equipped with the natural commu-
tator, this is the Lie algebra

Vi=VaCo®M), (36)

where the sum is semi-direct. In analogy with the preceding case, V is a central
extension of V. B

We shall write the elements of V as (X, U) or simply X + U. By definition
X + U = 0 if and only if both components X and U vanish. Explicitly, the
bracket in V is

[A1, Ao] = [(X1,Un), (X2, Uz)] = ([ X1, X2, X1(Uz) — X2(Uh)), (37)

where the first term on the right is the usual commutator of vector fields.

The relation between v = (a, f) and A = (X,U) can be described thus:
Let f. := expeX denote the (local) flow of X, and assume f = f;. Then, by
Lie’s formula,

1
a=a; = exp/ Uo f.de, (38)
0

and v = exp A (cf. the Feynman-Kac formula).
Conversely, differentiating a local one-parameter group v. = (f:,ac) at
e = 0, one obtains a first order differential operator A = X + U.

3.2 Orbits for PDOs

Consider again the situation in (32). Let K; be linear partial differential op-
erators on C*°(M;), i = 0,1. Assume v = (f,a) satisfies
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Ki(u-7) = ¢ (Kou) -7, (39)

where in general ¢ = ¢, € C°°(M;)* will depend on .

This identity implies that the pullback under v of solutions to Kqu = 0
yield solutions to Kijv = 0. Except for the ‘conformal’ factor ¢, this is an
intertwining relation.

Composing, as in Sect. 3.1, we obtain the cocycle identities

¢’Y1’Yz = (b’yz (¢’Y1 "72) = ¢’Y2 : (b'Yl o fa, (40)
Ko (u-7172) = dy1m0 - (K1) - M172. (41)

In the group case v = (f,a) € 15, with M; = M and K; = K, (39) may be

written
(v K7 )u = gy 0 f 1 Ku. (42)

Thus, except for the cocycle, K and its conjugation under the inner automor-
phism given by v are equal. Clearly, this identity defines a group. It may be
seen as a deformed (by the cocycle ¢) subgroup of D.

Suppose now that in (42) we have a (local) one-parameter group (v.)
with generator A = (X,U) as above, and with corresponding cocycle ¢ =
1+ &P+ o(e). Then, upon differentiating w.r.t. € at 0 we get

[K,A]:QS'K, (43)

where the function @ depends on A. The relation between ¢ and @ is as in
(38) for a and U. In particular,

1
Ke' = exp{/ do f.de} K. (44)
0

For fixed K, the relation [K, A] = @ - K defines a Lie algebra:

Proposition 6. Let K be a linear differential operator on M. Then all the
first order linear differential operators A = (X,U) such that [K,A] = & - K
for some function ® = @4, form a Lie algebra with the commutator in (38).
We have

Dra, 5] = X1(P2) — Xo(P1). (45)

Remark 7. Henceforth this Lie algebra will be denoted Lie (K).

Proof (Proposition 6). Assuming (45) holds for A; and Ag, we must show that
it also holds for their commutator. By the Jacobi identity, and with obvious
notation,

(K, [A1, Ag]] = [Aq, [K, Ag]] = [Ag, [K, Ay, ]] = [A1, P2 - K| — [Ag, &1 - K. (46)

We always have
A, K] =X(®) K+ [A K], (47)

from which the conclusion is immediate.
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Remark 8. It is a very general fact that the relation K, A] = & - K defines a
Lie algebra. We have only used that the bracket is the natural one, and that
we have a derivation plus a multiplication.

Intertwining of Lie(Kj;)

It is obvious that (39) relates the Lie algebras of Ky and K7 to one another.
To makes this more clear, suppose v = (f, a) satisfies K1y = ¢ - 7Ky, and
suppose A; are related by

Avy = yAo, (48)

ie.,

Xi(a)uo f+aXi(uo f)+a(Uiu) o f =aXo(u)o f +a(Upu)o f.  (49)

One finds
KA1y = K1y Ag = ¢7Ko Ao, (50)
and
MKy = A1(¢-vKo) = X1(9)vKo + ¢y Ao K. (51)
Hence
(K1, Ai]y = ¢y[Ko, Ao] + X1(9)vKo. (52)

Since ¢ is never zero, we see that, on the appropriate domains, A; preserve
the kernels of K; simultaneously. If Ag € Lie K, then

(K1, Ay = ¢7Po - Ko + X1(¢)vKo = (Do o [ + X1(log ¢)) K17y (53)
Similarly, A; € Lie K7 implies

YKo, Ag] = (@1 — X1 (log ¢))vKp. (54)

4 Heat and Harmonic Morphisms

4.1 Basic characterisations

Let M and M be two manifolds, and f a map ofv]Tj into M. Let P and K be
two (scalar) linear differential operators on C*° (M) and C'*°(M), respectively.

Definition 9. f is a morphism for P and K if for each open set 2 C M and
each u € C*®(42),

Ku=0 on £ = Pluof)=0 on f 0. (55)
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Suppose now that K and K are differential operators on M and M , and
a: M — R\ 0. Suppose also that v = (f, a) satisfies (cf. (39))

Ky =¢-9K, (56)
ie., _
K(a-uof)=¢a-KuoJ, (57)
where ¢ # 0. Writing B
Pv:=a 'K(aw), (58)
we obtain
P(uo f) =6 Kuo f. (59)

Let now N and N be Riemannian “manifolds with metric connections v
and V, and corresponding Laplacians A (= Tr (V?)) and A, respectively. Let
I and I be time intervals with variables s and ¢. We shall consider the following
two situations:

(i) Harmonic morphisms: M

(ii) Heat morphisms: M = I x N, = ,K=0,+1A and K =
o+ A
In order not to get a zero-order term we must require
Ka=0. (G2)

When (G2) holds, we have (assuming without loss of generality a > 0)
P =K +grad loga (60)

in both cases. _ -~
The associated diffusion X with generator P is a conjugate of BM(V, g, V)
satisfying
d°X, = grad log a(s, X,) ds + dé,,

d[X?, X7, = §9(X,) ds, (61)

where only in case (ii) a will depend explicitly on s. The process X corre-
sponding to @ is in both cases BM(N, g, V). Let us write

f=% " 1<a<n), t= [
where f° does not appear in case (i).

Proposition 10. Let P be as in (58). Then f is a morphism for P and K if
and only if Pluo f)=¢ - Kuo f.
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Proof. Clearly the condition implies that f is a morphism. The converse fol-
lows from Fuglede’s beatiful argument in [F1], Remark 1, p. 129. The only
thing needed is a function w satisfying Qw > 0 on some neighbourhood,
arbitrarily small, of a given point in M, and then we may take

_ Plwo f)
= Kool (62)

This proves our assertion.

We now normalise so that f is time-preserving:

a
e 9 >o. (63)

As in [DK] we shall use the following further conditions on v = (f, a):

df° = 0; (G1)
%ANf(’ +a"Yda, df*) + %Fgg o fldff,df"y =0, 1<a<n; (G3i)
fo+ %Efa + a Yda, df*) + %Fgg o fldff df"y =0, 1<a<n; (G3ii)
(df7,df) = N2g"7 o f; (G4i)
(%, 7y = 25 o (G

The roman numerals of course refer to the cases defined above.

In [DK] we showed for the heat case that (G1)—(G4) are sufficient for f to
be a morphism for P and K. Following [F1], [F2], [Ish], in the case of harmonic
morphisms, we now show that these conditions are also necessary in the heat
case. We assume the normalisation (63). To this end, let X be the process in
(61), and put Y := f%(s, X,), 1 < o < n. By It&’s formula,

AVe = (J° o SAF 4 a da, df) (s, Ko ds + 007 (s, K)dEL (64)

Thus _
dlYP, Y7, = (dfP,df") (s, X,) ds. (65)

We may write this as
. 1~ 1 ~
d°YS = (f*+ iAf‘”‘ + o~ Yda, df*) + ifgg o fldf?,df"))(s, Xs) ds
+0if%(s, X, )dEL. (66)

To start with, Y must be a time shift of X (Sect. 2.2). Since X is a martingale,
we see that condition (G3) is necessary, and then
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dYE = 0, f(s, X, )dEL. (67)

The conformality of X requires condition (G4i).

Up to now we have only considered the ‘harmonic’ case under a time-
dependent transformation. To reach the heat equation, and condition (G4ii),
we must study the time-space process f(s, X;) = (f°(s), Ys). If uw is a (local)
function on M, then

d(uo f(s, X)) = (iﬁu o f(s, Xs)+ %)\2Au o f(s, )Z’S)> ds+d¢,  (68)

where £ is a martingale. The coefficient of the first (ds-)term on the right-hand
side must be proportional to (it 4 (1/2)Au) o f(s, X,). Clearly this requires
(G4ii).

We collect our findings in

Theorem 11. Given v = (f,a), suppose (63) holds and a > 0. The following
are equivalent
—in case (i):

a) AN(a ‘uo f) = galuo f, with ¢ = \?> = n~ ' Trdf @ df;
b) the process f()zs) is a time shift of BM(N, g,V);
¢) Egs. (G2)-(G4) hold.

—in case (ii):

a) (05 + (1/2)A)(a-uo f) = da(d, + (1/2)adu) o f, with ¢ = dt/ds;
b) the process f(s,)zs) is a time shift of (t, X;), where X is BM(N,g,V);
¢) Egs. (G1)-(G4) hold.

Remark 12. Condition (G2) means that martingales are preserved ([D], [Em]).
In case (i), f is a harmonic mapping ([F1], [F2], [Ish]) when a = 1. See also
the discussion on affine maps in [Em]. Condition (G4) means that the map is
horizontally conformal, see [F1]. Together with (G2) we have (in case (ii)) a
characterisation of maps preserving conformal martingales, cf. Proposition 4.

Condition (G4ii) links the time and space scales. It implies that the dilation
w.r.t. the space variable is independent of the space variable, as opposed to
the case of harmonic morphisms.

Remark 13. If ¢ is a harmonic morphism with constant dilation, and dt/ds =
%)\2, then (¢, ¢) is a heat harmonic morphism. This case was treated indepen-
dently by Loubeau [Lob].

4.2 Morphisms for conjugate BM

We consider case (ii) of the preceding section, and assume that (f,a) satisfy
(G1)—(G4). Let 0 > 0 and V be as in Sect. 2.3 and put
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= (dt/ds)V o f. (69)

We write 50 =0 + 1A~ V and DO =0+ 1A V, so that Dy = 0. By
Theorem 11 and the definition of V Dy(au o f) = a(dt/ds)Dou o f. Defining
0:=a- 90f,alsoD09—0 B _

We introduce the forward generators D := Dy and D := Dy as in (19):

Dii = Do(0)/6 and Du = Dy(6u)/6. (70)

The following result from [DK] shows that heat harmonic morphisms also
preserve conjugate BM.

Theorem 14. Suppose (f,a) satisfy (G1)-(G4) and the normalisation (63)
in Sect. 4.1. Then f is a morphism for D and D:

D(uo f) = fDuOf (71)

for any smooth function u on M.

Proof. By what we have just seen,

Duo f) = 7D0< ‘wo f) = aeloff)o(a.(ﬂu)of)
:92 %DO(Hu)of %Duof (72)

Let Z denote the process associated with 6. Then (f(s,és))seff and
(t, Zi)ter, after a time-change, have the same distribution (cf. [Ok] and
Sect. 2.2-2.3).

4.3 Dynamical invariance for conjugate BM

We now give a result already stated in [DK] describing the transformation
properties of the (forward) energy, momenta, Lagrangian and equations of
motion. We only consider the situation when V is the Levi-Civita connection.
We assume that (f,a) satisfy (G1)-(G4) and the normalisation f© > 0.

In the sequal T* f denotes pullback via f w.r.t. the space variables.

Theorem 15. Let ¥ :=loga and Ey := a/a. Then

~ o~ dt ,
E=Eo+ S Eof+[pact, (73)

T fp+ dV, (74)

ﬂLof + D, (75)

L
< - % >p = %T*f (Dp ;Ricp) . (76)
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Proof. (74) is obvious since p; = ; log§ = 9;loga + 8a00 fO; f* = O;loga +
(T* fp);. (73) is obtained similarly.
Squaring and summing (74), (G4) yields

1 dt 1, . 1, .

5%\P|2Of: §>\2(9 Ppapg)of = 29 IpacfOifpsofoif®

1. dia d;a 1 1dal® 1
g5 5o 207 — 2|32 il e R o

29 (pz a ) (p] a ) 2|;5] + 2| a a<p’ da). (77)

Now Da = d,a+ %Aa—I— (p,da/a) = (p, dg/a), so by (23) l~)loga = (p,da/a) —
3|da/a|?. Hence, using the definition of V' in Sect. 4.2 we obtain (75):

dt dt 1
Srof= (=
ds of ds (2
(76) follows from the Newton equations (29) for the two processes, together
with the definition of V.

1 . o~ -~ -
|p|20f—|—Vof):§|p‘2—D10ga—|—V2L—DW. (78)

Remark 16. Concerning the extra terms on the right, e.g., in (75), one should
recall that already in the classical case, the equations of motion are not altered
when a total time differential is added to the Lagrangian. (See, e.g., [DNF],
Sect. 31, p. 305.) (75) states the invariance of the Lagrangian time-differential
up to a regularised time derivative: Lds—Lo fdt= DV ds.

The transformation of the energy in (73) may seem strange. In the example
f = (t,¢) of Remark 13, however, it transforms in a less exotic way: E =
EO + %E o f

5 The heat and Laplace Lie algebras

Throughout this chapter, the underlying manifold N is Riemannian with met-
ric g. We shall only consider the Levi-Civita connection.

For a (possibly time-dependent) vector field  on N, we shall denote by
w its dual one-form: wy, = ¢;xQ%, i.e. Q = wh.

5.1 Conformal groups and Lie algebras

For any vector field Q we have
(Lq9)ij = Vjwi + Vjiw; = 2(Vw) i), (79)

where Lo denotes the Lie derivative along (), and the parentheses indicate
symmetrisation.

Definition 17. The conformal Lie algebra conf consists of all vector fields @
on N such that
Log=p-g, (80)

for some function u depending on Q.
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The corresponding situation for maps, i.e. local flows, is

g o fdf (&1),df (&2)) = # - 9(&1, &), (81)
for some function . That conf is a Lie algebra follows from
[£0,:£q,]g = (Q1(p2) — Q2(p)) - 9. (82)
Equation (79) implies
2 2
p=——dlw==-vVw, Qe conf (83)
n n
By, e.g., [Go], Egs. (3.7.4) and (3.8.4) or [Ko,
1o, + Ricw — (1 - l)ddT ~ Lo + Ricw + 2 — 0 (84)
2 2 /YT 2 g e
Define three Lie algebras:
t:={Q € conf: p =0}, (85)
h:={Q € conf: pu = const.}, (86)
confy, :={Q € conf: Ap = 0}. (87)
Clearly,
¢ C b C conf, C conf. (88)

Here ¢ stands for Killing vector fields, i.e., infinitesimal isometries, and b
indicates that the corresponding flows are homothetic transformations. The
inclusions are obvious, and 5.1.4 shows that € and h are Lie algebras. Clearly
h =t @ R globally.

We shall need

Lemma 18. If Q1 € conf and Q2 € conf,,, then

A@u(p=)) = =" s, ). (39)

We assume the lemma momentarily. For Q) € conf, let
n—2 n—2

U := =
1 M7 oy

Viw, (90)

and

_9 ~
Q::(Q,U):=Q+U=Q+%V%ev, (91)
where V was defined in Sect. 3.1. The bracket is (by (38))

(@1, Q5] = [Q1, Q2] +Q1(U2) —Q2(Ur) = [Q1, Q2]+

This way we get a map

n—2
4n Tr (,C[Qth]g) (92)

VoenfsQ—QeV. (93)

We note that in dimension 7 =2 on V, or on £ in any dimension, (93) is the
identity map: @ = (Q,0).
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Theorem 19. conf,, is a Lie algebra. The restriction of (10) to conf;, is a Lie
algebra isomorphism onto its image:

@@ = (00,2 + " Vilorw), X econfy,  (90)

where [w1,ws] is the one-form dual to [Q1, Q2].

Proof. The first statement follows from Lemma 18 which clearly implies that

A(Q1(p2) — Q2(p1)) = 0 for Q; € confy,.

We now show the displayed identity. Up to a multiplicative constant
Q1(u2) is equal to {(wy, (O 4 Ric)ws) by (84). Hence, by Weitzenbock, the
difference Q1 (p2) — @Q2(p1) is a constant times

(w1, Aws) — (w2, Awr), (95)
since the Ricci tensor is symmetric. This equals
99V (w1, Viws) — (wa, Viwr)). (96)

Using that V commutes with the duality 7N = T'N given by g, the expres-
sion in the parentheses is dual to

V@, Q2 — V@,Q1 = [Q1,Q2], (97)
the connection being torsion free. Checking the constant, one finds (94).
Proof (Lemma 18). Using Vg = 0 we get
V2Q1 (o) = (V2wi, dus) + 2(Vwr, Vdug) + (w1, V3dus).

To obtain the Laplacian, we must take the trace. Having done this, the second
term on the right is proportional to 3 Aps, by (79), (80). By assumption it
vanishes. We get, using the Weitzenbock formula, the identity [d,J] = 0 and
(84),

AQ1 (p2) =(Awr, dug) + (w1, Adpz)
((O + Ric)wr, dug) + (w1, Ricdus)

. -2
((O + 2Ric )wy, dug) = —nT<d,u1, dpz).

The claim follows.

5.2 Characterisation of the heat Lie algebra.

We consider the situation in (61), case (ii), with the further requirement that
A be the Laplace-Beltrami operator. For A = (X, U) we write



Quantum and Classical Conserved Quantities 19

0 .0
X=T— t— =
o "9 o
where, at this point, 7" and the @ are functions of t € I and « € N.
We now characterise the heat Lie algebra in terms of PDEs. In general, the
system obtained is overdetermined. It should be no surprise that the equations
obtained are completely analogous to Eqs. (G1-G4) in Sect. 4.1.

o
Ta +Q, (98)

Theorem 20. A = (T,Q,U) € Lie (9; + 3A — V) if and only if the following
equations are satisfied:

dT = 0; (A1)
U+ %AU + %(TV) +Q(V) = 0; (A2)
d)+%Dw+Ricw+dU:0; (A3)
(Vi) = g (A)

The associated cocycle is & =P, =1T.
Proof. We start with the free case V = 0. With K := 0; + %A we easily find

(K, Ulu = (U + %AU)u +(dU, du), (99)

and ) )
[0, X|u = Xu=Tu+ (w,du). (100)

Furthermore,

[A, X]u = AT -4+ 2(dT, dit) + T A
+ (Ow, du) + 2Ric (w, du) + 2(Vw, Vdu). (101)

To see this, note that the left-hand side is

A(T4 + (w, du)) — TAGW — (w, dAu) = AT - 4+ 2(dT, du) + T Au
+ (Aw, du)) + (w, Adu) + 2(Vw, Vdu) — TAu — (w,dAu), (102)

and use the identities for Laplacians stated in Sect. 1.
;From the above equations we now get

-1 .1
(@ AJu = (U + 5AU)u+ (T + 5 AT)is+ (dT, di)
1
+ (w+ 50w + Ricw +dU, du) + (Vw, V). (103)

We want the left-hand side to be a function times Kwu. First, no constant
term is allowed, so that U has to satisfy (A2). To avoid terms with mixed
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time and space derivatives we must also require that T only depends on time,
i.e., that (A1) holds. The first-order space derivatives disappear if and only if
(A3) holds.
We now have
(K, AJu = T+ (Vw, V2u). (104)

To get a Laplacian out of the second term, we must require that the symmetric
part of Vw is proportional to the inverse metric (¢%), V2u being symmetric.
(A4), finally, is needed to adjust the scales between time and space derivatives.

The general case, including a potential V, follows from [V, AJu = =X (V)-u

and [K — V, A = [K,A] = [V, A] = ®(K - V) =T(K — V).

Remark 21. Combining Eqs. (A2), (A4) and (A5), we see that for each t, we
must have w(t,-) in h (Sect. 5.1). Hence the heat Lie algebra is trivial (i.e.,
consists only of constants) whenever ¢ = 0. This is different from the Laplace
case where elements in conf \ § may occur, e.g. in one space-dimension. See
also Sect. 5.3 below.

A part of Lie(A) is always contained in Lie (9; + 2 A), viz., when non-
void, the one corresponding to constant (in time) elements in §. Comparing
with (83) we see that 2c = 4 = —(2/n)d'w, so we may take U constant and
T(t) = put+ po- Note that when w € €, the Killing algebra, time does not enter
explicitly, i.e., T' is constant.

Our next result clarifies the relation between Lie (9; + 3A) and b.

Theorem 22. Lie (9, + %A) consists of all A = (T,Q,U) with Q@ € C>*(I —
B) such that its dual one-form w satisfies

82
@dT w =0, (105)
%dw =0. (106)

T is a polynomial in t of degree at most 2 with T = —(2/n)d'w. U = sa—aly,
where a = diw = —(n/2)T, and Uy satisfies AUy = 1.

Proof. Note first that if w does not depend on time, (105) and (106) are
trivially fulfilled, and we are back in the case discussed in Remark 21.

Let us start from @ € C*°(I — §) satisfying (105) and (106). It is clear
how to obtain 7" from w. We shall show how to find U.

We know from (84) that 100w+ Ricw = 0 for each fixed time. Hence, (A3)
becomes

&+ dU = 0. (107)

By (106), this is fulfilled for some U. We must show that we can arrange
so that U satisfies the anti-heat equation (Al). From w + dU = 0 follows,
invoking (105),
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AU = d'é = const. = . (108)

If this constant vanishes, we are again back to Remark 21, and may take U
constant.

If not, write Uy = U/, so that AUy = 1. (Note that, locally, there are
always such functions.) Without altering this, we may put U = %a — aly,
and then U satisfies (A2).

This proves that (105) and (106) are sufficient. Clearly condition (106), as
well as the expression for T is necessary. It remains to deduce (105), and the
explicit form for U. We may assume that U is non-constant. As above, we get
U(t,-) = ¥(t) + ¢(t)Uy, for some functions ¢ and ¢, where Uy is independent
of time and AUy = 1. Then (A2) holds if and only if ¢ = 0 and —1¢ = ¢.
Since also (A4) must hold we deduce ¢ = d@, which implies (105).

5.3 Characterisation of the Laplace Lie algebra

We now consider the Lie algebra of the Laplace-Beltrami operator on (N, g),
in which case X = Q (cf. (98)).
As in Sect. 5.2 we get

Theorem 23. A = (Q,U) € Lie (4) if and only if the following equations are
satisfied:

AU = 0; (a2)
1

§Dw + Ricw + dU = 0; (a3)
(Vw) @) = ¢ g¥. (ad)

The cocycle is @ = P4 = c.
(From Theorem 19 we immediately get

Theorem 24. As Lie algebras Lie (A) = conf,, through the map (93).

6 Constants of Motion, Conservation Laws and
Martingales

6.1 Quantum picture

We start from a self-adjoint Hamiltonian H = —%A +V, where V =V (t,q),
and ¢ is the coordinate in N. Let A = T9; + Q"9; + U = X + U, where X
is a (smooth) vector field on space-time M and U is a (smooth) function on
M. This is the general form for a linear PDO of order < 1 on M. We write
DY(M) for all such operators.

Denote by
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0
K:=—-H 109
oy (109)
the (backward) heat operator. If A € Lie(K), i.e., [K,A] = & - K for some
function &, then

KAu = ([K, A + AK)u = (& + A)Ku. (110)

Hence,
KAu=0 if Ku=0 and A€ Lie(K), (111)

i.e., the Lie algebra preserves the kernel of K.
The operator 1 : u — u always belongs to Lie (K). It expresses the con-
servation law

d
2 [ 99 dvol = 0. 112
dt /N Ve (112)

This is a direct consequence of H being self-adjoint: the left-hand side is
(6,0%) + (0,6%) = (HO,6%) + (0, —HO*) = (HH,0%) — (HO,0") = 0. (113)

Suppose f is a smooth function on M with appropriate growth conditions.
Then

i/ f-ee*dvolz/ Df-99*dvolz/ D* f - 06% dvol (114)
dt Jn N N

Suppose now that A is any element the heat Lie algebra. By definition
D = 071K, so that

D(O7'A0) =07 KA =071 (D + A)KH =0, (115)

i.e., along the process, #1460 is a martingale. This can also be expressed as
the conservation law p

— [ Af-0"dvol =0 116
G [ A0-0" vl =0, (116)
because the LHS is (d/dt) fN 0140 - 00* dvol = fN D(671A0) - 06* dvol = 0,
as we just saw.
By repetition of these arguments,

Theorem 25. If A; € Lie (K), and if s; > 0 are integers, 1 < j < k, then,
along the process, 0=1 A" - - - A0 is a martingale, and we have the conserva-
tion law J
—/ ATt AJFG - 07 dvol = 0. (117)
dt Jn
We remark that by time-reflection and duality we get corresponding state-
ments for #* and /1151 e AZS’“.
Let us now return to the function #=*Af. With the notation p; = 9;6/6

and E = 6/0, it becomes
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% = ET+p,Q' + U (118)

p; are the momentum densities and E the energy density from Sect. 2.5. (We
have added hats in this chapter to distinguish between classical and quantum
objects.)

Hence, by the theorem,

Corollary 26.
D (ET+<§,Q>+U) —0 (119)

whenever A = (T,Q,U) € Lie (K).

We recall that with A = log 8 the coefficients p; = 9;6/0 and E = /6 are
given by 3 R o
dA = Edt + p; dq" = E dt + pdq, (120)

where dA signifies space-time differential. The right-hand side is the restriction
of the first fundamental form w = Edt + pdq to a Lagrangian manifold: the
second fundamental form {2 = dw = dFE A dt + dp A dq vanishes there, because

=0

6.2 Classical picture

M is the configuration space, and the cotangent bundle T M is the (extended)
phase space. The fibre coordinates are (E,p).

Definition 27. The symbol map takes A € D' (M) to the function Fy €
C>(T*M) defined by

Fu(t,q, E,p) := ET(t,q) + (p,Q(t,q)) + U(t,q). (121)

Using the first fundamental form w = Edt+pdq, F = w(m.X)+ U, where
X = (T,Q) and 7 is the projection TM — M. The second fundamental form
2 =dw=dENdt+dpAdgon T*M gives rise to the Poisson bracket

9 O 990y | 9p Oy 9 O

{69} = OE 0t Ot OF + op; 0gt  Oqi dp;’

¢, e C(T*M). (122)

Theorem 28. The symbol map is 1-1 onto the space of functions in
C>(T*M) which are of order at most one in E and p. It is a Lie algebra
morphism:

{Far, Fas b = Fia, ) (123)

Given an ‘ordinary’ Hamiltonian H = H(t, q, p), we get an extended Hamil-
tonian K defined by

K = K(t,q,E,p) .= E— H(t,q,p). (124)
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For any differentiable function F' on T*M we define

= = {K.F}. (125)

This is equal to
OF OHOF O0HOF OHOF

9t Opi0g | 0g Op, | ot OF (126)
and leads to
gzaj+pi8E+6V8F+alaj (127)
dt ot d¢*  Oq¢* Op; Ot OF
if we choose the Euclidean Hamiltonian
H= —%|p|2 +V, where V =V(tq). (128)

JFrom now on, this is our choice for H. The equations of motion become

D L
q =, d—fde, E=V, i=1. (129)

Here, D/dt denotes the covariant derivative.

Definition 29. The classical Lie algebra, Lie.(K), consists of all FF € C*°(T*M)
of order at most one in (E,p) which satisfy

(K, F}=a-K (130)
for some (local) function a = ap.

By the implicit function theorem, this is equivalent to requiring that
dF/dt = 0 on the set where E = H(t,q,p).

The next point is to determine the classical Lie algebra. We calculate
dF,/dt and substitute E = H(t,q,p). The result is a polynomial of order
three in p, with coefficients depending on (t,q). All these coefficients must
vanish.

9 BT+ (0.@) + V)
=VT + (—3Ip* + V)(T + (p,dT)) + (dV, Q)
+(p, Q) + VQ(p,p) + U + (p,dU)
== 3P (p.dT) + (VQ) = 479" ) pip,
+(p,VdT + 0+ dU) +U +TV + TV + Q(V). (131)

Here, w is the 1-form dual to Q.
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Theorem 30. A = (T,Q,U) belongs to the classical Lie algebra for K =
E — H precisely when the following equations hold:

dT = 0; (C1)
0

U+ 5(TV) +Q(V)=0; (C2)
W+ dU = 0; (C3)
Vo) = 11g%, (C4)

We shall now connect our findings with the Noether theorem. We refer to
the presentation in Ibragimov [Ibr2], pp. 236-239.

6.3 The classical case

In general, a classical Lagrangian L = L(t,q,¢) and a Hamiltonian H =
H(t,q,p) are related by (Euclidean conventions)

L=d'p;+H. (132)

For H = —1|p|*> + V, the Lagrangian becomes L = $||?> + V. The Euler-
Lagrange equations are

oL
=0

5y =0 =L, (133)

where 5L 9L d oL

6t Oq*  dtOq*
Given a vector field X = T9/0t+Q'0/0q", we make an infinitesimal variation
of the action [ L dt:

6X/Ldt:/<X(1)(L)+LCZ> dt. (135)

Here, the vector field X is prolonged ([Tbr2], [Or1]) to X, so that it can act
also on the variable ¢:

DQt AT\ 0 0
XM= x S =X [ 1
+ ( a1 dt) o~ W ag (136)
After some manipulation we get
ar d 0L 0L
X+ L= =— (TL+W'= |+ W'—. 137
(L) + LG dt( + aql)+ 5q (137)

Thus, Noether’s invariance condition (invariance of the Lagrangian differential
L dt modulo exact differentials)
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dT dUu

(&) et el
XY(L)+L 7 o (138)
for some function U(t, q), implies that
d 0L
—(TL — = 1
dt( +W6qZ+U) 0, (139)
ie.,
d
4 e+ =0 (140)

This is exactly the case in Sect. 6.2 and should be compared with Corollary
6.1.7. In both cases we have what perhaps should be termed a Poisson-Noether
algebra. It is a Lie algebra of conserved quantities; in general, only a part of
the Lie algebra of a differential equation gives rise to conserved quantities.

We remark that this case of Noether’s theorem was proved by M. Lévy
already in 1878.

6.4 Quantum case
The Hamiltonian is H = —%A + V, and the Hamiltonian field density is

H= 1(HO 6"+ 0H*). This is an equivalent form of 1 (d6, df*) + V66*.
The Lagrangian field density is

L:%(&é*féﬁ*)+H. (141)

Write (6,6%) = (6°,6'), and 0y, = 0,0°. In general, the Euler-Lagrange equa-
tions, obtained from the space-time variational principle

5//Ldtdvolz0, (142)

are 5L
500 =0, a=0,1, (143)
where
oL oL oL

= Dy 144
59a "~ 96 e (144)

In the present case we get
0—HO=0, 6" +HO" =0. (145)
Write z = (20, 21,...,2™) = (t,¢%, ..,q"). Consider a vector field A on the

first order jet bundle over M with variables z* and 8%, 0 < yu <n, a=0,1:

=X"0, +n* 0

i) 9
—_ YH_ a
A=XF—— 1y s

B oxH o6e

(146)
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Write dz := dt dvol. We get

A / Ldx = / (AD(L) + LD, XH) dz, (147)
M M
where D,, := d/dxz" denotes the total derivative w.r.t. z,. A is prolonged to
the second-order jet bundle. One finds

oL oL

(2) - M a a_~ —
A L)+ LD, X" =D, (LX +W 89g) + W 300 (148)
where
W =n*— GzX“. (149)
Choose a vector field of the form

0 .0 0 0
A=T— '+ U |6 -0 ). 150
ot g T ( 06" ao) (150)

These vector fields are just another representation of the first order PDOs
T% +Q° aii + U employed above. The Lie algebras are isomorphic. — As

usual, T, Q" and U only depend on t and ¢. In this general case, Noether’s
theorem states that A®)(L) + LD, X* = D,B* for some vector field B if
and only if LX? 4 W“BL/(’?@“ is the density of a conservation law. The latter
quantity is

1 . . 1
[=1y="T- (00" —00°) + Q" 5(0,0" —007) + U0O".  (151)

1/60* is just a symmetric version of the function ET + P:Q + U in (118)
above. The Noether theorem gives the same densities for conservation laws as
we encountered in Sect. 6.1.

6.5 Connecting the classical and the quantum algebras. Examples

The total (i.e., space-time) differential o := dA of the action density A = log 6
defines a section of T*M. If F = F, then

ET+pQ'+U=0"F=Fog=F. (152)
Write F; = Fj,. Theorem 28 implies, with obvious notation,
{F1, Y= F . (153)
One readily shows the following commutator formula:

Fiy 2 = X1(Fy) — Xo(FY). (154)

We now characterise the classical Lie algebra for a class of quadratic po-
tentials. The proof is left out.
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Theorem 31. Suppose N = R™. All potentials on the form
1
V(t,q) = a(®)la* +b(t) - g+ c(t), (155)

where a, b and ¢ are smooth functions of t, with a > 0, yield isomorphic
classical Lie algebras for the Hamiltonian H = —%\p|2 + V. They can be
represented as

b+ b1+ ba, (156)

where h = (1,&;, m)z’-szo is a representation of the Heisenberg algebra: {&;,n;}
= 0;5 and all other brackets vanish. The centre is generated by 1, b is an ideal
and by and by commute. by = (|€[2,€ - n, |n|?) is a representation of sla, and
by is a representation of so,. The dimension is 2n+ 4+ n(n —1)/2.

Finally, we shall compare the two Lie algebras in this case, so V (t,q) =
La(t)|q/* + b(t) - g + c(t). If we integrate (C3)—(C4), omitting the case when
Vw is antisymmetric, i.e., the case of infinitesimal rotations, we first find
Q= %Tq + «, where « is a function of ¢, and then

1..
U= TP -+ 5, (157)
where 8 = (t). Equation (C2) leads to
1... . 3. . .
—ZT—|—2aT+aT:0, d—aa:§Tb+Tb, B8=—(Tc)+ab. (158)

Now AU = —%T, so the only change caused by the heat equation is that
must fulfill _ "
B=—(Tey+ab— ZT' (159)

This is the It correction. It only concerns one of the elements of the slo-part.
Changing the representation for this part, in case of the heat equation, one
finds that the classical Lie algebra and the heat Lie algebra are isomorphic.

This is related to Gaussian diffusions, oscillator-like systems and the semi-
classical limit. See Brandao [B1], Brandao-Kolsrud [BK1], [BK2], M. Kolsrud
[KO0] and Kolsrud-Zambrini [KZ2].
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