Extending Markov Processes in Weak Duality
by Poisson Point Processes of Excursions

Zhen-Qing Chen', Masatoshi Fukushima?, and Jiangang Ying®

! Department of Mathematics, University of Washington, Seattle, WA 98195,
USA, zchen@math.washington.edu.The research of this author is supported in
part by NSF Grant DMS-0303310 .

Department of Mathematics, Kansai University, Suita, Osaka 564-8680, Japan,
fuku2@mx5. canvas.ne. jp. The research of this author is supported in part by
Grant-in-Aid for Scientific Research of MEXT No. 15540142.

Department of Mathematics, Fudan University, Shanghai, China,
jgying@fudan.edu.cn. The research of this author is supported in part by
NSFC No. 10271109.

Summary. Let a be a non-isolated point of a topological space E. Suppose we are
given standard processes X° and X° on Ey = E \ {a} in weak duality with respect
to a o-finite measure m on Eo which are of no killings inside Eo but approachable to
a. We first show that their extensions X and X to E admitting no sojourn at a and
keeping the weak duality are uniquely determined by the approaching probabilities
of XO, X° and m up to a non-negative constant dop representing the killing rate of
X at a. We then construct, starting from X°, such X by piecing together returning
excursions around a and a possible non-returning excursion including the instant
killing. This extends a recent result by M. Fukushima and H. Tanaka [16] which
treats the case where X°, X are m-symmetric diffusions and X admits no sojourn
nor killing at a. Typical examples of jump type symmetric Markov processes and
non-symmetric diffusions on Euclidean domains are given at the end of the paper.

Dedicated to Professor Kiyosi Ito on the occasion of his 90th birthday

1 Introduction

Let a be a non-isolated point of a topological space E and X° = {X? ¢°, Pg}
be a strong Markov process on Ey = F \ {a} which admits no killings inside
Ey and satisfies

o(x) =PI < qu?L =a)>0 for every = € E.

We are concerned with a strong Markovian extension X of X° from Ej to E
such that X admits no sojourn at the one-point set {a}. Natural questions
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arise: is X uniquely determined by X" and how can it be constructed from
X077

When both X% and X are required to be diffusions that are symmetric
with respect to a o-finite measure m on Ey with m({a}) = 0, affirmative
answers to these questions were given quite recently in M. Fukushima and
H. Tanaka [16]. It is shown in [16] that the entrance law and the absorption
rate for the absorbed Poisson point processes of excursions attached to X
away from a (due to K. Ité [24] and P.A. Meyer [27]) are uniquely determined
by the approaching probability ¢ to a for X and the measure m, yielding
the uniqueness of the extension X that admits no sojourn nor killing at the
point a. Conversely such extension X can be constructed from X° by piecing
together the associated returning excursions and possibly a non-returning one
away from a.

The purpose of the present paper is to generalize the stated results of [16]
to general standard processes X° and X which are not necessarily symmetric
but admitting weak dual standard processes X° and X, respectively. We can
no longer use the Dirichlet form theory which has played an important role
in [16].

Nevertheless, the entrance law and the absorption rate for the absorbed
Poisson point process of excursions of X at the point a can still be ide/ritiﬁed
in §2 and §3 in terms of the approaching probabilities to a by X° and X0 and
m owing to the recent works on the exit system by P.J. Fitzsimmons and R.G.
Getoor [12] and by the present authors [5]. It turns out that we must allow
the killings of X and X at the point a in order to preserve the duality of X°
and X° so that the uniqueness of extensions holds only up to a parameter &y
that represents the killing rate of X at a (see Theorem 4.2).

In §5, we shall construct such an extension X starting from X° by piecing
together the returning excursions around a and possilzl\y a non-returning ex-
cursion from a including a killing at a. X and its dual X° are assumed to be of
no killings inside Fg. The sample path of the constructed process X is cadlag
and is continuous at the times ¢t when X; = a. If X© is of continuous sample
path, then so is X. In this construction, we can proceed along essentially the
same line laid in [16] although some natural additional conditions on X° and
X0 including an off-diagonal finiteness of jumping measures will be required
due to the lack of the symmetry and the path continuity. But we shall see
that an integrability condition of the a-order approaching probability being
imposed on X in [16] can be removed under a fairly general circumstance.

As a typical example of a jump type Markov process, we consider in §6
the case where X0 is a censored symmetric a-stable process on an open set of
R” studied by K. Bogdan, K. Burdzy and Z.-Q. Chen [3]. An example is also
given on extending non-symmetric diffusions in Euclidean domains. Finally we
remark at the end of §6 that the present results on the one point extensions
can be applied to obtaining an extension to infinitely many points.
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2 Exit system and point process of excursions around a
point

Let E be a Lusin space (i.e. a space that is homeomorphic to a Borel sunset
of a compact metric space), B(E) be the Borel o-algebra on E and m be
a o-finite Borel measure on E. We consider a pair of Borel right processes
X = (X4,¢,P;) and X = (X4,(,P,) on E that are in weak duality with
respect to m:

(C.1) /E G f (@)g(x)m(de) = /E F(2)Gaglax)m(dz)

~

for every f,g € BT(E) and a > 0, where G, G, denote the resolvents of
X, X respectively.

We fix a point a € E which is regular for {a} with respect to X:

(C.2) Py(o,=0) =1.
Here 0, = inf{t > 0: X; = a} with the convention of inf @ := cc.

Under (C.1), we may and do assume that both X and X are of cadlag
paths up to their life times (c. [21, §9]).
Let Ey := E '\ {a}, mg := m|g,, and

o(x) == Py(o, < 00), Uo () :=E, [e”*7¢]  for every x € E.

The corresponding functions for X will be denoted by @ and U, (x), respec-
tively. For u,v € BY(Fjy), (u,v) will denote the inner product of v and v in
L?(Eg;mo), that is, (u,v) := [ u(z)v(x)me(dz).

Denote by X = (X?,¢% PY) and X0 = ()/(\'?,Eo,f’g) the subprocesses of
X and X killed upon leaving Fjy, respectively. It is known that they are in
weak duality with respect to mg. The X%-energy functional L(O)(@ g, v) of

the XO-excessive measure 3 - mg and an X°-excessive function v is then well
defined by

1 .
L(O) ~ — lim =(5 — P°G
(¢ - mo,v) gfgt(w D, 0),

where P? is the transition semigroup of X (see [16, Lemma 2.1]).

We shall now work with the exit system of X for the point a. To this end,
it is convenient to take as the sample space {2 of the process X the space of
all paths w on Fo = E U A which are cadlag up to the life time ((w) and
stay at the cemetery A after ¢. Thus, X;(w) is just ¢-th coordinate of w. 2
is equipped with the minimal completed admissible filtration {F;, t > 0} for
{Xt, t > 0}. The shift operator 6; is defined by X;(0;w) = Xs1t(w), s > 0.
We also introduce an operator k¢, t > 0, on {2 defined by

X (w if s<t
Xs(kt”):{AU it s>t
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We adopt the usual convention that any numerical function of E is extended
to F A by setting its value at A to be zero.
Let us consider the random time set M (w)

M(w):={t €]0,00) : X;(w) = a}, (2.1)

where ~ indicates the closure in [0, 00). The random set M (w) is closed and
homogeneous on [0, o).

Define Ri(w) :=t + 04(0:w) for every t > 0 and L(w) :=sup{s >0:s €
M (w)}, with the convention that sup® := 0. The connected components of
the open set [0,00) \ M(w) are called the excursion intervals. The collection
of the strictly positive left end points of excursion intervals will be denoted
by G(w). We can easily see that

t € G(w) ifandonlyif R; (w)< Ri(w),

and in this case R;_(w) = t. In particular, L(w) € G(w) whenever L(w) < cc.
We further define the operator ¢, ¢t > 0, on {2 by i; = ks, 0 0;. Then

{isw:s € G} and {isw:s€ G, Ry <0}

are by definition the collection of excursions and the collection of returning
excursions respectively of the path w away from F, while iz, (w) = 01 (w)
is the non-returning excursion whenever L(w) < 0.

Note that those excursions belong to the excursion space W specified by

W ={ko,,w:w € 2,0,(w) > 0}, (2.2)
which can be decomposed as
W=Wtuw-u{a} (2.3)
with
WHt={weW:o,<oc} and W~ ={weW:0,=o00and (>0}

Here 0 denotes the path identically equal to A.

The unit mass dg,) concentrated at the point a is smooth in the sense
of [11] because {a} is not semipolar by the assumption (C.2). Hence there
is a unique positive continuous additive functional (PCAF in abbreviation)
¢ = {l;,t >0} of X with Revuz measure d;,}. Clearly ¢ is supported by {a}
and any PCAF of X supported by {a} is a constant multiple of ¢. We call ¢
the local time of X at the point a.

Since the point a is assumed to be regular for {a}, {¢t > 0 : X; = a} has
no isolated points, and the equilibrium 1-potential E,[e~%¢] is regular in the
sense of [2, Definition IV.3.2] because E*[e™7] = cE, [ [~ e~ 'dl;] on E for
some ¢ > 0. Thus according to [26, §9] (see also [1], [8], [12] and [20])), there
exists a unique o-finite measure P* on (2 carried by {o, > 0} and satisfying
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P*[l-e "] <00 (2.4)

such that

E,

ZZS-FOGS

seG

=P*(I)-E, [/ stés] forx € F, (2.5)
0

for every non-negative predictable process Z and every non-negative random
variable I" on {2. Here E* is the expectation under the law P*. The pair (P*, /)
is the predictable version of the exist system for a originated in Maisonneuve
[26, §9]. The measure P* is Markovian with respect to the transition semigroup
of X. We are particularly concerned with the o-finite measure Q* on the space
of excursions W induced from P* by Q*(I") = E.(I o k). The measure Q*
is Markovian with respect to the semigroup {P?,t > 0} of X and satisfies

ZZS-FoiS

s€G

E, = Q*[I-E, [/OOO stes] ., w€E, (2.6)

for every non-negative predictable process Z; and every non-negative random
variable I" on W.
We define for f € BT (E)

vi(f) = Q[f (X)) = E*[f(X¢)it <oa],  t>0.

By the Markov property of Q*, we readily see that {v; : ¢ > 0} is an entrance
law for X% 1, P = vy 4.

Proposition 2.1 (i) {v;}>0 is the unique X°-entrance law characterized by

©-mg = / vy dt. (2.7
0

Moreover vi(Ey) is finite for each t > 0.
(i) QW]=LYP mo,1-¢)

Proof. (i). We put oo (f) = / e *"vy(f)dt. Then, for f € B/ (E) and for
0

v € Cy(E) vanishing at a, we have, using (C.1), (2.6) and the Revuz formula
21, (2.13)],

~

(i, 0)Gaf(a) = (Gaf — GOf.0) = (f,Gav — GO)
/oo Z /s+oa095
=E:,., { e (X))l c(t)dt:| =E¢m, e (X )dt]
f i t)t M f = J. t

a

Z e_o‘s/ ’ e “u(X;)dt o 981 = Uo(V)Efm [/ e_asdfs}
0 0
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Hence

Ug - Mo = Vg, (2.8)
from which (2.7) follows by letting « | 0. Since @ - mg is a purely excessive
measure of X the uniqueness follows (cf. [20]). The finiteness of v, follows
from (2.4).
(ii). By (i) and [5, Lemma 3.1], L(®($-mq, v) = ltil%l v(v) for any X-excessive

function v. Hence
LO@ - mo, 1 =) =1m Q[(1 = @) (X0)] = im Q" [l =oc 0 015 ¢ < (A ]
QWL
d

Remark 1. In the next section, we shall identify Q* with the characteristic
measure n of the absorbed Poisson point process of excursions associated with
£. Proposition 2.1 was first proved by Fukushima-Tanaka [16] for n in the case
that X is an m-symmetric diffusion by making use of the Dirichlet form of X.
In a recent paper of Fitzsimmons-Getoor [12], various properties of some basic
quantities for the exit system of a one point set including those in the above
proposition have been obtained in the most general setting that X is just a
Borel right process with an excessive measure m, in which case X can be taken
to be a dual left continuous moderate Markov process. But the present proof,
taken from a recent paper by Chen-Fukushima-Ying [5], is simpler under the
condition (C.1) as far as Proposition 2.1 is concerned.

The next proposition is taken from Fitzsimmons-Getoor [12; (2.10) and
(2.17)]. Recall that L(w) := sup M (w).

Proposition 2.2 Put 6 = P*(0, = 00). Then the followings are true:
(i) Po(loo > t) = exp(—dt), t>0.

(ii) Po(L < 00) =0 or 1 according to § =0 or § > 0.
Let {7,t > 0} be the right continuous inverse of ¢ = {¢;,t > 0}, that is,
Tp:=1inf{s > 0: {5 > t}, (2.9)
with the convention that inf ) = co. Since £ is supported by a, we have (cf.

[4a §5]) Pa-a.S.
7o, = Ry for every t > 0.

We see from the above that, after removing from {2 a P,-negligible set,
L(w) < oo if and only if £o(w) < o0,

and in this case,
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loo(w) =Lp(w), To.—(w)=L(w) and 7o _(w)=00.
Hence, if we let
Ji(w) :={s € (0,00) : 75— (w) < T5(w)},
then
Jo(w) =1l :t € Gw)} (2.10)

and s € Jy(w) implies that s = f;(w) for some t € G(w) with 7,_(w) =
Ri_(w) =t and 75(w) = Ri(w).

In particular, {o (w) € Jo(w) whenever it is finite.

Finally the W-valued point process p = p(w) associated with the local
time £ is introduced by

Do) = Je(w) and  ps(w) =i,,_w for s € Dy(,,). (2.11)

Note that {ps(w) : s € Dp(y} € W and {ps(w) : s € Dy, 7s <00} C WH
is the collections of excursions and of the returning excursions away from
a, respectively, while py__(w)(= 0r(w)) € W~ U {9} is the non-returning
excursion whenever £, (w) < oo or, equivalently, L(w) < oco.

The counting measure of p is defined by

np((s,t],A) = > 1alpn), A€BW), (2.12)

u€DpN(s,t]

and np (¢, 4) = np((0,t], A) is then F,,-adapted as a process in ¢ > 0.
Using (2.10), we now make the time substitute in the relation (2.6) to

obtain
eoo
/ Z:.ds
0

Inserting the predictable process Z, = 1(o,,_j(u), we arrive at the formula
holding for the counting measure of the point process p associated with £:

E, = Q[ Eq (2.13)

Z Z‘rs_ 'FOY:TS_

s€Jy

E [np(t, 4)] = Q[A] - Eg[t A L] for every ¢ > 0 and A € B(W). (2.14)

This formula will be utilized in the next section.

3 Characteristic measure of absorbed Poisson point
process

In this section, we continue to work with the setting in §2 and investigate
properties of the point process (ps, Dp) defined by (2.11) for the local time
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¢ = {l;,t > 0} at the point a. By the observation made after (2.11), it then
holds that

loo =T where T =inf{s>0:p, € W~ U{0}}. (3.1)

In view of Proposition 2.2, T' is exponentially distributed with parameter
0 =P*(o, = 0).

Lemma 3.1 Under measure P, p is an absorbed Poisson point process with
absorption time T in Meyer’s sense ([27]), that is,

P, (np((r +s1,7+t1], A1) € Hy, - ynp((r + sp, 7+ 5], Ay) € Hy,
= 1{T>T}Pl1 (np((317t1]7/11) S H17 e anp((snatn}z/ln) S Hn)
+lr<ry 1, (0) - - 14, (0), (3.2)

F. )

for any s1 <ty,--+ ,8n <tn, Hi,--- ,H, CZy, 7>0, Ay,---, A, € B(W).

Proof. The proof is the same as in [27, §2] although [27] considered only the
conservative case. In fact, the identity 7,4, = 7 + 7, 0 0, implies np((r +
s, 7 +t],4) = np((s,t],4) o 0. and consequently we see from (3.1) and the
strong Markov property of X that the left hand side of (3.2) (with n = 1)
equals

Px. (np((s,t],4) € H) = 15y Pa(np((s,t],4) € H)
+lir<rPa(np((s,t], 4) € H),

whose last factor is equal to 1x5(0). O

By virtue of [27, §1], there is on a certain probability space (£2,P) a W-
valued Poisson point process p = {p,s > 0} with domain Dg satisfying the
following property.

Let T = inf{s > 0: p; € W~ U{0}} and consider the stopped process
{Ps,s >0}

D, =ps for seDy=DsnN(0,T] (3.3)

Then the point process {ps,s > 0} under P, and {p,,s > 0} under P are
equivalent in law.

Let us denote by n the characteristic measure of the W-valued Poisson
point process {p,s > 0}.

Theorem 3.2 It holds that
n=Q" (3.4)
Therefore n is a o-finite measure on W with n(o, > t) < oo for every t > 0,

and n is Markovian with respect to the transition semigroup {P?,t > 0} of
XO. The X°-entrance law {vi,t > 0} of n defined by
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v(f) =n(f(Xp);t <oa), t>0, feBY(E)

s characterized by
/ vedt = G mo. (3.5)
0

Define 69 by
5o =n(¢ =0). (3.6)

Then T is exponentially distributed with parameter LO®($ - mg, 1 — @) + 0o
P(T > t) = exp (—t (L(O)(fﬁ- mo, 1 — ) + 5())) for every t > 0. (3.7)

Moreover, vi(Eg) < oo for each t >0 and LO(3-mq, 1 — ¢) < occ.

Proof. Since {ps : s € Dp, ps € W} and T are independent, we have by
(3.1)

Eq[np(t, 4)] = E Y. 1B | =n(A)-E[tAT] = n(A)- B[t Als],
u€DsN(0,tAT)

which compared with (2.14) leads us to (3.4).
Identities (3.5) and (3.7) are the consequences of Propositions 2.1 as

Q (W~ U{9}) =Q (W) +Q ({9}) = L@ - mo, 1 — ) + o.

Then o-finiteness of n and the last statement follow from (2.4). O

4 Duality preserving one-point extension

Let E be alocally compact separable metric space, a be a non-isolated point of
E and m be a o-finite measure on Fy := F \ {a}. Contrarily to the preceding
two sections, we shall start in this section with two given strong Markov
processes X° and X° on Ej that are in weak duality with respect to mg
and have no killings inside Ey. We are concerned with their possible duality
preserving extensions X and X to £ that admit no sojourn at a. It turns out
that we need to allow X and X have killings at a in order to guarantee their
weak duality but they are unique up to a parameter dg that represents the
killing rate of X at a.

We shall assume that we are given two Borel standard processes X 0=
(X2, PY (Y and X© = (X?, PY, (") on Ej satisfying the next three conditions.

(A.1) X° and X are in weak duality with respect to mq; that is, for every
a>0and f, g € BY(Ey),



10 Zhen-Qing Chen, Masatoshi Fukushima, and Jiangang Ying

GO f(x)g(x)mo(de) = [ f(2)Gog(a)mo(d),
Ey Ey

where G% and @g are the resolvent of X° and X°, respectively.

(A.2) X° and X° are approachable to {a} but admit no killings inside Eq:
for every z € Ey,

P) (" <o0, X =a) >0 and P (¢° <oo, X0o_ € Ep) =0, (4.1)

P (EO < 00, )A(CQO_ a) >0 and P (ZO < oo,)?cgo_ S E0> =0. (4.2)
Here for a Borel set B C F, the notation “Xgo_ € B” means that the left limit
of X? at t = (° exists under the topology of E and takes values in B C E.
We use the same convention for X.

We shall use the same notations as in [16]: for © € Ey and a > 0,

p(x) :=PY (¢° <00, X =a) and us(z) := EJ {e_o‘fo X = a} .
(4.3)

As in §2, the XC-energy functional of X%-excessive measure p and XO°-
excessive function v is denoted by L(®)(u,v). The corresponding notations
for X° will be designated by @, U, L), We use (u,v) to denote the inner
product between u and v in L?(Eq, my), that is, (u,v) = on u(z)v(x)mo(dx).

We say that a strong Markov process X (resp. )/(\') on F is an extension of
X0 (resp. )?0) if the subprocess on Ey of X (resp. )?) killed upon hitting the
point a is identical in law to X° (resp. X©).

Let us now consider two Borel right processes X = (X, P,, () and X =
()A(t, P,, A) on F satisfying the next four conditions.

(1) X and X are in weak duality with respect to a o-finite measure m on E
with m|g, = mo.

(2) X and X are extensions of X° and X0 respectively.

(3) The point a is regular for itself with respect to X:

P.(o,=0)=1,

where 0, = inf{t > 0: X; = a} is the hitting time of a by X.
(4) X admits no sojourn at the point a, that is,

P, (/ Lia)(Xs)ds = 0) =1 for every z € E.
0

Under (1), we can and do assume that both X and X possess cadlag paths
up to their life times.
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Proposition 4.1 Assume that the above conditions (1), (2), (3) and (4)
hold. Then

(i) The measure m does not charging on {a}: m({a}) =0
(ii) X admits no jumping from Eqy to the point a: for every x € Ey,

P, (Xi— € Ey, Xy =a for somet € (0,()) =0, (4.4)
(iii) X admits no jump from the point a to Ey in the following sense:
P, (Xi— =a, Xy € Ey forsomete (0,())=0 forqe z€E. (4.5)

Here q.e. means except on an m-polar set for X.
(iv) The one point set {a} is not m-polar for X. Let functions ¢ and u, be
defined as in (4.3). Then

o(z) = Pyo, < 00) and ua(z) = E, [e7*77] forz € Ey.  (4.6)
(V) Uq, Uo € L(Eo,mg) for every a > 0.

Proof. (i). This is immediate from (1), (4) for X as
Gof(@)m({a}) = / f(#)Galiqy(x)m(de) =0 for every f € BY(E).
E

(ii). It follows from (4.1) and (2) that
P, (X,,— € Ey, 04 <00)=0 for every x € Fy. (4.7

For any open set O that has a positive distance from {a}, let {o7,n >
0}, {n™,n > 0} be the stopping times defined by

n

7’0 = O7 0’2 = 0q, ’]7 = O'Zil + g0 090_;1—1, O':' = 77” +0’a e} 07]" (48)

with an obvious modification after one of them becomes infinity. Clearly the
time set

{t € (0,{(w)) : X¢—(w) € O, Xt(w) =0a} C{ol(w); n=0,1,2,---}.

Thus it follows from the strong Markov property of X and (4.7) that for every
x € Ey,

P, (there is some ¢ > 0 such that X;_ € O, X; =a) =0.

Letting O increase to Ey establishes (4.4).

~

(iii). Clearly, property (ii) also holds for X:

P, ()?t_ € Ey, X; =a for some t € (0, E)) =0 for every z € Ey. (4.9)
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We combine the above with a time reversal argument based on the stationary
Kuznetsov process (P, Z;, a < t < 3) associated with X and X as was formu-
lated in [21, §10] : the o-finite measure P on a path space D((—o00,0), Ea)
with a random birth time « and a random death time [ is stationary under
the time shift of the path, and furthermore, if we put

Z\t = Z(—t)— fOr t e R7 a = _ﬁ and E: -,

then {Z;, 0 < t < 8} (resp. {Z;, 0 <t < 3}) on {Zo € E} (resp. {Z € E})
is a copy of {Xy, 0 <t < ¢} (vesp. {X;, 0 < t < C}) under Py, (resp. P,,).
We shall use the formula (10.5) of [21, §10] which express a precise meaning
of this property.

Consider the set

A={Z;_ =aand Z; € Ey, for some t € (a,3)}.

Then R R N
A={Z,_ € Ey and Z; = a, for some t € (@, )},

and thus A = U A, with
reQ+

Ar:{a<r<ﬁ, Z_EEO, Zi=a for some ¢ > r}.

According to (10.5) of [21, §10], P(A,) is equal to the integral of the left hand
side of (4.7) with respect to m for each rational r. Therefore P(A) = 0.

Denote by h(z) the function of x € E appearing in the left hand side of
(4.5). By (10.5) of [21, §10] again, we have

/h P(Z;— =a and Z; € Ey, for some t € (0,0), a <0< j3)
<P(A)=0.
Consequently, h = 0 m-a.e. and hence qg.e. on E because h is X-excessive (cf.
E)\’/)wgn account of [2, p.59] (see also [21, Proposition 15.7] when F is a Lusin
space),
P,(0< 0! <0, =0, whereo,=inf{t: X,  =a}, z€kE.

On the other hand, (A.2) and (2) imply for (Y = o, A ¢ that for z € Ey,

P, (04 < 0,) <Py(0s <00, Xg,— #a) <Py(¢" <00, X0 € Eg) =0
Hence P,(0, =0)) =1 and

p(x) =Py (¢" < 00,Xco_ =a) =Py(0, <o0) forz € Ey.
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In particular,
P(o, < x0) = / w(x)m(dz) >0
Eq

by (A.2) and therefore {a} is not m-polar for X.
(v). By the strong Markov property of X,

Gof(z) = GO f(2) +Uu(z)Gafla), z€E.

We can take a non-negative m-integrable function f on E such that CAT'Q f(a) >
0. Then

(f,1) < o0

QI

Gof(a)(Ta,1) < (Gaf,1) = (f,Gal) <

yielding the mg-integrability of 4. Similar, we have u, € L'(Ey,mp). O

Theorem 4.2 Assume that X and X are two Borel right processes on E
satisfying conditions (1), (2), (3) and (4) in this section. Let {Gq,a > 0}
and {Ga,a > 0} denote the resolvents of X and X respectively. Then there
exist constants dg > 0, (50 > 0 such that

LOG - mg,1— @)+ 60 = LO(¢-mg,1—3) + do, (4.10)

and for every f € BT(E) and a > 0,

_ (ta, f)
Gof(a) = ) TG mo 1= 2) 1 00 (4.11)
Gof(z) = G2f(2) + ua(2)Guf(a) for x € Ey, (4.12)
~ a (uonf)
Gafla) = 02 T TV (0 mo 1 —3) 150 (4.13)
Gof (@) = GO f(2) + Tia(z)Ga f(a) for z € Ey. (4.14)

Corollary 4.3 Borel right processes X and X on E satisfying conditions
(1)-(4) of this section are unique in law up to a parameter &y satisfying

5o > max {E(O)(cp -mg, 1 — @) — LO(G - mg,1 — ), 0} .

Proof of Theorem 4.2. In view of conditions (1)-(4) of this section and
Proposition 4.1, X satisfies the conditions (C.1)-(C.2) of §2 so that Theorem
3.2 is applicable to X.

The identity (4.12) is a simple consequence of the strong Markov property
of X applied to the hitting time o,. In order to show (4.11), we consider the
local time £ = {¢;,t > 0} of X with Revuz measure dy,} and the W-valued
point process p associated with ¢ defined by (2.11). By Lemma 3.1, p under
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P, is an absorbed Poisson point process and admits the representation (3.3)
in terms of a W-valued Poisson point process p defined on some probability
space (£2,P) together with its hitting time 7' of W~ U {d}.

Let n be the characteristic measure of p. Then, for any non-negative pre-
dictable process {a(t,w,w), t > 0,w € W,w € 2}, we have

E|) a(s,p.,0)| =E

s<t

/ a(s,w,w)n(dw)ds| , (4.15)
W x(0,t]

because the compensator of p equals ¢ n(-) (cf. [23, §I1.3]).

We now proceed along the same line as in [16, Remark 4.2]. The terminal
time of w € W is denoted by ((w): for w = k,, (w) with w € 2, ((w) = g4 (w).
We put for f € BT(Ep)

. ¢(w)
Ja(w) =/0 e f((w(t))dt, weW, a>0.

Note that ¢t — X;(w) has only at most countably many discontinuous points.
Thus by (2.2) and the condition (4), M (w) has zero Lebesgue measure almost
surely. So we have P,-a.s.

/0 et f(X

Z/ e F(Xy) dt+/ et f(X,)dt

§<loo -

= Z e_aTS_foz(ps) + e_aTLoo_foc(pfoe)a (4'16)

s<loo

which is equivalent in law to

S e SCIf B + e ST (7). under P, (4.17)
s<T
where {pS,s > 0} is a Poisson point process defined by pf = p; for s €
Ds+ = {s € Dp : ps € W'} and S(s) = >, ., ¢(P;). The characteristic
measure of {pi,s > 0} is the restriction n* of n on W+.
First we claim that

E [e_as(s)} = exp(—a(Uq, ©)s). (4.18)
Since
e—aS(s) 1= Z {e—aS(T) _ —aS’ } Ze—as {e—aﬁ(pjf) _ 1} ,
r<s r<s

it follows from (4.15) that

E [e_as(s)} —1= —C/OS E [e_o‘s(r)] dr,
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with
¢
c=nT(l-e*)=n(l-e;(<00)=n a/ e dt; ( < o0
0

= a/ e “n(t < { < oo)dt.
0

Due to (3.5) (see also (2.8)), we have accordingly

c = O[/ eiatl/t(@)dt - Oé(l/lja, 90)7
0

which is finite by Proposition 4.1(v). The identity (4.18) then follows.
On the other hand, we have from Theorem 3.2 and the basic properties of
Poisson point processes,

(i) T has an exponential distribution with exponent L (3 -mq, 1 — @) + &,
where § is defined by (3.6).

ii) The three objects {p},s >0}, T and p~ are independent.

(i) jects {p. 4Pz p

(iii) The law of p# isn™ (W~ U {8}) = (LO(@-mg, 1 — )+ ) ',
where i~ is the restriction of n on W u{d}.

Taking these facts and formula (4.15) for p* into account, we get from
(4.16),(4.17) and (4.18),

=B [ Y e @56 f(5) + e 5T o (B7)

5<T

T
/ 7a(ua,tp Sds
0

4B (e_a(aa,w)f> (LO(G - mo, 1 — @)+ 00) "0 (fa)

=E n (fa)

: (£, . 0 (f)
a(’a’om 410) + L(O)((O\ * Mo, 1- 80) + 60 a(an (p) =+ L(O)((ﬁ * Mo, 1- SO) + 60
n(fa)

(o, p) + LO(P-mo, 1 — @) + 6o’

which coincides with the right hand side of (4.11) because we have from The-
orem 3.2

n(f) = / ety ()t = (@, ).

(4.13) can be obtained analogously.

Under the weak duality assumption (1), the denominators of (4.11) and
(4.13) must be equal. Since (Uq, ) = (U, P) (see the first two equations in
the proof of Lemma 5.8), we must have the identity (4.10). O
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In the above proof, we did not use the property of X having no jumps
from the point a to Ep, which is proved in Proposition 4.1(iii). But this prop-
erty reflects on the following property of the characteristic measure n of the
absorbed Poisson point process p considered in the above proof.

Proposition 4.4 n{w(0) #a} =0.

Proof. By (4.5), we have Eq(> ;11 01s) = 0 for A = {w(0) # a} and we
get n(A) = Q*(A) =0 from (2.6) and (3.4). O

Remark 2. In this section, we have assumed that E is a locally compact
separable metric space. But all assertions in this section remain valid for a
general Lusin space E except that the identities (4.6), (4.12), (4.14) hold only
for g.e. x € Fy rather than for every = € Ej, because we need to replace the
usage of [2, p59] by [21, (15.7)] in the proof of (4.6). The uniqueness statement
in Corollary 4.3 should be modified accordingly in the Lusin space case.

We also note that the expression (4.11) of the resolvent has been obtained
in [12] by a different method for a general right process X and its excessive
measure m, in which case X can be taken to be a dual moderate Markov
process. But the present proof is more useful in the next section.

5 Extending Markov process via Poisson point processes
of excursions

As in §4, let E be a locally compact separable metric space and a be a fixed
non-isolated point of E and mg be a o-finite measure on Ey := E \ {a} with
Supp[mg] = E. We extend mg to a measure m on E by setting m({a}) = 0.
Note that m could be infinity on a compact neighborhood of a in E. Let
Ea = EU{A} be the one point compactification of E. When F is compact,
A is added as an isolated point.

5.1 Excursion laws in duality

We shall assume that we are given two Borel standard processes X° =
{x?,P2,¢°} and X0 = {)??,ﬁg,fo} on Ey satisfying the following con-
ditions.

(A.1) XY and X0 are in weak duality with respect to mo, that is, for every
a >0, and f,g € BY(E)y),

GO f(2)g(x)mo(dz) = [ f(z)GOg(x)mo(da),
Ey Ey

where G% and @g are the resolvents of X° and X°, respectively.
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(A.2) X° and X satisfy, for every z € Ey,
P) (¢" <00, X0 =a) >0,
PY (¢" <00, X% €{a, A}) =PY(( < ), (5.1)
P? (ZD < 00, )?CQO_ = a) >0,

f’g (Z\O < 00, )A(CQO_ € {a, A}) = f’g(2< 00).x (5.2)

Here, as in §4, for a Borel set B C E, the notation “Xgo, € B” means

that the left limit of ¢t — X at t = (¥ exists under the topology of EA
and takes values in B.

The first condition in (5.1) (resp. (5.2)) means that X° (resp. X°) is ap-
proachable to the point a, while the second condition in (5.1) (resp. (5.2))
implies that X° (resp. X°) admits no killings inside Eq.

As in §4, we put for x € Ey and a > 0,

p(z) == P2 (¢* < oo, XgL =a) and u.(z):=E) e’ X?o, =al.
(5.3)
The corresponding notations for X0 will be designated by @ and u,. As in §2,
the X%-energy functional L(®)($-mg, v) of the X °-excessive measure @-mq and
an X -excessive function v is well defined. Similarly the X Y-energy functional
E(O)(go -mog, ) is well defined. The inner product of u,v in L?(Eg,mg) will
be denoted by (u,v), that is, (u,v) = on u(x)v(x)mo(dz). The space of all
bounded continuous functions on Ey will be denoted by Cy(Ep).
We impose some more assumptions:

(A.3) Uy, U € L*(Ep, my) for every a > 0.

(A.4) G°f(z), G'f(x), = € Ey, are lower semi-continuous for any Borel
f > 0. Here G° denotes the 0-order resolvent of X°:

GO f(x) = E, { / h f(X»dt} =1 lim G (2)

for z € E and Borel function f > 0 on E. The 0-order resolvent GO of X0
is similarly defined.

We note that, if GO (Cy(Ep)) C Cy(Eo), GO (Cy(Ep)) C Cy(Ep), o > 0, then
(A.4) is satisfied by the monotone class lemma.

The next condition will be imposed only when XY is non-symmetric,
namely, when X9 # X0,

(A.5) lim uq(x) = lim uy(z) =1, for every a > 0.

r—a
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The next condition (A.6) will be imposed only when XV is not a diffusion,
namely, when

P) (X7 # X; for somet € (0,¢°) > 0.

Note that X© then has the same property in view of [21, §10]. According to
[31, (73.1), (47.10)], the standard process X° on Ey has a Lévy system (N, H)
on Ey. That is, N(z,dy) is a kernel on (Ep, B(Ep)) and H is a PCAF of X in
the strict sense with bounded 1-potential such that for any nonnegative Borel
function f on Ey x (EgU{Ag}) that vanishes on the diagonal and is extended
to be zero outside Ey X Ejp,

|30 /(x0,X0)| = B [/ FXON(XO, dy)dH, | (5.4)
0 FEo

s<t

for every x € Fy and t > 0. Similarly, the standard process X0 has a Lévy
system (N, H). Let pg and pug be the Revuz measure of the PCAF H of X°
and the PCAF H of X° with respect to the measure mg on Ey, respectively.
Define

Jo(dz,dy) == N(z,dy)pg(dz) and  Jo(dz,dy) :== N(z,dy)pg(dz). (5.5)

The measures Jy and jz) are called the jumping measure of X% and X 0. re-
spectively. It is known (see [18]) that

Jo(dx,dy) = Jo(dy,dz)  on Ey x E,. (5.6)
We now state the condition (A.6).

(A.6) Either £\ U is compact for any neighborhood U of @ in E, or
for any open neighborhood U; of a in F, there exists an open neighborhood
Us of a in E with Uy C U; such that

Jo(Uz\ {a}, Eo \U1) <o and  Jo(Us \ {a}, Eo\ U) < .

Throughout this section, we assume that we are given a pair of Borel
standard processes X° and X° on Ej satisfying conditions (A.1), (A.2),
(A.3), (A.4), and additionally (A.5) in non-symmetric case and (A.6) in
non-diffusion case. We aim at constructing (see Theorem 5.15) under these
conditions their right process extensions X, X to E with resolvents (4.11),
(4.13) respectively. Theorem 5.16 will then be concerned with some stronger
conditions (A.1)’ and (A.4)’ to ensure the quasi-left continuity of the con-
structed processes so that they become standard.

We note that, if X° is an mg-symmetric diffusion on Ej, then the present
conditions (A.2), (A.3) are the same as the conditions A.1, A.2, A.3 as-
sumed in [16, §4], while the present (A.4) is weaker than A.4 of [16, §4] as
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is noted in the paragraph below (A.4). Therefore the results of this paper
extend the construction problem treated in [16, §4] to a more general case.
However we shall proceed along the same line as was laid in [16, §4].

In Theorem 5.17 at the end of this section, we shall present a stronger vari-
ant (A.2)’ of the condition (A.2) and prove using a time change argument
that, under the conditions (A.1), (A.2)’, (A.4) and additionally (A.5) in
non-symmetric case and (A.6) in non-diffusion case, the integrability condi-
tion (A.3) holds automatically and therefore can be dropped.

As is shown in [5, Lemma 3.1], the measure @ - mq is X°-purely excessive
and accordingly there exists a unique entrance law {y;};~o for X° character-
ized by

s3~mo=/ pedt. (5.7)
0

Analogously there exists a unique X0 entrance law {fit}+>0 characterized by

o0
w-mgy = / wedt. (5.8)
0

Further by [5, Lemma 3.1], the Laplace transforms of p, fi; satisfy

/ e iy, f)dt = (@0, f)  and / e i, )t = (g, /) (5.9)
0 0

for every a > 0 and f € BT (Ep). On account of the assumption (A.3), we
then have that for every ¢t > 0,

1 1
ue(Ep) < 00, f(Fp) < 0o, and / ws(Fo)ds < 0o, / is(Fo)ds < 0.
0 0

(5.10)
We now introduce the spaces W’ and W of excursions by

W' = {w : a cadlag function from (0,((w)) to Ey for some ((w) € (0,00},

W = {w eW’: if ¢(w) < oo then w(¢(w)—) := tTliCr(ri)w(t) € {a, A}}&.ll)

We call ((w) the terminal time of the excursion w.

We are concerned with a measure n on the space W specified in terms of
the entrance law {u, t > 0} and the transition semigroup {P?,¢ > 0} of X°
by

/W Frlw(tn)) fa(w(tz)) - folw(t,))n(dw) =B, |]] fk(X&tl)]
k=1

= Mty flPtoz—tlf2 " 'Ptcl,,l—tn,2f’fl—1POn—tn,1fnv (5-12)

for any 0 < t1 < to < -+ < tpn, f1,f2," ,fn € Bp(Fp). Here, we use the
convention that w € W satisfies w(t) := A for w € W and ¢ > ((w), and any
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function f on Ej is extended to Eq U A by setting f(A) = 0. Further, on the
right hand side of (5.12), we employ an abbreviated notation for the repeated
operations

(fl ta—ty (f2 tn 1=tn_2 (f” 1Pt0n_tn 1f”)>)

Proposition 5.1 There exists a unique measure n on the space W satisfying
(5.12).

Proof. Let n be the Kuznetsov measure on W’ uniquely associated with the
transition semigroup {P,t > 0} and the entrance rule {n,,u € R} defined
by

N, =0 foru<0 and My = by Tor u >0,

as is constructed in [8, Chap XIX, §9] for a right semigroup. Because of the
present choice of the entrance rule, it holds that the random birth time « for
the Kuznetsov process is identically 0 (cf. [20, p54]).

On account of the assumption (A.2) for the standard process X° on Ey,
the same method of the construction of the Kuznetsov measure as in [8,
Chap.XIX, 9] works in proving that n is carried on the space W and sat-
isfies (5.12). O

We call n the excursion law associated with the entrance law {u.;} for
X0, Tt is strong Markov with respect to the transition semigroup {P?,t > 0}
of X°. Analogously we can introduce the excursion law n on the space W
associated with the entrance law fi; for X°.

We split the space W of excursions into two parts:

ti={weW:((w) < ooand w((—) = a} and W =W \Wt.

(5.13)
For w € W, we define time-reversed path i € W’ by
W(t) == w(({ —t)-) :lti/rTItlw(C—t/), 0<t<C(. (5.14)

The next lemma asserts that the excursion laws n and 1 restricted to W+
are interchangeable under this time reversion.

Lemma 5.2 For any ti, > 0 and f, € Bp(So), (1 <k <n),

{H Fe(w(ts + -+ t)); W+} = pi, AP fo- - P a1 P fneo,

(5.15)

t1+ +tk)) }: {ﬁ t1+ +tk)); W+}.

(5.16)

H,':]:
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Proof. (5.15) readily follows from (5.12) and the Markov property of n. As

for (5.16), we observe that, for ay,- -, a, >0,
/ / e~ 2k=1"ary H fe(w(ty + -+ 1) WH b dty - dt,
0 0 bl
=n{F(w);{ < oo, w((~)=a}, (5.17)

where, with t 4+ 0 := 0,

F(w) = n! / H {e‘ak“’“‘tk*l)fk(w(tk))} dty---dt,.
0<t1 < - <tn<C k=1
Hence, for (5.16), it suffices to prove for fi € Cp(Ep), 1 <k <mn,
n{F(w);¢ < oo, w((—) =a} =n{F(w);¢{ <00, w((—) =a}.  (518)

Changing of variables { —ty = sy for 0 < k < n in the following expression

n

F(@) =n! /0<t1<---<tn<C kl;[l {e_ak(tk_tkfl)fk(w((g - tk)_))} dix--- dtn,

where ty := 0, and noting that

sop=C and O0<t; <---<t,<( ifandonlyif 0 <s, <---<s1 <,

we obtain
F(@) = n! / H {e—(xk(sk—l_sk)fk(w(sk))} dsy -+~ dsy,
0<sn<+<81<C g
=nl / Iy, ., (w)dsy - dsp,
0< s <+ <51 <00
where

Lypees, (@) = T {em 7 fuw(si)) } - o7 € fuw(s1) o) (51).

k=2

On the other hand, we get from (5.10) and the Markov property of n that

n{l .5, (w);¢ <00, w(—)=a}
=n {f”(w(sn))efa"(s"_ﬁs") s fol(w(sg))em 21 7o2)

Fr(w(s1))ua, (w(s1));s1 < ¢}
=" il £ PO f PO fo1

Sn—2—"Sn—1
50 D0 =~
e P52—53f2psl—82f1u041'
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Therefore,
0 {F(@);¢ < oo, w(¢—) = a}

o0
- / A8 fin, faC0 fur GO oGO F200 Fofla.
0

In view of (5.8), the weak duality (A.1), (5.15) and (5.17), we arrive at
n{F(w); ¢ <oo,w((—)=a}
_ A0 A0 A0 £ A0 p o~
= (om0, 2GO Sar GO, - 1360, 126, )
= (fur G511 GS -+ 1560, 1260, Fi, )
= (fngQfQGgqsffi T ngfngoa aal)
— [ AGYL R G fa - GO et
0
=n{F(w); ¢ <ooand w((-) = a},

the desired identity (5.18). This establishes (5.16). O

Next we define

Wy ={weW: w0+):= ltllrglw(t) =a}. (5.19)

Lemma 5.3 n{W\W,} =0 and n{W\W,}=0.

Proof. The preceding lemma implies that
n{WH\W,} =n{W*n(w0+) =a)°
=n{W'n(@0+) =

=8 {W* N (w((-) =
=0.

We then have for each ¢ > 0
n {p(w®); (€ > ) N (w(0+) = a)°} = n {(WF\ W) (1 (¢ > )} = 0.
As ¢(x) > 0 for every x € Fy by the assumption (A.2). we conclude that
n{(W\W,)N(>t)} =0  forevery t >0,

and therefore n {(W \ W,)} = 0 after letting ¢ | 0. The same property of n
can be shown analogously. O
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Lemma 5.4 For any neighborhood U of a in E, define
Ty(w) =1inf{t > 0: w(t) ¢ U} forw e W.

Then
n{ry <(} <o and n{my < (} < .

Proof. We only give a proof for n. Let V' be any neighborhood of a in E. It
suffices to show
n(ry < ¢) < oo

for some neighborhood U of a with U C V. We choose such U as follows. Let
us fix a relatively compact open neighborhood U; of a in E. When X is a
diffusion, we put U = V N U;. When X is not a diffusion and the second
condition of (A.5) is fulfilled, we take U in the condition for U; and put
U=VnU,.
By virtue of the relation
0 —u; =GV = Gu

and the assumption (A.4), the function GY¢ is lower semi-continuous on
Ey. Furthermore, since ¢ is X%-excessive and strictly positive by assumption
(A.2), GY% is moreover strictly positive on Ey. As Uj is compact in E,

1
§:= - inf GY9(x)>0. (5.20)
2 2eU,\U

Since GYp(x) = / e 'P,(t<(’< oo,Xgo_ = a) dt, we have
0

P, (6<(’< oo,Xgo_ =a) >4 for every z € Uy \ U. (5.21)

We shall use the notation 7y not only for w € W but also for the sample
path of the Markov process X°. Using the preceding lemma, we have

n{ry <¢’} = %n{e <ty <’} = leifg/(]ug(dx)Pg {rv <}y =1+11,
where
I:= %/ng(dx)Pg (o <¢° X2 €U \U),
II:= lgfg/L[ue(dx)Pg (v < (% X2 € Ey\Ui).

From (5.21) and (5.10), it follows that



24 Zhen-Qing Chen, Masatoshi Fukushima, and Jiangang Ying

I< mew/ pie(dz)E? [5*1PX9U (5 << oo,X?o_ = a) ;
U
v < (% X2 €U \UJ

<ot hir{)l pe(dz)PY(6 < ¢° < oo,Xgo_ =a)
€ Eo

<45t 1318 : pe(dz)P2(5 < (%)

=6 i E
07" lim fic5(Ep)
< 5 tus(Ep) < oo.

IT may not vanish when X° is not a diffusion. In this case, let (N (z,dy), H)
be the Lévy system of X° appearing in the condition (A.5). Note that

TU
II = 11?01 pe(dx)E2 [/ Iy(XON(X2, E\ Ul)st}
€ U 0

oo
<lim | pu(do)E; [ / Ly (XN (X, B\ Uﬁdh@]
€ FEo 0

=1lim | p.(de)GOuk(x)
€l0 Eo

where pg(dx) = ly(x)N(z, Eg \ Ur)pm(dz) is the Revuz measure of the
PCAF of X°

t
Kom [ uKONGE B\ DI, 120
0

and G (7) := E, [K]. Note that px is a finite measure on Ey by assump-
tion (A.5). For a > 0 and = € Ey, we define

GOuk(z) = E, [/ e_o‘tdKf} .
0

Observe that aG2G %k increases to GOug as a T oo. We have, by (5.7), the
identity GO GOux = GOGOux and [21, (9.3)],

[ elde) 6urca) = i o [ pule) GG cla)
Eq Ey

a— 00
oo
—tim [ (uePY, aGluk)dt
a— 00
oo
< lim (e, @GO pgchdt = lim (@ - mg, oG )
a—oo Jj a—00

— lim (a0, ux) = ﬂE B(@)ux (dr) < pxc(Eo) < 0.
0

a— 00
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Hence we get the desired finiteness of 1.
When the first condition of (A.5) is fulfilled, the first half of the preceding
proof is enough if we replace U, U; with V, Ey respectively. (|

Lemma 5.5 n(W~) = L% -mp,1—¢) <oo and
AW ) =L%p - mo, 1 — 3) < 0.

Proof. Since n ({ > t; W) = (u,1 — ¢), the first identity follows from [5,
Lemma 3.1] by letting ¢ | 0. Take a relatively compact neighborhood U of a
in E. Since a € E and A is a one-point compactification of E, we have

{¢ < 00 and w(¢—) = A} C {7v < (}. (5.22)
Hence for any ¢t > 0,
n (W) = n{¢ < so,w(¢—) = A} +n{¢ = o0}
<n{ry <¢}+n{¢>1t}
=n{ry < (}+ m(Eo),

which is finite by Lemma 5.4 and (5.10). The second assertion can be shown
similarly. O

5.2 Poisson point processes on W, U {8} and a new process X

By Lemma 5.3, the excursion law n is concentrated on the space W, defined
by (5.19). In correspondence to (5.13), we define

Wh={weWw: 1til151w(t) =a} and W, ={weW™: ltlfgl’LU(t) =a},

so that W, = W, + W_ . In the sequel however, we shall employ slightly
modified but equivalent definitions of those spaces by extending each w from
an Ey-valued excursion to E-valued one as follows:

W, ={w: a cadlag function from [0, {(w)) to E for some ¢((w) € (0, 0]
withw(0) = a, w(t) € Ey for t € (0,{(w))
and w(¢(w)—) € {a, A} if ((w) < c0}. (5.23)
Any w € W, with the properties ((w) < oo and w({(w)—) = a will be

) a
regarded to be a cadlag function from [0, ((w)] to E by setting w({(w)) =
We further define

W, :={w: a cadlag function from [0,¢(w)] to E for some ((w) € (0,00
with w(t) € Ep for t € (0,((w)) and w(0) = w(¢(w)) = w({(w)—) = a},
W, =W, \W;.
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The excursion law n will be considered to be a measure on W, defined by
(5.23). Let us add an extra point d to W, which represents a specific path
constantly equal to A. Fix a non-negative constant §yp and we assign a point
mass dp to {0} and extend the measure n on W, to a measure n on W, U{d}
by

o [(n) it Acw,
n(4) = {n(/l AW+ if ded (5.24)

for A € W, U{d}. The restrictions of i to W, and W, U {9} are denoted by
nt and n~, respectively.

Let p = {ps : s € Dp} be a Poisson point process on W, U {0} with
characteristic measure 1 defined on an appropriate probability space (£2,, P).
We then let p™ and p~ be the point processes obtained from p by restricting
to W, and W, U {9} respectively, that is,

Dp+ ={s€Dp: ps €W/} and Dy~ ={s€Dp: p, € W, U{0}}.

(5.25)

Then {pS,s > 0}, {p5,s > 0} are mutually independent Poisson point pro-

cesses on W, and W, U{d} with characteristic measures n* and n~, respec-
tively. Clearly,

P.=pP; + p;.
Recall that ¢(p;) denotes the terminal time of the excursion p;". We define
J(s) := Z ¢(pS) fors>0 and J(0) :=0. (5.26)

r<s
Lemma 5.6 (i) J(s) < oo a.s. for s > 0.
(ii) {J(s)}s>0 is a subordinator with
E [e—w(s)} = exp (— (T, 9)$) - (5.27)
Proof. (i) We write J(s) as J(s) =1 + II with
I= > () and == > ((p)
r<s, ((pH)<1 r<s, ((p)>1

Since nt (¢ > 1) < p1(Ep) < oo by (5.10), r in the sum I7 is finite a.s. and
hence I1 < oo a.s. On the other hand,

E(1) = sn*(¢; (< 1) < snt(CA1)

1 1 1
—snt {/0 1(0,4)(t)dt} _ s/o nt (¢ > £)dt < 5/0 s (Eo)dt,

which is finite by (5.10). Hence I < oo a.s.
(ii) This can be shown exactly in the same way as that for (4.18) in the proof
of Theorem 4.2 by using the identity (5.9). O
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In view of Lemma 5.4 and Lemma 5.6, by subtracting a P-negligible set
from (2, if necessary, we may and do assume that the next three properties
hold for every w € (2;:

J(s) < o0 for every s > 0, (5.28)
lim J(s) = oo, (5.29)

and, for any finite interval I C (0,00) and any neighborhood U of a in E,
{seTl:m(ph) <<(pl)} is a finite set. (5.30)

Let T be the first time of occurrence of the point process {p;,s > 0},

namely,
T =inf{s >0:s5€Dy-}. (5.31)

Since by Lemma 5.5
0= (W, U{d}) =n(W, ) +d = L($-mo, 1 — ) + o < o0,
we see that T and p; are independent and

P(T > t) — ef(L(;‘E'mO:l*‘P)‘FﬁO)t and p; dgt (L(S’a mo, ]_ — gp) + 50)71 n .

(5.32)

We are now in a position to produce a new process X = {X;, t > 0} out

of the point processes of excursions p*.

(i) For 0 <t < J(T—), there is an s > 0 such that
J(s—) <t < J(s).
We define

I ¥ S S

It is easy to see that X* is well-defined.
(ii) If p7 € W, , then we define

Cw:=J(T-)+¢(py) and X/ :=pp(t—JT-)) for J(T-)<t<(,.
(5.34)
(iii) If p; = 0, then we define
Cw = J(T-). (5.35)
In this way, the E-valued path
{Xta7 0 S t< C&U}

is well-defined and enjoys the following properties:
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X§ =a, iscadlagint € [0,¢,) and continuous when X' = a,
and X¢ _ € {a, A} whenever (, < oo. (5.36)

The second property is a consequence of (5.30). If p. € W, and (., < oo,

then X¢ = A If T < oo, py = 0, then T' ¢ D+ and hence by (5.35), we

have X¢ = X;(Tf)f = a. Thus the third property holds.
For this process X = {X?,0 <t < (,, P}, let us put

Gaf(a) =E

Cw
/ e“tf(Xf)dt] . a>0, feBE). (5.37)
0

Similarly we assign a non-negative mass 50 to the death path 0 and extend
the measure n on W, to a measure i on W,U{d}. By making use of the Poisson
point process p on W, U {9} with the characteristic measure n on a certain
probability space (!AZG,IA’), we can construct a cadlag process {)?f,o <t<
Z@, 13) on E quite analogously. The corresponding quantity to (5.37) is denoted
by éaf (a). We can then obtain the first identity of the next proposition
exactly in the same way as in the proof of Theorem 4.2 using (5.9), Lemma
5.6 and (5.32). An analogous consideration gives the second identity.

Proposition 5.7 For a >0 and f € B(E), it holds that

B (Uas f)
G ll0) = ) ¥ LO(Gmo 1= ) + b (5.38)

A (uaaf)
Gaofla) = - —. 5.39
f( ) a(“’aa@)—i_l’o(@'m(ﬁl_@)—"_éo ( )

For ae > 0 and f € B(E), define

Gof(z) =GO f(x) + Gofla)ua(x)  for x € Ey, (5.40)
Gof (@) := GO f(x) + Gafla)ia(z)  for z € Ey. (5.41)

Lemma 5.8 {Gq, a > 0} and {Gq, a > 0} are sub-Markovian resolvents on
E. They are in weak duality with respect to m if and only if

L(O)(@'movlfsﬁ)ﬂso:E(O)(@'mo,1*@)+go- (5.42)

Proof. By making use of the resolvent equations for G2, @g, their weak du-
ality with respect to mg and the equations

o (z) — ug(2) + (a — B)Gous(x) =0, «,3>0, x € Ey, (5.43)

Uo(z) — Us(z) + (@ — B)G Us(z) =0, o,B>0, x € Ey, (5.44)

we can easily check the resolvent equations
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Gaf(x) = Gpf(x) + (a = B)GaGpf(x) =0, z€E,
Gaf(@) = Gaf (@) + (o= F)Calpf(x) =0, z€E.
Moreover we get as in [16, Lemma 2.1] that

(U, ) + a(Ua, 1 — @)
(U, ) + L(P - mo, 1 — ) + dg
<1—ue(z)+ue(z) =1, =z € Ep,

aGal(z) = aG1(x) + ug ()

and similarly, aGy1(a) < 1.
The m-weak duality

/ G f(@)g(x)m(de) = / @) Gag(e)m(dz), f.g € B (E),
E E

holds if and only if the denominators of the right hand sides of (5.38) and
(5.39) coincide. Since (Uq, ) = (uq, P) by the above equations for ue, Uy, we
get the last conclusion. O

5.3 Regularity of resolvent along the path of X¢

Let {U,} be a decreasing sequence of open neighborhoods of the point a in E
o0

such that U,, D U,,1 and ﬂ U,={a}. Fora>0and 0 < p <1, let

n=1
A=A, ,:={x € Ey:us(z) < p}.
We then define
opi=inf{t >0: X €U, NEy}, 7,:=inf{t >0: X} €U,nN A},

and o := lim,_, . 0, with the convention that inf () = co. The stopping time
o may be called the approaching time to a of X°.

The next lemma can be proved exactly in the same way as the proof of
[16, Lemma 4.7].

Lemma 5.9 For any a >0, p € (0,1) and x € Ey,
lim P2 {7, <o < o0} =0. (5.45)
Lemma 5.10 The following are ture.
(i) For any x € Eg, PY-a.s. on {0 < oo},

ltiTm ua (X)) =1 for every a > 0. (5.46)
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(i) n(AN W) =0 where

A= {w € Wy :3a >0, lir?TiCnfua(w(t)) < 1}.
(iii) n(A) = 0 where

A= {w € Wa: 30> 0, lim inf G (w(t)) < 1} .

Proof. Let 0 < p < 1. If 0 < oo and if lim;,uq(X7) < p, then for any small
€ > 0 there exists t € (0 — €,0) such that u,(X?) < p, and so 7, < o for all
n. Therefore by the preceding lemma

P (lirﬁinfuu(XtO) <p, o< oo) =0.

Since u,, is decreasing in a and p can be taken arbitrarily close to 1, we obtain
(5.46).
(ii) follows from (i) as

n(ANW,") zlilrgln(AﬁW;' N{e<¢})

= h?ol fie(dz)P? (11rﬁinf uo(X7) < 1, 0 < oo for every a > 0) =0.
€ EO g

(iii). Part (ii) combined with Lemma 5.2 and a similar reasoning as in the

proof of Lemma 5.3 leads us to

n(AnWH) =n({w e Aynw;) =0,

-~

and also n(4) = 0. O

Denote by QT the set of all positive rational number and by Cy(E) the
space of all bounded continuous functions on E. Let us fix an arbitrary
countable subfamily L of Cy,(E). We extend functions u,(z) and GO f(x) for
f € Cy(E) to be functions on E by setting us(a) = 1 and GY f(a) = 0
respectively. Functions u, and @g f are similarly extended to E.

As u, and GO f for a non-negative f € C,(E) are a-excessive with respect
to the process X©, it is well-known (cf. [2]) that

ua(X?), GO f(X?) are right continuous in ¢ € [0,¢) PY—as. =z € Ej.
(5.47)
Suppose that X° is mg-symmetric: X9 = X°. Then Uq = U, and hence
by Lemma 5.10

n <1i%nf g (w(t)) < 1) =0.
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On account of (5.47) and the inequality aG91(z) < 1 — un(z), z € E, after
subtracting a suitable n-negligible set from W, if necessary, we may and do
assume that, for any f € L, a € QT,

o (w(t)) and GO f(w(t)) are right continuous in ¢ € [0,¢) for w € W,,
ua(w(C-)) =1,Gof(w((-)) =0, for w e W, (5.48)

When X° is non-symmetric, 1, # %, and the above argument does not
work. However, since we have assumed in this non-symmetric case the condi-
tion (A.5), the above property (5.48) holds by Lemma 5.3.

Lemma 5.11 Let 0 < p <1 and set, for a > 0,

W, = {w e W, sup {1 —uq(w(t))} > p} .
0<t<(¢

Then nt(W,) < cc.
Proof. Define § := —X log(1— %) > 0. For any z with 1 —uq(z) > p, we have
Plo>0)>E)[1—e*0>0]=E)[1—-¢ ] —E)[1—¢ ;0 <§]
>1l—ug(x)—(1—e ) >p—(1—e )= g
Therefore if we define
T:=1inf{t >0: 1 —us(w(t)) > p},
then for any neighborhood U of a,

nt(W,) =n*(r < (%) = 1ifgn+(e <7<

=lim [ p(de)PY(r < ¢ < o0)
el0 Eo

2
<liminf [ pe(dz)ED [(p) ng? (o >6);1< CO}

el Eo

2
“liminf [ p(dr)Poo > 6, ¢° < o00)
pelo JEg,

2 2
“lim [ pe(de)PO(C? > 6) + = lim/ pe(dz)PL(CY < 00, X0 = A)
p €l0 JE, P elo JE,

AN

IA

2 2
—lim pess(Ep) + —n(1y < (),
_pelo'u+5( 0) P (7 < Q)

which is finite in view of (5.10) and Lemma 5.4. O

A
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In last subsection, we have constructed a process X = {X¢,t € [0,¢.)}
starting from a out of the Poisson point processes p™ and p~ on W, and W, U
{0} defined on a probability space (£2,P), respectively. A process {)?f, t €
[0,(5)} can be constructed similarly.

Proposition 5.12 Let v(z) = Gof with f € Cy(E) be defined by (5.38) and
(5.40). Then v(X{) is right continuous in t € [0,(,) and is continuous when
Xt = a for every f € L and every a € Q" P-a.s. An analogous property holds
for X,

Proof. We already saw that the functions u, and GO f for f € L, a € QT,
have the property (5.48) along any sample point functions of p* = {pT,s > 0}
and p~ = {p,,s > 0}. Moreover, by Lemma 5.11, after subtracting a suitable
P-negligible set from (2 if necessary, we can assume that, in addition to the
properties (5.28), (5.29) and (5.30), p™ satisfies the following property for
every sample point w € (2: for any finite interval I C (0,00) and for any

p € (0,1),

se€l: sup (1—un(ps(t))>pp is a finite set. (5.49)
0<t<((pd)

Combining this with the inequality aG21(z) < 1 — u,(z), z € E, it is not
hard to see that u,(X2), GYf(X2) and hence v(X{) enjoy the properties in
the statement of the proposition. O

5.4 Constructing a standard process X on Eg U {a}

Combining the given standard process X° on FE, with the process X¢ con-
structed and studied in the last two subsections, we can now construct a right
process X on E := Ey U {a} whose resolvent coincides with {G,, a« > 0}
defined by (5.38) and (5.40). We will only do the construction of X. But
obviously the analogous procedure allows us to construct out of X0 a right
process X on E with resolvent given by (5.39) and(5.41), and these two right
processes on £ are in weak duality with respect to m if and only if their killing
rates g and g at a satisfy the relation (4.10).

With the preparations made in the last subsections, we can now just fol-
low the corresponding arguments in [16, §4] without any essential change to
construct the desired process X on FE.

First, using the approaching time o to a of X° defined in the beginning of
the last subsection, we define P, f(z) for t > 0,z € E, f € B(E), as follows:

Pif(a) = E(f(X]); t < (), (5.50)
Pif(z) := P f(z) + EY [Pi_o f(a); o < 1] forx € Ey.  (5.51)
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Evidently the Laplace transform of P, equals the resolvent G, in view of
(5.37) and (5.40) and we can see exactly in the same way as the proof of [16,
Lemma 4.10] that {P;, t > 0} is a sub-Markovian transition semigroup on E:

Pt+s:PtPs with Ptlgl fOI‘t,S>0.

Proposition 5.13 (i) X* = {X/,0 <t < (,, P} is a Markov process on E
starting from a with transition semigroup {P:,t > 0}.

(ii) P(o, =0, 7, =0) = 1, where o, = inf{t > 0: X = a} and 7, = inf{t >
0: X € Ep}.

Proof. The proof of [16, Proposition 4.4] still works to obtain the first asser-
tion (i). The only places to be modified in the proof are to replace L(myg, 1))
appearing there with L°( - mq, 1 — ¢) + do in the present case.

The second assertion (ii) follows from (i) and Proposition 5.12 just as the
proof of [16, Lemma 4.12]. O

In §5.1, we have started with a standard process

X0={x}, 0<t< (" P

x)

xEEU}

on Ey, where PY,
say £2V.
In §5.2, we have constructed a cadlag process

x € Fjy, are probability measures on a certain sample space,

X ={X}w"), 0<t <, P}

on F starting from a by piecing together excursions away from a, where P is
a probability measure on another sample space, say {2', to define the Poisson
point process with value in (W, U {0}, n).

For convenience, we assume that 2° contains an extra path 7 with
P%({n}) = 0 for every = € Ey, and we set P% = §,, 1) representing the constant
path taking value a identically.

We now define

N=02"x2, P,=P2xP forzckE. (5.52)

Note that (°(w’) < o(w?) and ¢(°(w°) = o(w°) when o(w®) < oco. For w =
(W0, W) € 92, let us define X; = X;(w) as follows:
(1) When w® € 20\ {n},

XP(W°) 0<t

_ (W) < o(w) < o0
Xt(w = {Xtag(wo)(w/) U(w

<
)<t <o(@0)+ (o if 0(0?) < 00, (253)

(2) When w =1,



34 Zhen-Qing Chen, Masatoshi Fukushima, and Jiangang Ying

Xi(w) =X W) 0<t< . (5.54)
The life time ((w) of X;(w) is defined by
- {8 e

= 00,
o(W%) + ¢ if o(w?) < 0. (5.55)

Combining Proposition 5.13(i) with the Markov property of {X?, ¢ >
0, PV, x € Ey}, we readily get as in [16, Lemma 4.13] the next lemma:

Lemma 5.14 X ={X;, 0<t <, P,, z € E} is a Markov process on E
with transition semigroup {P;,t > 0} defined by (5.50) and (5.51).

The resolvent {G,, a > 0} of the Markov process X is defined by
Gof(z) = E, [/ e_‘"tf(Xt)dt} , zeE, a>0, feB(E). (556)
0

The resolvent of X is denoted by GU.
Theorem 5.15 The process X enjoys the following properties:

(i) X is a right process on E. Its sample path {X;, 0 < t < (} is cadlag on
[0,00), continuous when X; = a and satisfies

Xc- €{a,A} when (< o0.

(ii) The point a is regular for itself with respect to X in the sense that for
the hitting time o, = inf{t > 0: X; = a}

P.(o,=0)=1.
(iii) X© is identical in law with the subprocess of X killed upon hitting a.
(iv) The resolvent G f admits the expression (5.38) and (5.40) for f € B(E).
(v) If X° is a diffusion on Ey, then X is a diffusion on E.

Proof. (iv) follows from Lemma 5.14 and a statement next to (5.51).
(i). On account of (A.1), we may assume that

X (w°) is cadlag in ¢ € [0,¢°(w?)) and
XgO(wO)_(wO) € {aU A} when ¢°(w°) < oo,

for every w® € 2°. We have already chosen 2’ in a way that {X@(w'), 0 <
t < (.} has the property (5.36). Hence the sample path ¢ — X;(w) has the
stated property in (i).

Take a countable linear subspace L of Cy(F) such that, for any open set
G C FE, there exist functions f,, € L increasing to I. We then see from the
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expression (5.40) of G f, (5.47) and Proposition 5.12 that, for any v = G, f
with f €L, a € QT,

v(X¢) is right continuous in ¢t € [0,() P,-a.s. for z € E.

Therefore X is strong Markov by [2, p41].
(ii) follows from Proposition 5.13(ii).
(iii) and (v) are also evident from the construction of X. O

The right process X in the above theorem becomes a standard process if
either condition (A.1) or (A.4) is replaced by the following stronger coun-
terpart, respectively:

(A.1)’ X° and X° are standard processes on Ey in weak duality with
respect to m and

every semipolar set is m-polar for X°. (5.57)
(A.4)’ For any a > 0, uq, Uy € Cp(Ep) and
GA.(Cu(Eo)) C Co(Eo), Go(Cy(En)) C Cy(E).

We note that condition (5.57) is automatically satisfied if X° is m-
symmetric or more generally if the Dirichlet form of X° on L?(Eg;myg) is
sectorial (cf.[4]). (A.4)’ implies (A.4) as we noted right after the statement
of the latter. Recall that a right process is called a standard process if it is
quasi-left continuous up to the life time.

Theorem 5.16 (i) Suppose that the standard processes X° and X0 on FEy
satisfy (A.1), (A.2), (A.3), (A.4)’ and additionally (A.5) in non-symmetric
case and (A.6) in non-diffusion case. Then the right process X on E in
Theorem 5.15 is quasi-left continuous up to the life time.

(ii) Suppose that the standard processes X° and X0 on Ey satisfy (A1),
(A.2), (A.3), (A.4) and additionally (A.5) in non-symmetric case and
(A.6) in non-diffusion case. Then the right process X on E in Theorem 5.15
is quasi-left continuous up to the life time for X-q.e. starting point v € E.

Proof. (i) If condition (A.4)’ is satisfied, then along any cadlag path of X,
we trivially have

liglua(Xg) = uo (X)) and 11%1 GUF(XY) =GY%(X;,—)  forte (0,¢%),
(5.58)
for any o > 0 and f € Cy(Ep). Combining this with Lemma 5.10(i) and

Lemma 5.11, we easily see as in the proofs of Proposition 5.12 and Theorem
5.15(i) that
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i Go f(X,) = Gaf (Xi), 1€(0,0), Pras. (5.59)

for any © € F and for any a > 0, f € Cy(E), from which the quasi-left
continuity of X follows.

(ii) Here we use the terminologies adopted in [5]. From condition (A.1)’, we
can deduce as in [5, Lemma 2.2] that (5.58) holds PY-a.s. for X%-q.e. z € E
for each o > 0 and each f € Cy(Ey). In particular, there exists a Borel set
B C Ey with m(B) = 0 such that Ey \ B is X%-invariant and (5.58) holds
Pl-a.s. for any # € Ey\ B and for any a € QF, f € L, where L is a countable
subfamily of Cy(Ey).

Let us observe that the set F'\ B is invariant for X of Theorem 5.15. Since
the restriction of X to the Lusin space Ey \ B is a standard process again,
the entrance law {u,t > 0} uniquely characterized by the equation (5.7) is
carried by FEy \ B for every ¢t > 0 and accordingly the excursion law n of
Proposition 5.1 is carried by the path space (5.23) with E, Ej being replaced
by E\ B, Ey\ B respectively. Hence F'\ B is X-invariant by the construction
of X.

Now we can see by the same reasoning as in the proof of (i) that (5.59)
holds for any z € E'\ B and for any « € Q*, f € L. Taking L as in the proof
of Theorem 5.15(i), we conclude that X is quasi-left continuous for every
starting point « € E'\ B. O

To formulate the last theorem in this section, we need the following
stronger variant (A.2)’ of the condition of (A.2):

(A.2)’ For every x € Ey,

Po(¢? < OO,X?O_ =a) >0, Pg(Xgo_ € {a,A}) =1,
PO((" <00, X% =a)>0,  PYXY_€{a,A}) =1

Theorem 5.17 We assume that mo(U N Ey) < 0o for some neighborhood U
of a in E. Suppose that the pair of standard processes X° and X0 on Ey satisfy
the conditions (A.1), (A.2)’, (A.4) and additionally (A.5) in non-symmetric
case and (A.6) in non-diffusion case. Then the integrability condition (A.3)
is fulfilled by X° and X°.

Proof. Note that the condition (A.3) holds if mg(Ey) < co. When mq(Fy) =

00, let y(x) be a continuous function on Ey such that 0 < y(z) < 1 on Ej,
v(z) =1o0n UN Ey and on ~(z)mo(dz) < co. Define for ¢t > 0,

Tt ::inf{s>0:/*y(X?)dr>t}
0

and
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Ty = inf{s>0: / ’y()?f)dr>t}.
0

Then the time changed processes Y° = {Y,? := X? /¢ > 0} and Yo = {f/to =
)/(\'%, t > 0} are standard processes on Ejy satisfying (A.1) with respect to the

finite measure py = v(z)mo(dz). Clearly condition (A.3) holds for Y and
the reference measure pg. Note that since y(x) < 1, we have

w>t and T, >t for every t > 0.

Let GZO denote the 0-order resolvent of Y. It is easy to check that for any
non-negative Borel function f on Ey, G¥* f = GO(yf). Therefore Y and Y°
inherit the conditions (A.2)’, (A.4) and in non-symmetric case (A.5) from
X0 and X°.

Let (N, H) be a Lévy system of X°. Since its defining formula (5.4) remains
valid with the constant time ¢ being replaced by any stopping time, it follows
from it and a time change that Y° has a Lévy system (N, H Y0)7 where

0

HY =H, for every t > 0.

According to [10, Theorem 6.2], the correspondence between PCAF and its
Revuz measure is invariant under a strictly increasing time change. Therefore
the Revuz measure of the PCAF of HY’ with respect to the measure pg is
the same as that ug of PCAF H of X° with respect to the measure m. Hence
Y? has the same jumping measure Jo(dx,dy) := N(z,dy)um(dy) as that of
X?°. The same applies to V0. Therefore Y° and Y° also inherit the condition
(A.6) from X° and X©.

Thus by Theorem 5.15, there are duality preserving standard processes Y’
and Y on E = Ey U {a} extending Y° and Y. Define for ¢t > 0,

oy :inf{s>0: / ’y(Yr)ldT>t}
0

oy := inf {8 >0: / ~(Y,) tdr > t} .
0

Then X = {X; := Y,,,t > 0} and X = {X, := Y5, ¢ > 0} is a pair of
standard processes on F in weak duality with respect to m. Clearly X and X
extend X? and X, they spend zero Lebesgue amount of time at {a}, and for
X and Y, a is a regular point for {a}. Therefore by Proposition 4.1(v), X°
and X° must have the property (A.3). O

and

Remark 3. In this section, we have assumed that E is a locally compact
separable metric space, a is a non-isolated point of £ and A is added to FE
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as a one-point compactification. This assumption is used only to have (5.20)
and (5.22).

The local compactness assumption on E can be relaxed and be replaced
by the following conditions. Let E be a Lusin space and a a non-isolated point
of E and mg be a o-finite measure on Fy := E \ {a}. Let A be a cemetery
point added to E. Let X° and X° be Borel standard processes on Fy with
lifetimes ¢° and a) , respectively.

We say Xgo_ = a if limyyc0 Xy = a under the topology of E/, and Xgo_ =A
if the limit lim;co X; does not exist in the topology of E. The same applies
to the process X0,

Let {F?,t > 0} be the minimal admissible completed o-field generated
by X°. We assume X° and X satisfy the conditions (A.1), (A.4)’ and
additionally (A.5) in non-symmetric case and (A.6) in non-diffusion case.
We also assume, instead of (A.2), that

(A.2)” There is an open neighborhood U; of a such that its closure Uy is
compact in E. Further

¢% is {F?}-predictable, o(x) > 0 on Ey, and liminf ¢(z) > 0, (5.60)

¥ is FO-predictable, 3(z) > 0 on Ey, and liminf@(z) >0, (5.61)
r—a

where ¢ is defined by (5.3) and @ is defined analogously for X0.

We claim that under the above assumptions, all the main results in
this section, including Theorem 5.15, remain true. Note that the existence
of an open neighborhood U; of a with U; being compact in E guarantees
the validity of (5.20). So it suffices to show that (5.22) holds almost surely
under measure n for some neighborhood U of @ under condition (5.60).
As ¢ = liminf, ., ¢(x) > 0 and ¢ is lower semi-continuous by (A.4)’,
U:={x € Ey: ¢(x) > c¢/2} U{a} is an open neighborhood of a. On the
other hand, for = € Ey, we have P%-a.s. on {t < (°},

0y _ 0
@(Xt) =E, 1{<0<Oo and X?o,=a} ft:| :
As ¢V is {F}-predictable, it follows that

lim p(X;) =1 P, -a.s. for every x € Ej.

1o {CU<<>0 and X?O,:a}
Hence
{CO < oo and Xgo_ = A} - {7’8 < (0} P.-a.s. for every x € Fy.

Here 7} := inf{t > 0: X ¢ U}. This shows that (5.22) almost surely under
measure n. Since condition (A.2)” is invariant under the strict time change
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as in the proof of the preceding theorem, condition (A.3) is automatically
satisfied. This proves our claim.
Note that condition (5.60) is weaker than the following condition

PY ((0 <o0) =P} (¢ < o0, Xg_ =a) for every z € Ej. (5.62)

0

6 Examples and application

Several basic examples of Theorem 5.15 have been exhibited in [16, §6] when
X0 are symmetric diffusions on Ey in which cases their extensions X are
symmetric diffusions on E by [16, Theorem 4.1] there or by Theorem 5.15(v)
of the present paper. In this section, we first consider a simple case where X°
is of pure jump type and admits no killings inside Fy. A typical example of
such a process is a censored stable process on an Euclidean open set studied in
[3]. We then consider the case that X is an absorbing barrier non-symmetric
diffusion on an Euclidean domain. As an application, we finally consider an
extension of X0 by reflecting at infinitely many holes (obstacles).

6.1 Extending censored stable processes in Euclidean domains

Let D be an open n-set in R™, that is, there exists a constant C'y > 0 such
that
m(B(z,r)) > Cyr" forallz € Dand 0 <r < 1.

Here m is the Lebesgue measure on R", B(z,r) := {y e R" : |z —y| < r} and
| -] is the Euclidean metric in R™. Note that bounded Lipschitz domains in R"™
are open n-set and any open n-set with a closed subset having zero Lebesgue
measure removed is still an n-set. For an n-set D (which can be disconnected),
consider for 0 < a < 2 the Dirichlet space defined by

F = {u € L*(D;dx) : /DXD Wda:dy < oo} ,

(u(z) = u(y))(v(z) = v(y))

E(u,v) = A
() " Jpxp |z —y[ e

dxdy, wu,v € F,

a2a711—v( (x;—n)

with A, o = =g - When D =R”, (€, F) is just the Dirichlet form on

L?(R™, dr) of the symmetric a-stable process on R™.

We refer the reader to [3] for the following facts. The bilinear form (€, F)
is a regular irreducible Dirichlet form on L?(D;1p(x)dx) and the associated
Hunt process X on D may be called a reflected a-stable process. It is shown in
[6] that X has Holder continuous transition density functions with respect to
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the Lebesgue measure dz on D and therefore X can be refined to start from
every point in D.

The process X = (X2, PY, (%) obtained from X by killing upon leaving D
is called the censored a-stable process in D, which has been studied in detail
in [3]. The process X is symmetric with respect to the Lebesgue measure and
its Dirichlet form on L?(D,dx) is given by (€, F°), where F° is the closure
of C}(D) in F with respect to & := & + (-, *)L2(D,dz)- The process X9 has no
killings inside D in the sense that

P, (§O < oo and X?L € D) =0 for every z € D.

Let 7p := inf{t > 0: X, ¢ D}. Note that for 3 > 0, ug(z) = E, [e #7?)]
is a (-harmonic function of X and so it is continuous on D (see [3, (3.8)]).

For any bounded measurable function f on D, we extend its definition of D
by defining f(z) = 0 on 0D. By [6], Gof(z) = E, [[;° e P f(Xy)dt] is a
continuous function on D. Applying strong Markov property of X at its first
exit time 7p from D, we have for G%f(z) := E, [ [;” e 7' f(X;)dt],

Gyf(x) = Gaf(x) — By [e PP Gaf(Xy,)] for z € D.

Since x — E, [e PP Gy f(X;,)] is a f-harmonic function of X? and thus
it is continuous on D, we conclude that G% f is continuous on D. Hence the
conditions (A.1) and (A.4)’ in §5 are always satisfied for censored a-stable
process in any open n-set D. In view of [15, §5.3], a Lévy system of X0 is

given by (N(z,dy), dt) with
N(z,dy) = 2A, o |z — y|~"Tdy

and the condition (A.6) of §5 is clearly satisfied.

Note that if Dy is an open subset of D, then X and its subprocess killed
upon leaving D; have the same class of m-polar sets in D;. If a closed set
I’ C 9D has a locally finite and strictly positive d-dimensional Hausdorff
measure when n > 2 and is non-empty when n = 1, then by [3, Theorem 2.5
and Remark 2.2(i)]

or(z) :=P2¢° < oo, Xgo_ elN>0 for every z € D (6.1)

if and only if « >n —d when n > 2 and o > 1 when n = 1.

In the following D C R™ is a proper open n-set, I" is a closed subset of
0D that satisfies the Hausdorff dimensional condition proceeding (6.1). The
topology on D* = D U {a} will be defined in the following three special cases
separately.

(i) D is an open n-set, I' = 9D, and o € (n—d, n). Let D* be the one point
compactification of D. Note that ¢(x) =1 on D with D is bounded, and
0 < ¢ <1on D when D is unbounded with compact boundary.
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(ii) D is an n-open set having disconnected boundary dD. A prototype is a
bounded domain D with one or several holes in its interior. Suppose that
0D = I'U I3y, where I' and I'; are non-trivial disjoint open subsets of 9D,
with I" being compact and satisfying the Hausdorff dimensional condition
proceeding (6.1) and o € (n—d, n). In this case, 0 < pr(z) < 1forz € D.
We prescribe a topology on D* as follows. A subset U C D* containing
the point {a} is a neighborhood of a if there is an open set U; C R¢
containing Iy such that U3 N D = U \ {a}. In other words, D* = D U {a}
is obtained from D by identifying I" into one point {a}.

(iii) @« > 1 =n, D = (0,00) and I' = {0}. In this case pp(z) = 1. D* =
[0, 0).

In every case, condition (A.2)’ in §5 is fulfilled. Indeed the first half of
(A.2)’ follows from (6.1). Its second half can be also verified although the
proof will be spelled out elsewhere. Consequently, condition (A.3) is auto-
matically satisfied by Theorem 5.17. Therefore, in each case, we can construct
the extension X on D* of X° on D satisfying the properties of Theorem 5.15
by means of the Poisson point process around {a}. X is a standard process
by Theorem 5.16 but admits no jump from D to a nor from a to D.

In case (iii), X coincides with the process on [0,00) considered in the
beginning of this section and may be called a reflecting a-stable process. But
it differs from the two closely related processes on [0, 00) that are defined by
the symmetric a-stable process x; on R as

t<og (2)
xM = o X =
t zy — inf <<t x5 t > 00 t el

and investigated in detail by S. Watanabe [32], because both X and X ()
admit jumps from (0, 00) to 0.

Note that given an open n-set with disconnected boundary, extensions in
case (i) and (ii) can be different. For example for D = {z € R" : 1 < |z| < 2}
with I := {z € R™: |z| = 1}, the process X in case (ii) is transient and gets
“birth” only when X approaches I', while in case (i), the extension process
is conservative and gets “birth” when X approaches 9D.

6.2 Extending non-symmetric diffusions in Euclidean domains

Let D be a proper domain in R™ and m be the Lebesgue measure on D.
Assume that 0D is regular for Brownian motion, or, equivalently, for %A. Let




42 Zhen-Qing Chen, Masatoshi Fukushima, and Jiangang Ying

where a : R" — R? ® R” is a measurable, symmetric (n x n)-matrix-valued
function which satisfies the uniform elliptic condition

Ail[’nxn < Cl() < Mpxn

for some A > 1 and b = (by,---,b,) : R® — R™ are measurable functions
which could be singular such that

ob;
a.’Ei

n
1p[b]* € K(R™), > -~ =0onD.
1=1

Here K(R™) denote the Kato class functions on R™. We refer the reader to [7]
for its definition. We only mention here that LP(R", dz) C K(R™) for p > n/2.

Let X° be the diffusion in D with infinitesimal generator £ with Dirichlet
boundary condition on dD. It is clearly that X  has a weak dual diffusion
XY in D with respect to the Lebesgue measure m on D whose generator is
L*, the dual operator of £ with Dirichlet boundary condition on 9D so that
X0 satisfies condition (A.1). The conditions (A.4)’, (A.5) are satisfied by
[7, Lemma 5.7 and Theorem 5.11]. Condition (A.2)’ is also satisfied. Its first
half is clear and the proof of the second half will be spelled out elsewhere. So
condition (A.3) is automatically satisfied by Theorem 5.17 and we can apply
Theorem 5.15 to construct a weak duality preserving diffusion extension X of
X0 to D* := DU {a}, where the topology on D* can be prescribed as in the
three special cases (i)-(iii) in §6.1.

6.3 Extending by reflection at infinitely many holes

In this paper, we restrict ourself to consider duality preserving one-point ex-
tension of standard processes X° and X°. The method of this paper allows
us to do finite many points {a, - ,a,} or countably infinite many points
{a1,--- ,an, -} extensions, with an obviously modified conditions on a;’s
and with no killings at nor direct jumps between {aj, as, - -}, provided that
X0 is symmetric (that is, X° = )?0). One way to do it is to do one-point
extension one at a time. We leave the details to the interested reader.

Thus, for example, consider a domain D C R™ whose complement R™ \ D
consists of a countable number of strictly disjoint, non-accumulating compact
holes {K1, Ks,---}. Let D* := D U{ay,as,---} be the topological space ob-
tained by shrinking each set K; to a point a; and adding all of them to D. Let
D§ = D and for each i > 1, we define D} := D} ; U {a;}, the space obtained
by adding K; to D}_; as one point just as in (ii) of §6.1. Given an appropriate
symmetric Markov process X° on D, for i > 1, the extension X* to D} can be
constructed from X*~! on D} _; by means of Theorem 5.15 with §, = 0.. The
extension X of X° on D to D* := D U {ay,as,---} is obtained as the limit
of X%’s. The process X is then symmetric on D* and its Dirichlet form may
be described in terms of the Feller measure for X° on D studied in detail in
[13], [25] and [4].
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