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Summary. We derive estimates for the solutions to differential equations driven
by a Holder continuous function of order 3 > 1/2. As an application we deduce the
existence of moments for the solutions to stochastic differential equations driven by
a fractional Brownian motion with Hurst parameter H > %

1 Introduction

We are interested in the solutions of differential equations on R? of the form

2y =m0 + / f()dy,, (1)

where the driving force y : [0,00) — R™ is a Holder continuous function of
order 3 > 1/2. If the function f : RY — R™? has bounded partial derivatives

which are Holder continuous of order A > % — 1, then there is a unique

solution  : R — R, which has bounded %—variation on any finite interval.
These results have been proved by Lyons in [2] using the p-variation norm
and the technique introduced by Young in [8]. The integral appearing in (1)
is a Riemann-Stieltjes integral.

In [9] Zahle has introduced a generalized Stieltjes integral using the tech-
niques of fractional calculus. This integral is expressed in terms of frac-
tional derivative operators and it coincides with the Riemann-Stieltjes integral
fOT fdg, when the functions f and g are Holder continuous of orders A and p,
respectively and A + 1 > 1 (see Proposition 1 below). Using this formula for
the Riemann-Stieltjes integral, Nualart and Régcanu have obtained in [3] the
existence of a unique solution for a class of general differential equations that
includes (1). Also they have proved that the solution of (1) is bounded on a
finite interval [0, 7] by Cy exp(Cs ||y\|g,T75), where k > % if f is bounded and

K> ﬁ is f has linear growth. Here ||y||o,r 3 denotes the §-Hélder norm of y

on the time interval [0, T']. These estimates are based on a suitable application
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of Gronwall’s lemma. It turns out that the estimate in the linear growth case
is unsatisfactory because k tends to infinity as 3 tends to 1/2.

The main purpose of this paper is to obtain sharper estimates for the
solution x; in the case where f is bounded or has linear growth using a direct
approach based on formula (8). In the case where f is bounded we estimate

SUPg<t<T |z¢| by

1
c (1 n |y||§,m)

and if f has linear growth we obtain the estimate

1
B
0,168 )

In Theorem 2 we provide explicit dependence on f and T for the constants C,
C: and C5. We also establish estimates for the solution of a linear equation
with rough time dependent coefficient (Theorem 3.2).

Another novelty of this paper is that we establish stability type of results
for the solution z; to (1) on the initial condition xg, the driving control y and
the coefficient f (Theorem 3.2).

As an application we deduce the existence of moments for the solutions to
stochastic differential equations driven by a fractional Brownian motion with
Hurst parameter H > % We also discuss the regularity of the solution in the
sense of Malliavin Calculus, improving the results of Nualart and Saussereau
[4], and we apply the techniques of the Malliavin calculus to establish the
smoothness of the density of the solution under suitable non-degeneracy con-
ditions. More precisely, Theorem 3.2 allows us to show that the solution of a
stochastic differential equation

Cy exp (Cz||y|

2 Fractional integrals and derivatives

Let a,b € R with a < b. Let f € L'(a,b) and o > 0. The left-sided and
right-sided fractional Riemann-Liouville integrals of f of order « are defined
for almost all z € (a,b) by

1%, (1) = ﬁ / (t— )7 f (s)ds

and
(_]—)7a b _ a—1
F | 0T s

respectively, where (—=1)"% = e~ and I" (a) = [, r* e "dr is the Euler
gamma function. Let I, (LP) (resp. I;* (L?)) be the image of L”(a,b) by the
operator I$, (resp. Iy* ). If f € I, (L?) (resp. f e I;* (LP))and 0 < a <1
then the Weyl derivatives are defined as

I f(t) =
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Dz, (t)=r(11_a)<t_a, o [ L0 ) 0

fo<t>=F((]”aa)< / i ) ®)

where a < t < b (the convergence of the integrals at the singularity s = ¢
holds point-wise for almost all ¢ € (a,b) if p = 1 and moreover in LP-sense if
1<p<o0).

For any A € (0,1), we denote by C*(a, b) the space of A-Holder continuous
functions on the interval [a, b]. We will make use of the notation

and

o= sup Zr= el
@b B cgcrn P —0]8
and
||'r||a,b,oo = sup |$r|a
a<r<b
where z : R? — R is a given continuous function.
Recall from [6] that we have:

o Ifa<

S =

and ¢ =
IT (LP) = Iy~ (L?) C LY (a,b).

° Ifoz>;)then
I8, (LP) U I (L) € C°7 5 (a,b).

The following inversion formulas hold:

Iz (Dayf) = 1. vfelg (L) (3)
I3 (Dy_f) =, vf ez (LP) (4)

and
Dy (I8 f)=f, Di_(Ie_f)=f, VfeL'(ab). (5)

On the other hand, for any f,g € L'(a,b) we have

/: o FDglt /f Vg g(t) (6)

and for f € I$, (LP) and g € Ig_ (LP) we have

b b
/ D2, F(t)g(t)dt = (—1)~° / F(0)Dg_g(t)dt. (7)
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Suppose that f € C*(a,b) and g € C*(a,b) with A + p > 1. Then, from
the classical paper by Young [8], the Riemann-Stieltjes integral fab fdg exists.
The following proposition can be regarded as a fractional integration by parts

formula, and provides an explicit expression for the integral f; fdg in terms
of fractional derivatives (see [9]).

Proposition 1. Suppose that f € C*(a,b) and g € C*(a,b) with A+ p > 1.
Let A > « and > 1 — a. Then the Riemann Stieltjes integral f: fdg exists
and it can be expressed as

b b
/’ﬂm=<—na/’0;f@uﬁfwm«wﬁ, (8)

where gy (t) = g (t) — g (b).

3 Estimates for the solutions of differential equations

Suppose that y : [0,00) — R™ is a Holder continuous function of order § >
1/2. Fix an initial condition xo € RY and consider the following differential
equation

m=m+Afmw% (1)

where f: RY — R™4 is given function. Lyons has proved in [2] that Equation
(1) has a unique solution if f is continuously differentiable and it has a deriva-
tive f’ which is bounded and locally Holder continuous of order \ > % - 1.

Our aim is to obtain estimates on x; which are better than those given by
Nualart and Réscanu in [3].

Theorem 2. Let f be a continuously differentiable function such that f' is

bounded and locally Holder continuous of order A > % — 1.

(i) Assume ||f'||co > 0. There is a constant k depending only on (3, such that
for all T,

’ 1/8 /B
sup |z,| < 2T U Mo VIFOI P IWloT 6 (|0 | + 1) (2)
0<t<T

(ii) Assume that f is bounded. Then, there is a constant k, which depends
only on B, such that for all T,

1-8 1
sup |z¢| < [zo| + k|| flloo (Tﬁllyllo,T,ﬁ\/Tllf’lloé’ IIyllé’,T,ﬁ>~ (3)
0<t<T



Differential equations driven by Hélder continuous functions 5

Proof. Without loss of generality we assume that d = m = 1. Set  ||y|lg =
llyllo,7,5- We can assume that ||y||g > 0, otherwise the inequalities are obvious.
Let o < 1/2 such that « > 1— 3. Henceforth &k will denote a generic constant
depending only on .

Step 1. Assume first that f is bounded. It suffices to assume that || f/||oc >
0. First we use the fractional integration by parts formula given in Proposition
1 to obtain for all s,t € [0, 77,

|/:f(wr)dyr| < /: | D2, f () Dy~ ye—(r)|dr.
From (1) and (2) it is easy to see
Di= Y- ()| < kllyllrest =)0 < Ellyllg(t — r)*+77 (4)
and
D2 f @)l <k (Iflloe (r =)+ 1F e N2llse(r = 5)72] . (5)
Therefore

t t
| / Fan)dys| < Kllylls / (17l ( — 8) (¢ — )81
1l e — )52t — r)e+81] dr
< Mllglls [l (¢ = )8 + 17l 2l et — %] -

Consequently, we have

Iz lls.e,6 < Kllylls (11l + 1 oo Illss(t = £)°] -

Choose A such that )
2= (wmricnm)
2kl Nl )

Then, for all s and ¢ such that ¢ — s < A we have

5,06 < 2Kl 1 1l oo - (6)

Therefore,

sitoo < 25| + [[2lls,5(t = 8)7 < Jws| + 2klyg 1| Fll A (7)

||
If A > T we obtain the estimate
Iz]lo,700 < |20l + 2k|ylls | Fll oo TP ®)

Assume A < T. Then, from (7) we get

-1
[2]]s,t,00 < [2s| + [ flloo 1Nl - 9)
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Divide the interval [0,T] into n = [T/A] 4 1 subintervals (where [a] denotes

the largest integer bounded by a). Applying the inequality (9) for s = 0 and
t = A we obtain

-1
sup 24| < [zol + [ flloo 1 1l -
0<t<A

Then, applying the inequality (9) on the intervals [A, 2A], ..., [(n —1)A,n4]
recursively, we obtain

-1 _ -1
sup [z < |zo| + 1 (| fllo 1/l < |20l + ATHT + 2) || flloo 1115
0<t<T

1-8 1
< lwol + Tk [ flloo 1£15 Ilyll5- (10)

The inequality (3) follows from (8) and (10).
Step 2. In the general case, assuming || f’||oc > 0, instead of (5) we have

1Dy f ()| < K LALON+ I Noolzrl) (r =)= + 1 I 2 lls,,6 (7 = 5)77°]
As a consequence,
z]ls.e.8 < Kllylls [If(O)\ 1 Moo 12l 4,00 + 1 o 125,28 (E — 8)5} :

Suppose that A satisfies

A<<1 )é 11
= GRIPIoTls) (1D

Then, for all s and ¢ such that t — s < A we have

3
Il < SHlglls (1£00)]+ 15 o ol 00)

Therefore,

3
el < [zl + SElylls (17O + 17 loo 2l 00 ) A%,

and 3
2] 00 < sl + Sl (17O + 171 Nl .00 ) A%
Using again (11) we get
[l ¢ 00 < 20| + 2Kyl 1. (0)]A7.

Assume also that )

1 5
as (k 70 ||y||ﬁ) ' (12)
Then
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2]l 400 < 2(ws| +1).
Hence,

sup |z,| <2 ( sup |x.|+ 1) . (13)
0<r<t 0<r<s

As before, divide the interval [0,T] into n = [T//A] + 1 subintervals, and use
the estimate (13) in every interval to obtain

sup |x¢] < 2™ (|agl + 1) - (14)
0<t<T

Choose

1
A= (Elylls (1f'Nlso vV I£OD) 7,
in such a way that (11) and (12) hold. Then, (14) implies

’ 1/B 1/8
sup |z¢| < 2RI NVITO ol (0] + 1) .
0<t<T

The proof of the theorem is now complete.

Consider now the following system of equations
t
Ty = o + / f(xr)dym
0

t
Z = 2p +/ 9(zy)zrdyy,
0

where y : [0,00) — R™ is a Holder continuous function of order § > 1/2.
f:R? - R™ and g: R? — RM*d are given functions and zy € R™, 2o € RM.
We make the following assumptions:

H1) f is bounded with a bounded derivative f” which is locally Holder contin-
uous of order A > % -1
H2) g is bounded with bounded derivative.

Theorem 3. Assume conditions H1) and H2). Then, there is a constant k
depending only on 3, such that for all T,

/ ’ /B 1/8
sup |z2] < 2T I 1oV (Mol VT TTAT) ] W6 2 00 (15

0<t<T

Proof. Without loss of generality we assume that d = m = M = 1. Set
lvlls = llyllo,r,3. We can assume that ||y||g > 0, otherwise the inequality is
obvious. Let @ < 1/2 such that a>1— (.

If we choose A such that
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1
<
2k (1"l NIyl
by (6) for all s and ¢ such that t — s < A we have
st < 2K[ylls | flloo - (16)

On the other hand, using the fractional integration by parts formula we
obtain for all s,¢ € [0, T,

AP

| / gz zndy, | < / D2, (g(2r)2,) DY~y () |dr. (17)

From (1) we get

(e — Tgxrzr_ngZG
D5 otz < (Iole Pl =7+ [ 280009,

Now if 0 < s <r <t <T, then

/T ‘g(xr)zr - g($9)29|

[ — gt

a6 < klgll.. / ellaslr — 617~~d8

T
+k IIQ'HOO/ 211500 llls,r.slr — 017~ "d6
S

< k(llgllo 12lls..6 + 19 o 125,00 l2ls,r) I = 5177

Therefore

1Dy (g(@n)zr)| < k(llgll oo 2] 5,00 (r = 5) 7

+(lgllso 211565 + 19"l 1250 ll2lls,r,8) I = 177). (18)
Substituting (18) and (4) into (17) yields
t
|/ g(zr)zrdye] < kllylls | 19l I2]ls,e.00(t = 5)°

+ (gl 215,68 + 119 oo N2l1s.t,00 2 ]ls,e,8) (E = 5)25> -
Consequently, is t — s < A, applying (16) yields

12]]s,0,6 < kllylla{ 19100 112]]s,2,00

(gl el + 191 [l 2lloss) Aﬁ}
< kuynﬁ{ 190 12l

+ (191l oo 1zlls,.8 + 119 lloo 11£llsc Nll8l121l5,2,00) Aﬁ}-
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Supposse that A is sufficiently small such that

A ( ! )é (19)
<| .
= \ 2kl ll¥ll 5

Then we have

stp < 2kyllalzls 00 (l9lloo + 119 e 11l lylls A7) -

This implies that

I2

ls.t00 < J2sl + Ellylls A 125,00 (19]le + 1191l 1Flloc 1ylls A7) -

If A satisfies

Iz

1
lolloe 2 + 1ol llclislls 2% < 52 (20)
vl
then we have
12]ls,t,00 < 2]2s]
Hence,
sup |zr| <2 sup |z, (21)

0<r<t 0<r<

As before, divide the interval [0,T] into n = [T'/A] + 1 subintervals, and use
the estimate (21) in every interval to obtain

12ll0,7,00 < 2" 20! - (22)

Notice that for (20) to hold it suffices that

Al < V1912 + 219loc 1w = llglle
Ylig =

2/|g" loo [l f1l o
1

B (/912 + 219/l Fllo + gl )

If we choose

A= [Mynﬁmax (||f'||oo Dol + 11 ||f|oo)} |

then (22) yields

@=

2l < T [1F N (Il + ug'nmufnw)]”’*uyuéfé’,g|ZO‘
0,T,00 — .

The proof is now complete.
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Suppose now that we have two differential equations of the form

t
Tt = To +/ f(xs>dys>
0

and .
‘%t = 570 + / f(i's)gs P
0

where y and y are Holder continuous functions of order § > 1/2, and f
and f are two functions which are continuously differentiable with locally
Holder continuous derivatives of order A > % —1. Then, we have the following
estimate.

Theorem 4. Suppose in addition that [ is twice continuously differentiable
and " is bounded. Then there is a constant k such that

sup |a, — &,| < k2"PV IWI7 5T
0<r<T
><{|ﬂﬁo — Zo| + [lyllo,7,5 [Hf — fllso + llzllo.z.alf" = Fll
+ [||f||oo 1 ol o,T,oo} ly — 27||0,T,B}=
where

D =flloo V (Ilf e + 1" s (lzll0,7.5 + 1 Zll0,7,6)T7) -

Remark 5. The above inequality is valid only when each term appeared on the
right hand side is finite.

Proof. Fix s,t € [0,T)]. Set
xy — T — (x5 — &) = [ + I + I,

where

h= [ e - el
L= [ [ - F@) du
Iy = / t F@)dlyr — ]

The terms I and I3 can be estimated easily. In fact, we have

1] < Fllglls [ = Floo(t = )7 + 115 = FlloolZlloa(t = 5)*°]
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and R R
3| < klly —3lls [”f”oc(t — )7+ 1 lloo | Z|

where [lylls = |ly
more complicated.

Satﬂ(t - 5)2,6} ’

o1 and |y — gllg = lv — llo.r,s. The term I is a little

1] S/ D2y [f(@r) = F(@)] 1Dy~ ys—(r)|dr

t
<k [ lleslt =0 [5G = 1@ - 5
HF el = 8l = 97
+||f”HooH33 - i‘Hs,noo HleS,Tﬁ + ||j| s,nﬁ] (7" - S)B_a] dr
< ol {17 ol = Flasoe( = 9% + 1 el = st - 5%
el = Bl el + 1] ¢ = 57}

Therefore

Iz = #lls5 < Kyl {1 ool = #llsso0 + £ loollz — Ells.0,8(t — 5)°
1 ool = Lo t.00 [1lls,08 + [l]s.0,) (¢ — 5)°
1 = Flloo + 1" = Flloc @0t = )}

+hlly = 3l [0 + 17 locllEsa(t — )°]

Rearrange it to obtain

I = Fllos,5 < KL= Klf locllyllo ¢ - s>ﬂ>1{||y||g [nf'noonx — oo
8 ol = #l e Wl + 1300060 (2 = 5)°
17 = Flloe + 15 = Fllell@llos(t - sﬂ
+lly = s [1Floe + 17 Il 0t = 5)°] }

Set A=t—s,and A= k| f'|lcllyllg- Then
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[z = Zls,t.00 < s — s + |2 — Z|s,6,8(t — S)B
~ ﬁ —1 ﬂ / =
<las — 2|+ k(1 - AA7) A {||ZU|B [Ilf lloollz = Zl5.¢.00

1 ool — 2 sitp  1Zlls.2,6] A7

[s.t,00 [ll2]

o847

Smm} }

H1f = flloo + 11 = Fllocll

+hlly = 7l [ Fllse + 17112

Denote
B=klyls (I llsc + 1 oo (Izllo.1,5 + |Zl0,7,8)T7) -
Then
|2 = #|sr00 < (1= (1— AA%) ' APB) ™

x{xs — F| + k(1 — AAP)TIAP

x [nym (1 = Floe + 17" = Floc17l104,54°]

Hly = il (1o + 17 o2lr,54°] ] }

Let A satisty
AAP <1/3, BAP<1/3

2= (szavam)

||J} - jj”s,t?oo S 2 [|ms - jjs| + CAB] ’

Namely, we take

Then

where

3 ~ ~
C - Qk[mnﬁ (15 = Floo 115" = PllocliZlo 027

lly = Glls [IF oo + 17 Nool 0,547

Applying the above estimate recursively we obtain



Differential equations driven by Hélder continuous functions 13

sup |.137. - 537| < 2" [|$0 - 570| + CAﬁ] ;
0<r<T

where n = [T/A] + 1. Or we have

’ ’ " ~ B\\1/8 1/8
sup [y — | < KONV (1 o187 o el 2l )T ) £ T
0<r<T

{| — Fol + lyllor.s [IF = Flloo + 1Zloz,s15" = Fllo]

(1w + 17 el 0] 1y = ?Jllo,m}-

4 Stochastic differential equations driven by a fBm

Let B = {By,t > 0} be an m-dimensional fractional Brownian motion ({Bm)
with Hurst parameter H > 1/2. That is, B is a Gaussian centered process
with the covariance function E(B;B?) = Ru(t,s)d;;, where

1
Ru(t,s) = 5 (2 + 2 — |t — s .
Consider the stochastic differential equation on R?
t
Xi = XO +/ U(Xs)sta (1)
0

where X is a fixed d-dimensional random variable and the stochastic integral
is is a path-wise Riemann-Stieltjes integral. ([1]). This equation has a unique
solution (see [2] and [3]) provided o is continuously differentiable, and o’ is
bounded and Hélder continuous of order A > % —1.

Then, using the estimate (2) in Theorem 2 we obtain the following estimate
for the solution of Equation (1), if we choose § € (%, H) Notice that % < 2.

sup | X,| < 2T (1l VIe@DIBIGZ 5 (| X5 | + 1) . (2)
0<t<T

If o is bounded and ||o’|| # 0 we can make use of the estimate (3) and we
obtain

1 1-p5 1
sup | Xi| < [ Xo| + Kllo]|oc (Tﬂ||B||§,T,ﬁvT||o'|of B||§,T,ﬁ). (3)
0<t<T

These estimates improve those obtained by Nualart and Ragcanu in [3]
based on a suitable version of Gronwall’s lemma. The estimates (2) and (3)
allow us to establish the following integrability properties for the solution of
Equation (1).
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Theorem 6. Consider the stochastic differential equation (1), and assume
that E(|Xo|P) < oo for all p > 2. If 0’ is bounded and Hélder continuous of
order A > % — 1, then
E( sup Xt|p> < 00 (4)
0<t<T
for all p > 2. If furthermore o is bounded and E (exp(A\|Xo|?)) < oo for any
A>0 and v < 2H, then

E (exp)\( sup |Xt|7>> < o0 (5)
0<t<T
for any A >0 and v < 2H.

In [4] Nualart and Saussereau have proved that the random variable X,
belongs locally to the space D*° if the function o is infinitely differentiable
and bounded together with all its partial derivatives. As a consequence, they
have derived the absolute continuity of the law of X; for any ¢t > 0 assum-
ing that the initial condition is constant and the vector space spanned by
{(0"(z0))1<i<a,1 < j < m} is R™

Applying Theorem 3.2 we can show that the derivatives of X; possess
moments of all orders, and we can then derive the C'* property of the density.
Define the matrix

a(z) = <Z o'l (a:)o’jl(a:)>
1=1

Theorem 7. Consider the stochastic differential equation (1), with constant
initial condition xq. Suppose that o(x) is bounded infinitely differentiable with
bounded derivatives of all orders, and a(x) is uniformly elliptic. Then, for any
t > 0 the probability law of Xy has an C™> density.

1<ié,j<d

Proof. Let us first show that X; belongs to the space D*°. From Equation
(34) of [4] we have

d + m
DIX]=0"(X,)+ > / > ko™ (X,)DiXEdB). (6)
k=170 1=1

As a consequence, (15) applied to the system formed by the equations (1)
and (6) yields
1
L , 7 el 1/8
IDixXi| < LT [l ooV (llo” oot/ llo ToeTioll )] 7 1B

0o

This implies that for all p > 2

p
m t t
E Z/O /O DIXiDIX!|r — s|*H2dsdr| | < oo,
=1
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and the random variable X} belongs to the Sobolev space D7 for all p > 2.
In a similar way, writing down the linear equations satisfied by the iterated
derivatives, one can show that X} belongs to the Sobolev space D¥? for all
p>2andk > 2.

In order to show the nongeneracy of the density we use the notation of [4]
and follow the idea of [7]. By It0’s formula we have

d
DIXiDLX] = 0" (X,)o" (X)) + D> > | Owo”(X,)DIX. DI, XEdB),

d m t ) , ‘
+>3 /O Oo™(X,)D?, XY DIXFdB! .

k=11=1

Denote

Bi(Xu) = (‘%Ui/l(xu))

1<i’ k<d
m t t o .
n=1{>y / / r —?H2DIXID!, X drdr’!
170 JO
j=1 1<4,i'<d

Then H(2H — 1)I3 is the Malliavin covariance matrix of the random vector
X;, and we need to show that I'7! is in L, for any p > 1 and for all ¢ > 0.
We have

Ft—Oéo-i-Z/ Bi(Xu) T + T (X4)) dBy,,

where o
Qo = Z/ / |r — rl|2H_2Uij(Xr)ai’j(Xr/)d’rd’l’/.
=170 Jo

By using It6 formula again we have
= o Z / T BT (X)) dBL ()

By the estimate (15) applied to the equations (1) and (7) , we see that I} !
is in L, for any p > 1. This proves the theorem (see [5]).
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