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1 Stochastic measures and functions.

1.1 Space-time products.

In this paper we consider some elements of a stochastic calculus for random
fields over general space-time products. The various space components which
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may be specified in the possible applications are here considered altogether
and denoted by ©. We consider © to be a general space equiped with some
countable o-algebra. The time-component is an interval T. To simplify nota-
tions, we fix T = (0,T].

In the sequel a basic tool is constituted by the partitions of the involved
spaces. As for the interval T, its partition with level of refinement n, from now
on named n* -partition, is represented by the corresponding finite n'” -series
of intervals of type (s,u] such that

T = Z(s,u] : r(r;a}j]((u s) — 0, n — oo (1)
(note that here and in the sequel we denote the disjoint union of sets by ).
The partitions are such that for n = 1,2, ..., the (n + 1)*-series is obtained
by partitioning the intervals of the previous n'” -series. The family of all the
sets of all the n*" -partitions, n = 1,2, ..., generates the Borel o-algebra of T.
Hereafter we introduce the n'"-partitions (n = 1,2,...) for the standard
product @ x T of the measurable spaces © and T. The o-algebra of © x T
will be treated as generated by these n'"-partitions. Since in the sequel we
are dealing with the general o-finite measure M = M(A), A C O x T, on the
o-algebra of © x T, the n*" -partitions of © x T are going to be selected for
the increasing sequence (which can be any) of sets

O, xT, n=12,., suchthat lim O, xT:=|JO,xT=6xT,

n—oo

and with
MO, xT) < oo, n=12... (2)

The nt" -partition of © x T is then actually a partition of
OnxT=> A: ACOX(s,u (3)

given by the corresponding finite series of sets A, related to the n' -series of
time-intervals (s,u] C T in (1). Any set A in the n'” -series is the (disjoint)
union of some elements of the (n + 1)!"-series. Clearly M(A) < oo for any
element A of the partitions of @ x T.

We assume that the measure M satisfies

MO xt]) = nh_)]ngo M@©, x[t]) =0 (4)
whatever the point-set [t] C T be. This implies, in particular, that any set
ACOXT: M(A) < 0, is infinitely-divisible in the sense that A admits the
nt? -partitions.

We will refer to the finite (disjoint) unions of sets belonging to the same
nt" -series of partitions (3) as the simple sets in © x T. Note that for any set

ACOXT: M(A) < oo, we have
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A= ZAH (9>< (s,u}) : Z(s,u} =T,

where the n'" -series of time-intervals (1) have been used. Since max(u —s) —
0, n — oo, we have

maxM(Aﬂ(@x(s,u]))—>0, n— oo. (5)

(s,u]

We write M(dfdt), (6,t) € © x T, for M as integrator.
Any A C OxT : M(A) < oo, can be approximated by simple sets
A =12 ... in the sense that

A= lim A® je. M((A\A("))U(A(”>\A)> .0, n—oo. (6)

n—oo

Note that for any finite number of disjoint sets Ai,...,Ap: M(4;) < oo,
7 = 1,...,m, the approximation above can be given by the corresponding
sequences of disjoint simple sets Agn), .y AW (n=1,2,...).

1.2 Stochastic measures with independent values.

For the complete probability space (2,2, P), let Ly({2) be the standard (com-
plex) space of random variables £ = {(w), w € £2, with finite norm

lell = (2ree)™”. @

We write p = pu(A), A C O x T, for the additive set-function with the real
values p(A) € La(§2) and such that Eu(A) = 0, Eu(A)? = M(A). Here the
variance M = M (A), A € © x T, is a measure which satisfies the conditions
(2)-(4). The additive set-function p is considered on all the sets A : M(A) <
00. The values of 1 on disjoint sets are independent random variables.

Note that p, initially considered just on the simple sets in © x T (related
to some partitions), can be extended on all A C O x T : M(A) < oo, via the
limits

w(A) = lim p(A™), ie. [|(A) —,u(A(”))H — 0, n—o0, (8)

n—oo

where the simple sets A n =1,2, ..., approximate A, i.e.
2
M ((A \ AM) U (A™ \A)) - Hu(A) - u(m"))H —0, n— oo

Cf. (6). We refer to p as the stochastic measure with indepenent values of the
type
Ep=0, Eup* =M. (9)

And we write u(df dt), (0,t) € © x T, for p as the integrator.
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Let pg, k = 1,..., K (K < 00), be a number of the independent stochas-
tic measures of type Eu, = 0, Eui = M), on the corresponding space-time
products O x T. Let

OxT:=> (O xT).
k
The mixture of ug, k = 1,..., K, is a stochastic measure p on the space-time
product © x T formally introduced above defined as

w(4) = Zuk(Aﬂ(G)kxT)), ACOXT. (10)
k

This stochastic measure is of the type Ey = 0, Eu? = M, where

M(A) = ZMk<Aﬂ(9kxT)), ACOXT.
k

Cf. (9). Naturally in the expression above the sets O x T (k = 1,...,K)
formally represent some partition sets of © x T. To illustrate, let ux, k& =
1,...., K (K < 0), be stochastic measures on the time interval T. Then the

space-time product @ x T that can be applied has space component & =
{1,...,K}.

1.3 The events generated.

Let p = u(A), A € O x T, be a general stochastic measure with independent
values of the type (9). In particular, it can be the mizture of a number of
independent components - cf. (10). We write

An, ACOXT, (11)

for the o-algebras generated by p over the subsets of A and augmented by
all the events of zero probability. To be more precise, A is the minimal aug-
mented o-algebra containing all the standard events {u(A’) € B} for all
B C R and the subsets A’ C A. To simplify notations and terminology, we
assume that the o-algebra

A = AoxT (12)
represents all the events A C (2.

We remark that, in some sense, the o-algebras 2, are continuous with
respect to the sets A C @ x T. To explain, on one hand we have

nlLrI;OQ(A(w,) = \/214(71/) = A, (13)

for any sequence of increasing sets A, n = 1,2, ..., such that lim,,_,., A™ =
A ie. M ((A™\ A)u(A\ AM)) — 0, n — oo (here, the sign \/ defines the
minimal o-algebra containing the involved components)-cf. (8). On the other
hand, we have the following result. See e.g. [13].
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Theorem 1. Let A" n = 1,2,..., be a sequence of decreasing sets and let
A=, A™, then we have
nILH;OQ[A(n) = ﬂQ[A(n) = Q[A. (14)

Proof. Note that

Q‘A(l) = 914 \/QLA(I)\A where QLA(I)\A = \/Q[A(U\A(n) .
Cf. (13). Accordingly, we have

HA(l) = HA \/HA(l)\A Whel"e HA(l)\A = \/HA(l)\A(") .

for the subspaces in Ly(£2) of random variables measurable with respect to the
corresponding o-algebras (here above, the sign \/ defines the linear closure of
the involved components). The products £-¢" : £ € Ha, § € Hpan am, n >
1, constitute a complete system in H o). Hence, the orthogonal projections

§-& = E(&-&Ua) = (¢ - EY),

on the orthogonal complement H a) © Ha to the subspace Hay C H ),
constitute a complete system in Hpa) © Ha. For the subspace HZ of the
random variables in H ,a) measurable with respect to the o-algebra 2 :=
N, Aaw, any £ € HY is independent from all ¢’ € Hpwn\ A, n > 1, and
this implies that

E(¢t-¢(¢ —EE)) = E(ET-¢)-E(E -E¢) =0.

Thus, £T is orthogonal to all the elements &-(&'— E¢') of the complete system in
H 1) © Ha. Accordingly, €T € H . This justifies that Hz = HA, Q(Z =AA.
O

The o-algebras
A, = mex(o,t] , teT (15)

- cf. (11), represent the flow of events in the course of time on T = (0,T].
Thanks to the condition (4), the o-algebras Ay are continuous with respect to
teT:

Jim A, = \</tm =9 (0<t<T)),
) (16)
lim A, o= (A, = A (0<t<T).

u—t+0
u>t

Cf. (13)-(14). Note that, here above, for ¢ = 0 we have the trivial o-algebra 2.
We remark that, for any ¢, the values u(A), A € © x (0,t], are A;-measurable
and the values u(A), A € @ x (t,T], are independent of ;.
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1.4 The de Finetti-Kolmogorov infinitely-divisible law.

Let us set

R\ [0] := (—00,0) U (0,00).
Similar to the stochastic processes with independent increments (cf. e.g. [51],
see also e.g. [49], [3]) the stochastic measure p = u(A), A C © x T, of the
type Eu = 0, Ey? = M - cf. (9), can be characterized as follows. We can
refer to [18] for the following result. We also refer for example to [30] for some
results in this direction with respect to random measures.

Theorem 2. The values p(A), A C O x T, obey the infinitely-divisible law

. 22
logE ™A = // [— “02(0,1)
A 2
+

/ (e — 1 — i) L(da, G,t)}M(dG dt), AeR: (17)
RA\[0]

o?(0,t) +/ 22 L(dz,0,t) = 1.
R\[0]

Proof. The values p(A) are infinitely-divisible random variables - cf. (5).
Hence, according to the deFinetti [8] and Kolmogorov [34] law (see [36], [33]),
we have

logE ™A = _ 2 52 4 / (e —1—iXz) La(dz), AeR  (18)
R\[0]

02A+/ 22 La(dz) = M(A), ACOXT, (19)
R\[0]

where the constant 0% and the Borel measure Ly = La(B), B C R\ [0],
depend on A C O x T as additive set-functions. Taking the relationship (19)
with the variance measure M = M(A), A C © x T, into account we can see
that 0%, LA admit the integral representations

o4 = //Ao—2(9,t)M(d9dt), LA(B) = //AL(B,H,t)M(det).

The integrands o2(6,t) and L(B,6,t), (0,t) € © x T, are elements of the
standard L;-space (with respect to the measure M). Moreover they are addi-
tive in their dependence on the Borel sets B C R\ [0]. The above stochastic
function L(B,6,t), B C R\ [0], (8,t) € © x T, can be modified on a set of
zero M-measure in a way that yields a lifting to a new equivalent integrand
such that, whatever (6,t) € © x T be, the set-function L(B,6,t), B C R\ [0],
is a measure on R\ [0] (see e.g. [24]). So, the probability law (18) admits a
representation in the form (17). O
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Example 1.1. The Gaussian stochastic measure u, having Gaussian random
variables as values pu(A), A C © x T, corresponds to the probability law (17)
with 02 =1and L =0.

Example 1.2. The Poisson (centred) stochastic measure u, having values
W(A) = v(A) — Ev(d), ACOXT,

where v(A), A C © x T, are Poisson random variables, corresponds to the
probability law (17) with 02 = 0 and L concentrated the point x = 1 in R\ [0]
with unit mass, i.e.

logE e™(A) = (¢ —1 —i\)M(4), AeR.

We recall that the non-negative additive set-function v = v(A), A C & x T,
has values v(A) € Ly(f2) which are integer random variables v(A) =
v(A,w), w € 2. In the case O is a complete separable metric space equipped
with the o-algebra of its Borel sets, we have that v = v(A), A € 6 x T,
admits an equivalent modification, which is referred to as

v=v(w),weN: Ev=M,

with values v(A) = v(A,w), w € 12, representing the measures v(-,w) =
v(Aw), A C O xT, depending on w € §2 as parameter. For some (which
can be any) sequence of increasing sets @, x T, such that M(6,, x T) < oo,
n =12 .. and lim, ... @, x T = O x T, the measures v(-,w) can be de-
fined in a way that v(0,, x T,w) < co, n = 1,2, ..., and all the finite values
v(A,w) are integers. So, the measures v(-,w) are purely discrete, concentrated
on the corresponding atoms (6,,,t,) € © x T. In particular for A C © x T
with M(A) < oo, the possibility of having one atom (6,,t,) € A with
v(0,,t,,w) > 1 or of having a couple of atoms in A with the same time
components occur with zero probability. To explain, the limit

lim P{ max p (AN (O x (s,u])) > 1} =0

holds true for the n*" -series of partitions of T - cf. (1), T = 3 (s, u] : max(s—
u) — 0, n — oo, and the corresponding partitions of @ x T:

A=>An(Ox(s,ul), n=12,.,
- cf. (2)-(5). Hence, all the atoms (0.,,t,) are in one-to-one correspondence
OxT> (b,,t,) = t, €T
with their time components and we have

v(ly,tu,w) = 1.
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1.5 Non-anticipating and predictable stochastic functions.

We write Ly(© x T x §2) for the standard (complex) space of the stochastic
functions ¢ = ¢(6,t), (6,t) € © x T, with values p(0,t) = ¢(0,t,w), w € £,
in Lo (£2):

ol = ([f[  tePaaan x pas)
(/[ lol?arasan) . (20)

Cf. (7). Here, P = P(A), A € 2, is the probability on the o-algebra A = g«
of all events A C {2 and the product-measure M x P on © x T x {2 is considered
on the g-algebra generated by the product-sets

AxA: ACOx(sul, Ac. (21)
The component M = M(A), A C O x T, satisfies (2)-(4). For the product-

sets (21) we have

// M(dfdt) x P(dw) = M(A)-P(A).
AxA
We say that ¢ is a simple function if it admits the representation

SDZZ@'lA

where the sum is taken on some finite series of disjoint sets A C @ x T:
M(A) < oo, and the indicated element ¢ € Lo(£2) in each component ¢ - 1
is the value of the simple function on A. Note that the simple functions
represented by the indicators

laxa =1a4-1a: ACOx(s,ul, ACH,
with A belonging to the partitions of © x T - see (3), constitute a complete
system in Ly(© x T x £2). Cf. (3)-(6) and (21).
Let us turn to the o-algebras

A,y teT,

characterized in (15) which represent the flow of events in the course of time.
The non-anticipating simple function ¢ is characterized by the representation

o= ¢-la (22)

where each component ¢ - 14 has A C © x (s,u] and the indicated value
@ € Lo(£2) on A is an As-measurable random variable.
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In general, we refer to p € Lo(O X T X £2) as a non-anticipating function
if its values (0,t) € La(£2) in the course of time are determined by the
"past” events. To be more precise, for any ¢ € T, the random variable ¢(8,t)
is measurable with respect to the o-algebra 2A;.

Let us consider also the functions ¢ € Ly(© x T x {2) measurable with
respect to the o-algebra generated by the product-sets

AxA: ACOXx(s,ul, AecU (23)

- cf. (21). Following the common terminology (see e.g. [11]), we refer to the
above functions ¢ as the predictable functions and the o-algebra generated by
the sets (23) as the predictable o-algebra. Note that all the non-anticipating
simple functions are predictable. We remark that all the predictable functions
are non-anticipating. The following result details the study of the converse
relationship. Note that this coming result holds thanks to the left-continuity
of the flow of o-algebras 2;, t € T - cf. (16).

Theorem 3. Any non-anticipating function ¢ € Ly(© x T x §2) can be iden-
tified with the corresponding predictable function given by the limit

o = lim ¢, ie. ||<p—<p(")||L2 — 0, n— oo,

n—oo

of the non-anticipating simple functions o™, n = 1,2, ..., defined along the
nth -series of sets A C O x (s,u] of the partitions of © x T - cf. (3), as

= oM 14, with oM = // @ M(do dt) |m) (24)

Proof. At first, let us show that any function p € Ly(@ x T x £2) is the limit
@ = lim,,_. (™ of simple approximations of the form

e = E ™ 1,4 with o™ = M// ¢ M(do dt), (25)
A

where the sum is taken on the sets A C @ x (s,u] of the n*"-series of the
partitions of © x T. For ¢ € Ly(O x T x 2), there are some simple functions

P ="M, with AC O x (s,u],
such that

o = lim 9™ ie. ng—@b(")HLQ — 0, n— 00.

n—oo

For the indicated values ¢, 1™ on the n'" -series sets A, we have

e =1 = |7z [ e = v aravan)]|
< 310 [ Je = v M@ (26)
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So, we also have

e = v, < 3 [ o= vl Mt@say < - v,

which implies that
le =™, <2lle = v™l,, — 0, n—oeo.

Next, let us turn to the non-anticipating functions ¢ such that, on some (which
can be any) n'"-series sets A C O x (s,u] of the considered (3)-partitions,
the values ¢(0,t) for (0,t) € A are measurable with respect to the o-algebras
2. For these functions, when n is large enough (n — o), the approximations
(24) are identical to the approximations (25). Any non-anticipating function
¢ admits its approximations in Lo(@ x T x §2) by the above type functions.
To explain, for any (6,t) € © x T and any set A C O x (s,u] f the nt"-
series of partitions of © x T such that (0,t) € A, the corresponding increasing
o-algebras 2 have limit lim,,_,,, As = A;. Thus

0(0.0) = B(p(0,0)%) = lim B((0,6)]2.)

in Lo (f2) and
p = HILH;OZE(MM)I%) “1a
in Ly(© x T x £2). Cf. (3)-(5) and (16). So, we can see that ¢ is the limit

@ = lim,, oo ™) in Ly(O x T x §2) of some non-anticipating simple functions
™, n=1,2, .., of the form

P = Z¢(n) ‘1A

related to the sets A C @ x (s,u] of the nt? _series of the partitions of @ x T
- see (3). Hence, by the same arguments applied for the approximations (25),
we can conclude that ¢ is the limit ¢ = lim,,_,, (™ of the non-anticipating
simple functions (24). O

Now, let us consider the simple functions ¢ = > ¢ - 1o where for each
component ¢ - 14 the indicated value ¢ on A C © x T is measurable with
respect to the corresponding o-algebra

Q[]A[: ]A[:@XT\A, (27)

generated by the stochastic measure u over the complement set |A[ to A - cf.
(11). We have the following result - see [18].

Theorem 4. Any function ¢ € Ly(© x T x (2) is the limit

o = lim ¢, ie. ||<pfg0(")”L2 — 0, n— oo,

n—oo
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of the simple functions o™, n = 1,2, ..., defined along the sets of the n'" -
series of the partitions (3) as

1
) — N o™ 1A wi () _
v YoM 14 with M(A)E(//AgoM(dﬁdt)‘QL]A[). (28)

Proof. The proof uses the same arguments as in the proof of Theorem 1.3.
Here, to explain, we just note that for any (0,t) € © x T and any set A of
the n'" -series of the partitions of @ x T such that (6,t) € A, we have

@(070 = lim E(<p(0,t)|Ql]A[)

n—oo

In fact the increasing o-algebras 2l have limit lim,, o 2o = A, where
2A = Ao« represents all the events in 2. Cf. (3)-(5) and (13). O

2 The It6 non-anticipating integral.

2.1 A general definition and related properties.

The It6 integration scheme [26] (see also e.g. [39]) can be applied to the non-
anticipating integration on the general space-time product © x T with respect
to the stochastic measure p = p(dfdt), (,t) € © x T, of type (9): By =
0, Eu?2 = M. In particular, it can be applied in the modeling of stochastic
processes of the form

£(t) = //@X(O,ﬂ@u(des), teT. (1)

The term non-anticipating is referred to the family of o-algebras
A, teT,

which represent the flow of events in time - cf. (15). The integrands ¢ in
(1) are the non-anticipating stochastic functions treated as elements of the
functional space La(© x T x §2) - cf. (20). The non-anticipating functions
© =(0,t), (0,t) € © x T, with ¢(0,t) € La(£2) 2As-measurable, for any (6,t),
constitute the subspace

LY@ XxTx 2)C Ly(@xTx N) 2)

of all the integrands. To be more precise, this subspace is the closure of all
the non-anticipating simple functions (24). Cf. Theorem 1.3.
Let us consider non-anticipating simple functions

SOZZ@'lA
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where the sum is taken on a finite series of disjoint sets A C O X (s,u]
M(A) < oo, and, for each component ¢ - 14, the 2;-measurable random
variable ¢ € La(f2) is the value of y on the indicated set A. The integration
results in the random variable

Ip =Y ¢ pu(4) (3)
belonging to La(§2). And here we have
1zl = flell,

Cf. (7) and (20). So, the integration formula (3) defines the isometric linear
operator I:
LEO X T x 2) 3 p= Iy € Ly(N)

on the domain of all the non-anticipating simple functions, dense in L(© x Tx
§2). The standard extension of this linear operator on Li(© x T x §2) is the

non-anticipating integral
Igp:// pu(dodt) .
OxT

Namely, for any ¢ € LL(© x T x §2), i.e. the limit

¢ = lim ™ ie. Hga — ga(”)HLz — 0, n — oo,
of the non-anticipating simple functions ¢™, n =1,2, ..., we have
Ip = lim Io™, ie.  |[Ip—Ip™| — 0n — occ. (4)

In particular, the integration can be carried through via the standard non-
anticipating simple approximations of type (24).
For all the integrands, the integral

//A o p(dl dt) := //@XT(w-lA)u(dé)dt), ACOXT, (5)

is well-defined. Cf. (3)-(4).
In this line, all the functions ¢ of form

@ZZ% =Zcplgmr where Z@k xT=6xT,
k k k

with the components ¢, = plg,xT, ¥ = 1,..., K (K < o0), represent the
integrands with respect to the measure u as integrator on @ x T - cf. (10).

We remark that
E (// o p(do dt)
A

91) =0 (6)
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and

E(//Aw(cwdt)-///so’u(cwdt)‘ﬂs) - //MA,E(so«o’\%) M(d9 dt)

(7)
for the integrands ¢, ¢’ and A, A’ CO x (s,T],0<s<T.

The non-anticipating integration on general product spaces with the time
component T was considered in [15]. With respect to a particular generaliza-
tion of the It6 stochastic integral on the product space of the form T x T we
can refer for example to [5].

Example 2.1. Let us consider the optional (stopping) time 7:
{r<t}et;, teT,
and the optional o-algebra 2L, of the events A C {2 such that
An{r <t} e, teT.

Thanks to the right-continuity of A, t € T, we have that the stochastic

functions
-1 w € La(OxT x 02)

are integrands whatever 2;-measurable random variables ¢ and integrands ¢
be applied. Moreover we have

// §- 1 mypu(didt) =& - // L7,y p(dOdt).
exT exT

2.2 The stochastic Poisson integral.

As continuation of Example 1.2, we specify the Itd6 non-anticipating integral
with respect to the Poisson (centred) stochastic measure y := v — Ev treated
through its Poisson components

v=v(,w), we: Ev=M.
Here, the pure discrete measures
v(w) = v(Aw), ACOXT, (8)
which depend on w € {2 as parameter, are concentrated on the atoms
(0w, tw) = v(0,,t,,w)=1.
All these atoms are in one-to-one correspondence

OxT> (b,,t,) = t, €T
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with their time components.
The integrands ¢ are predictable functions in Ly(© x T x §2). We assume
that they satisfy

//@m (E|¢l) M(d0 dt) < oc. )

Note that (9) holds for all the integrands in the case M is a finite measure -
cf. (20). Now let us consider the Poisson stochastic measure

v =v(Aw), ACOXT (we ),

and the product-measure v x P on @ x T x {2 with values

(vx P)(Ax A) = ///AXA v(df dt,w) x P(dw)

on the product-sets A x 4: A C O T, AC {2 -cf (21). In particular we
can see that
vxP=MxDP

on the predictable o-algebra, i.e. the o-algebra generated by the product-sets
Ax A ACO x(s,u], AC AU - cf. (23). To explain, we have

///AA v(df dt,w) x P(dw)

= E (14 x r(A)) = E14 x E(A) ://A | M(dhdt) x P

since the values v(A) : A C O x (s,u], are independent from the events A €
2. For the predictable function ¢ which, we recall, is a function measurable
with respect to the predictable o-algebra, the condition (9) says that

///@mn\wlwd(?dt,w) x P(dw) = //@m (Elg|) M(d8dt) < oo.

Accordingly, the stochastic Poisson integral

//A%’V(d@dt) = //ASD(-,w)V(daduw), we R,

is well-defined via the realizations (trajectories) ¢(-,w) = ¢(0,t,w), (6,t) €
O x T, integrable with respect to the measures v(-,w) for almost all w € 2.
In this scheme, we can see that the It6 non-anticipating integral with respect
to the integrator © = v — M is related to the stochastic Poisson integral in
the following way:

//Asou(dﬁdt) ://Aw(dﬁdt) —//AQDM(detL ACOxXT. (10)
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This is obvious for the non-anticipating simple functions ¢ and it is true in
general via the limit

o = lim ¢, ie. H(p—ga(”)HLz — 0, n — 0o,

n—oo

of the non-anticipating simple functions ¢(™, n = 1,2, ..., thanks to the iden-
tity

/// o — o™|*M(d6 dt) x P(dw)
OXTx 2
~[[[ e e Putdodtw) x Pla)
OxTx 2

With respect to the representation (10), we remark that the stochastic Poisson
integral is actually

// pr(didt) = Z OOy, tw,w), w e 2, (11)
A (0u,tw)€A
and the above stochastic series converges absolutely with

/Q > e (Qw’twvw)ﬂ P(dw) ://A (Elp|) M(do dt) < oo.

(0w tw)EA

C. (8)-(9).

2.3 The jumping stochastic processes.

To continue the scheme (8)-(11), we apply it to the cadlag stochastic processes

£(t) // w(dods), teT,
(9><(0t]

- ¢f. (1), where ¢ = (0, t,w), (0,t,w) € O x T x {2, are the real predictable
integrands with respect to the Poisson (centred) stochastic measure p of the
type Ep = 0, Ep? = M, treated as = v— Ev through its Poisson component
v=v(,w),w € 2 : Ev= M. Recall that the involved pure discrete measures
v(w)=v(4,w), A C O x T, have atoms (0,,t,) € © x T which are in one-
to-one correspondence (0,,,t,) < t, with the times ¢, € T. Hence we can
see that all the jumps of the realizations (trajectories) of the above process
), teT:

f(t’w) - Z ‘p(auhtw’w)

0<t, <t

_// pow) M(dodt), teT (we), (12)
Ox(0,1]
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are
Pw = E(ty,w) — £(tw — 0,w) = by, tw,w), (0,tn) €O XT.
Cf. (10)-(11). Accordingly, whatever real function
F(x,) = F(x,0,t,w), (,0,t,w) ERXxOXTx {2,

be considered such that F'(i,-) is a predictable integrand with

//@er <E|F(‘P’ )D M (df dt) < co

- cf. (9), we obtain that, for all the jumps p, := £(tw,w) — &£(t, — 0,w) of the
trajectories (12), the corresponding trajectories

77(75700) = Z F(pw,ew,tw,w)

0<t, <t

_ // Flp,-) M(d0dt), teT (we), (13)
O x(0,t]
represent the stochastic process

n(t) = //@x(o,t] F(p, ) pu(ddds), teT.

Now let ¢ and F(p,-) = F(p(0,t),0,t), (0,t) € © x T, be deterministic
real functions. Then 7(t), t € T, here above is the process with independent
increments characterized by the infinitely-divisible probability law

log 1) = // (eAF#) — 1 —iAF(p,-)) M(dfds), AER (teT),
©x(0,t]

Example 2.2. In relation to the probability law (17), let us turn to the
Poisson (centred) stochastic measure g on the space-time product (R \ [0]) x
O xT:

Eu =0, Eu> = LxM,

with the variance represented by the standard product-measure L x M on
(R\ [0]) x © x T with the component L = L(B,6,t), B C R\ [0] such that

/ 2?L(dx,0,t) < 1.
R\[0]

Assuming that @ is a complete separable metric space, we can apply the
scheme generally described in (8)-(13) and consider the stochastic measure
u = v — Ev, with the Poisson component
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v =v(,w), weN:EBv=LxM

on (R\ [0]) x © x T represented by the pure discrete measures v(-,w) having
atoms

(2,00, w) € (R\ [0]) x O x T.

For the sets
ACOXx(s,u]l: M(A) <o

in © x T and
BC{lz|>r}: r>e>0

in R\ [0], let us consider the function
Y = ]'A(HVt)m]‘{|3?|>6} ) (.’E,@,t) € (R\ [0]) X 6 x ’]Tv

and the integrand
F(p,-) == 1p(p) = 1pxa
on (R\[0]) x © x T. Let

£(t) = /// Laz 1yjg)>epu(dz df ds) , teT,
(R\[0]) x©%(0,1]

be the corresponding cadlag process. We can see that
W(BxA) = Y tn(e) - [[ LBOY < M@asdr), (1
s<t,<u A

where p,, are the jumps of £(¢,w), t € T. Note that here the actually involved
jumps
Po = Ty ¢ (2w, 0,,t,) E BX A

are the same for all € : 0 < € < r. Cf. (13). Accordingly, formula (14) holds
true for any r > 0 and € = 0, i.e. for

Puw = §(tw>w) - g(tw - O,w)

as the jumps of the cadlag process

£(t) = /// Lazp(ddods), teT. (15)
(R\[0]) x©@x%(0,t]

In fact the component

E(t) == /// Taz 1jz<ey w(dx dfds) , teT,
(R\[0])x©x(0,t]

is negligible, for ¢ — 0, in the above process £(t), t € T, with

f(t) = /// laz 1{|Z‘>€},Lt(dx df ds)
(R\[0]) x©x(0,t]

+ /// 1az 1{‘z|§6}u(d]}d9dt).
(R\[0]) x©x(0,1]
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2.4 Gaussian-Poisson stochastic measures.

Let us turn to the Gaussian stochastic measure u on © x T:
EpS =0, EuY?’=0"M,

and the Poisson (centred) stochastic measure uf on (R \ [0]) x © x T:
Euf =0, EW’)?=LxM.

The formula

w(A) = //AuG(det)Jr///(R\[ODXA:cpp(dxdedt), ACOXT, (16)

defines the stochastic measure p on © x T characterized by the infinitely-
divisible probability law (17) with the above parameters o2, L and M such
that Fu = 0 and Eu? = M. Here, we treat puf as in the general framework
of Example 2.2.

The Poisson (centred) stochastic measure u?” can be determined as

KB XA = 3 el - [[ LB < ar@d.  an)
s<t,<u A
on the sets of form
BxA: BC{z|>r}, r>0, ACOx(s,u] : M(A) < o0,

via the jumps pf = ¢F(t,,w) — &P (t, —0,w) of the trajectories £ (¢,w), t €
T, of the processes of type

eP(t) = /// 1az pf (dzdf ds), teT.
(R\[0]) x©x(0,t]

Cf. (14)-(15). For any A C © x T: M(A) < oo, the above process is a com-
ponent in

€0 = [[  andods) = @+, teT,  (8)
Ox(0,1]
- cf. (16). Here, the other component

€0 = // 1apC(dfds), teT,
©x(0,t]

is a Gaussian process with independent increments having continuous vari-
ance - cf. (3). These Gaussian processes are similar to the Wiener pro-
cess. In particular, their cadlag versions have actually continuous trajec-
tories ¢%(t,w), t € T, for almost all w € §2. Accordingly, the trajectories
&(t,w), t € T, of the processes (18) have jumps as
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Pw = g(tunw) - f(tw - va) = fp(twvw) - gp(tw - va) = p5 .

Hence, the stochastic measure ! can be determined through the stochastic
processes (18) as

pf (B x A) = Z 1B(pw)—// L(B,0,t) x M(dfdt), we 2. (19)
A

s<tu,<u

Cf. (17). So, the stochastic measures u“, u” in the representation (16) are
uniquely determined by p.

Moreover, let us consider the Gaussian-Poisson mizture p“* on the space-
time product

RxOxT = ([O]x@xT)U((R\[O])x@xT)

of the independent Gaussian stochastic measure 4 on @ x T, identified with
[0] x © x T, and the Poisson (centred) stochastic measure u on (R '\ [0]) x
O x T - cf. (10). We can see that

Arxox0,) = Aox (0, teT, (20)

for the o-algebras generated in the course of time by ¥ and u, correspond-
ingly. Cf. (15)-(16).

Let © be a general complete separable metric space. Within the framework
described in (8)-(20), we obtain the following result. See e.g. [25], [51] in the
case of stochastic processes.

Theorem 5. The representation (16) holds for a general stochastic measure
with independent values characterized by the probability law (17).

Proof. Let p be a general stochastic measure with independent values char-
acterized by the probability law (17). For an appropriate probability space
(2 there exist the independent Gaussian stochastic measure ¢ and Poisson
(centred) stochastic measure i for which

n(A) :// ﬁG(det)—i—/// cpf(dedodt), ACOXT,
A (R\[0]))x A

is a stochastic measure with the same probability law as p. We have

ﬁ(R\[O])x@xT = ﬂ@x’ﬂ‘

for the o-algebras generated by the Gaussian-Poisson mixture 7% over (R '\
[0]) x© x T and the stochastic measure i over © x T - cf. (20). For the random
variables 5 on (NZ, measurable with respect to the o-algebra ﬂgm generated
by pi, we have the linear isometry
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Ly(2) 3 € = € € Ly(12),

defined through the mapping

€ = F((A), s i(An)) = F (A1), p(An)) = €

of all the functions of all the values of f, p. This mapping preserves the finite-
dimensional probability distributions. Hence the above isometry yields

pe(a) : 5%4) = p%4), ACOxT,
and
p'(BxA): pP'(BxA) = u(BxA), BxAC(R\[0])x6OxT,

as the independent Gaussian and Poisson (centred) stochastic measures for
which we have

w(A) = // uG(det)+/// epf(dzdodt), ACOxT. O
A (R\[0]) x A

3 The non-anticipating integral representation.

3.1 Multilinear polynomials and It6 multiple integrals.

For being able to model stochastic processes via stochastic integration in the
course of time - cf. (1), it is fundamental to characterize the random variables
& € Ly(£2) which admit the non-anticipating integral representation

€ = E§+//@XT¢u(d0dt). (1)

Let 1 be a general stochastic measure of the type Eu = 0, Eu? = M -
cf. (9). In the sequel, we focus on the random variables which are limits in
Ly(£2) of multilinear polynomials of the values of p (hereafter p-values). By
multilinear polynomial we mean a linear combination of the p-power (p =
1,2,...) multilinear forms

p
¢=1]& with & = u(4;), i=1,..p, (2)

Jj=1

of the p-values taken on the disjoint sets A; C O x T : M(A;) < o0, j =
1,...,p, plus the constants (which formally correspond to p = 0).

Theorem 6. The multilinear polynomials admit the non-anticipating integral
representation (1).
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Proof. The result is immediate for the multilinear forms (2) of the p-values
on the sets A; C O x (sj,u;], j =1, ..., p, related to the disjoint time intervals
(sj,u;] €T, j=1,...p,on T = (0,T]. Indeed, taking these intervals ordered
in time 0 < 51 <uy < ... <5y <uy, < T, we can see that

£ = //A (ﬁ@) p(dodt).

The range of the non-anticipating integral, as an isometric linear operator, is
closed. Cf. (1)-(4). So, & admits the representation (1) if & = lim,, o €™ is
the limit in Lo (£2) of the linear combinations of the above type multilinear
forms of the y-values. Hereafter we refer to the limit & = lim,, ., £ as the
proper approximation, when £ is a general multilinear form (2) of the p-values
on the disjoint sets A;, j =1,...,p and €M n =1,2, ..., are multilinear forms
which involve only the p-values on the subsets in A = Z§:1 Aj.

In general, for the limits & = lim, s flin), k =1,...,m, with the inde-

pendent approximations {§,gn), n=12 .} k=1,..,m, we have

m m
_ 7 (n)
1T ¢ —nlggoﬂﬁk ;
k=1 k=1
ie. ~TT¢™|| < const - L — e 0 :
ie ||H§ H§ ||_cons mlngfk & ||—> , N — 00
Keeping this in mind, let us suppose that all multilinear forms of the power
p < q (¢ > 1) admit a proper approximation. The claim trivially holds for

p = 1. Considering & = [[7_; n(Ayx) as a general g-power multilinear form (2)
through the n*-partitions

A = Z(Akﬂ(QX(s,u])), Z(s,u] =T : max(u—s) — 0, n — oo,

we can see that

q
& 17 = 32T M (4kn (6 x (s.u]))
k=1
< const - maxM(Ak N (9 X (s,u])) —0, n— oo,

for
q
§0n) = Z H M(Ak N (@ X (s,u])), n=1,2,..
k=1

- cf. (5). We can also see that the differences
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e im - =TT [Sn(aen (@ x ()]
_ Zf[ M(Ak N (6 x <s,u]))

admit proper approximation. The same holds for £ as the limit

€= lim &M

n—oo

in LQ(Q) O
Let us now turn to H? C Ly(f2) as the linear closure of all the p-power

multilinear forms (2). The subspaces H? (p = 1,2, ...) are orthogonal. Let us
consider

0= en 3)
p=0

which is the standard orthogonal sum of HP, p = 1,2, ..., in Lo(§2) where H°
represents the set of all the constants. We remark that all random variables
& € H admit the non-anticipating integral representation (1). Cf. Theorem
3.1.

The representation (1) of the elements in £ € HP, p > 1, can be specified
by means of the Itd type multiple integrals [27] (see also e.g. [53]). Here, we
have in mind the p-multiple integrals

P, = // wp p(dhy dtq) x ... x p(d, dty) , p>1, (4)
{t1<...<tp}

over the indicated domain {t; < ... < t,} in the p-times product (© x T)P
which consists of

(01,t1,...,9p,tp) S (9 X T)p 1 <. < tp.

The integrator in (4) is the standard type stochastic measure with orthogonal
values defined on the product-sets

A x XAy C{t < .o <tp}

as the product p(Aq) X ... x p(4,) :
E (M(Al) X .. X M(Ap)) =0,
E (ﬂ(Al) X o X ,L(Ap))2 = M(A1) x ... x M(4,).

The integrands ¢, are the deterministic functions

©Yp = (pp((gl,tl, ...,ep,tp), (Hl,tl, ...,9p,tp) S {t1 < ... < tp},
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in the standard (complex) Lo-space with the norm

1/2
lesll,,, = (//{t . }|gop|2M(d01 ) x .. x M(df dt,))

So, in (4) we have the standard stochastic integral IPy,: ||[IP¢,|| = ||¢|/z,. The
p-power multilinear forms (2) of the p-values on A; C O x (s, u;], j =1,...,p,
related to the disjoint time intervals (ordered according to 0 < s1 < ug < ... <
sp < up < T) are identical to the p-multiple integrals (4) with the indicators
©p = la,x..x4, as integrands. Hence, following the proof of Theorem 3.1, we
can see that all £, € H? are represented by all the p-multiple integrals IP¢,,.
For &, = IPp,, the non-anticipating integral representation (1) can be given
as

&— [ /@ 0.0 adb ). (5)

Here the function

@p('»eat) = @p(ehtlv ey gpflvtpflv Qvt),
(01,81, Op1,tp1) € {t1 < ... <tp_1},

with (0,t) € © x T as parameter, is the integrand in the (p — 1)-multiple
integral.

Of course, in the case p = 1, the non-anticipating integral representation
(1) of the elements £ € HP is trivial:

& =//@sz01 p(do dt),

with the deterministic integrands ¢1: [|p1]l, = ([[g,p le1|*M(dO dt))*/2. In
line with the case p > 1, we write &, = I'pq: 1 = 191 (,0,1), (6,t) € O x T,
for the above stochastic integral. Clearly, the representation (1) of all £ € H
in the subspace H € Ly(£2) - cf. (3), is obtained via the orthogonal sum

f:Z@fpl ngHp7 p:O717...,
p=0
with {y = E¢ and
&= [[ P Conusan. p=12..,
OxT
This yields

g:Eg@//@XT {i@]?*l(pp(.ﬁ?t) p(df dt). (6)

p=1

Here we refer to [16] and [28]. See also e.g. [42] for some results on Lévy
processes.
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3.2 Integral representations with Gaussian-Poisson integrators.

Let p = pu(A), A C @ x T, be a general Gaussian-Poisson mizture, i.e. the
mixture of the components ug, & = 0,1,..., which are either Gaussian or
Poisson (centred) stochastic measures multiplied by scalars - cf. (10) and
(16)-(19). Let us consider the subspaces

q
Hy =) ®H', ¢=1.2,.,
p=0

in Ly(£2). Cf. (3).

Theorem 7. The g-power polynomials of the values of j1 belong to Hy, g =
1,2,....

Proof. The proof is quite similar to the one of Theorem 3.1. All the ¢g-power
multilinear polynomials belong to H, (¢ = 1,2,...). So £ € H, if it can be
represented as limit & = lim,_ o £ in Ly(£2) of the g-power multilinear
polynomials €™, n =1,2,.... Let &€ be a g-power polynomial of p-values, we
can treat & as the g-power polynomial of the values u(4;), j = 1,...,m, on
appropriately choosen disjoint sets A; € © x T, j = 1,...,m. Accordingly,
we refer to the limit £ = lim,,_, & (") of the g-power multilinear polynomials
€M n =1,2, ..., of the values of y just on the subsets in A = Z;nzl Aj as the
proper approximation. The proper approximation holds for p = 1. Suppose it
holds for the polynomials of power p < ¢, (¢ > 1). Than we can see that the
proper approximation does hold for all the g-power polynomials, if it holds
for
&E=pu(A), ACOXT.

Moreover, note that here it is enough to consider the sets A where p is either
the Gaussian or the Poisson (centred) stochastic measure. Let us take the
nth -partitions

A:ZAO(QX(S,U]), Z(s,u]:'ﬂ‘: max(u —s) — 0, n — oo,
into account. We can see that the limit lim,, f(()n) = o in Lo(§2) with

é(()”) = Zu(Aﬂ (9 X (s,u]))q, n=1,2,..,

has the following form: & = u(A), ¢ = 2, or § = 0, ¢ > 2, if p is Gaussian
and & = p(A) + M(A) if p is the Poisson (centred) stochastic measure.
In all cases we can say that £ admits proper approximation. Following the
arguments applied in the proof of Theorem 3.1, we can also see that the
differences

f—gon) — [ZM(AQ(@X(s,u}))}q—Zu(Aﬂ(@x(s,u]))q, n=12 ..,
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admit proper approximation as well. So, such approximation holds also for
& = p(A)7 as the limit

€= lim &M with ¢™ = (€-&")+&, n=12 .,

n—oo

in Ly(2). O
In the sequel it is important that the o-algebra is generated by the stochas-
tic measure p, i.e.

A= Aoxt

- c¢f. (12), and that the flow of events in the course of time is represented by
the o-algebras (15)
Ay :=Aox,, tET.

Note that the polynomials of the values u(A), A C © x T, are dense in
Lo(£2) when p is a general stochastic measure with independent values which
obeys the probability law (17) and restricted by the condition

)\2
EeMA) = exp // {—02(9,25)
AlL2
+

/ (€ — 1= o) L(de, 0,6)| M(d0dt) < 00, AeR. (7)
R\[0

To explain, for the complete system of functions of the form
et k=1 Anék (M €R, k=1,...,m),
with the values &, = p(Ayg), kK = 1,...,m, taken on all finite combinations of

disjoint sets in © x T, we have

q — 0.

q . m
‘ et ke Akbe Z (i 27’“:1 M) H — 0
p! ’

p=0

In the following result we do consider that, for a general Gaussian-Poisson
mixture p, the polynomials of the values of u are dense in Lo(f2). See e.g.
[10], [11], [16], [28], [42].

Theorem 8. All the elements £ € La(£2):
Ly(Q) = Y @ HP, (®)
p=0

admit the non-anticipating integral representation (1).

Proof. Cf. (6) and Theorem 3.2. O
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3.3 Homogeneous integrators.

In the Theorem 3.3 we have seen that, for a given Gaussian-Poisson mixture
and a flow of events generated by the values of this measure in the course
of time, all the elements of the corresponding Lo-space Lo(§2) admit integral
representation (1). However, in general, for a given stochastic measure, though
with homogeneous (see below) and independent values, and a filtration gen-
erated by the measure itself, we cannot claim that all the elements in the
corresponding Lo(f2) space admit the representation (1). This fact finds evi-
dence and consequences in many applied situations, we can refer as an example
to the incompleteness of certain well-known market models in mathematical
finance. The next result addresses the issue of characterizing the stochastic
measures for which it is possible that all the elements of the corresponding
Lo(£2) admit the representation (1).

Let us turn our attention to the measure yp = pu(A), A C © x T, of the
type Ep = 0, Eu? = M satisfying (7), which is homogeneous, in the sense that
all the values p(A) on the sets A C @ x T of the same measure M(A) obey
the same probability law. Accordingly, they follow the infinetely-divisible law
of the form (17) with parameters o, L that do not depend on (6,t) € © x T.
Namely we have

) 22 )
log EeM(A) — [f—a%/ (e“\“:fl—z'A:c)L(dx)} M(A), XeR: (9)
R\[0]

2
o? Jr/ 2?L(dx) =1
R\[0]

with o2 constant and L(dz), * € R\ [0], measure on R\ [0]. Let © be a
complete separable metric space. For the following result see e.g. [2], [6], [15].

Theorem 9. The non-anticipating integral representation (1) holds for all
& € Lo(92) if and only if u is either Gaussian or Poisson (centred) stochastic
measure multiplied by a scalar.

Proof. Let us treat p as

() = // MG(det)Jr/// zpf(dedfdt), A€eOxT,
A R\[0] x A

in relation to the Gaussian-Poisson mixture u& . Cf. (16)-(20) and Theorem
2.1. For all £ € Lo(f2), the non-anticipating integral representation has the
form

= Ef@//@mgoguc((wdt)69///(R\[ODX@XT@pup(d:cdﬂdt) (10)

which is here considered with respect to u“ as integrator Cf. Theorem 3.3.
For all those £ which admit the non-anticipating integral representation
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e=re+ ([ ouanan
= Ef@//@XT G(dodt) @ //@XTQD x p® (dx db dt)

with respect to u, the identity
0(0,1) = pc(0,t) = 27 pp(x,0,1),  (2,0,t) € (R\[0]) x O x T,

must hold for all the integrands ¢g and @p. Clearly, this identity can only
hold for all the different integrands ¢, ¢ p as elements of the corresponding
functional Lo-spaces (related to the measures o2 - M and L x M) if either
02=1,L=0o0r 0?=0and L is concentrated at the single point x € R\ [0],
with L(x) = x~2. In other terms it means that either y = u“ or y = zu”. Here
uF is the Poisson (centred) measure concentrated on the product [z] x © x T,
which can be identified with © x T. O

Let us now consider the cadlag processes of type

g(t)://@xw 1 ap(dodt), teT

(A C ©xT), for the stochastic measure p the values of which follow the
probability law (9). The jumps of the trajectories of these processes are

szf(twaw)*f(tw*(),w)» t, €T.

In relation to these jumps we can define the stochastic measure uf” = u'(A),
ACOxT: M(A) < o0, as

W) = Y F(p) = [ Llde) - M(2) (11)

to€T R\[0]
by means of the deterministic real function F' = F(x), « € R, such that
F(0) =0 and

|F(z)|PL(dz) < 00, p=1,2.
R\[0]

Here pf' is a homogeneous stochastic measure with independent values of form

uf A—/// dmd@dt) ACOXxT,
(R\[0]) x

where p? is the Poisson (centred) stochastic component of u. Accordingly we
have that the random variable pf' (A) has distribution characterized by

logEe" (4) = / (@ 1 —i\F(x))L(dx) - M(A), X€ER.
R\[0]
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To explain the statement above it is enough to observe that
F(lax) = F(x)1a(0,t), (z,0,t) € (R\[0]) x © x T,

and refer to the argument used in (16)-(19).
Now let us consider an orthogonal basis Fy, k = 1,2, ..., in the standard
(complex) space Lo(R \ [0]):

) 1/2
I E] 2o \[0)) = (/R\[O} || L(dﬂﬂ))

For each F}, one can apply the arguments above and define the stochastic
measures

pfe = pfe(dodt), (0,t) €O xT, k=1,2,....

Theorem 10. Let £ € Lo(£2). In the representation (10) the integral with
respect to the Poisson (centred) component u? can be written as

/// oppt (dzdodt) = Z // ot (dodt). (12)
(R\[0]) xOXT — JJoxr

Proof. The integrands ¢ p in the stochastic integral with respect to the Pois-
son (centred) stochastic measure pup are elements of the subspace

LIR\[0]) x @ x T x 2) C Ly(R\ [0] x © x T x £2)
in the standard Ls-space related to the integrator
L(dz) x M(dfdt) x P(dw), (z,0,t,w)e€ (R\[0]) x O x T x {2
- cf. (20) and (2)-(5). The elements of the form
F, - &: ol (OxTxN), k=1,2,..,

constitute a complete system in the above space. Hence, the orthogonal pro-
jections
Fk@ w:E(@(evtﬂmt)a (gvt)GQXTv

of the elements F}, - @, k = 1,2, ..., on the subspace L4((R\ [0]) x © x T x £2)
constitute a complete system in this subspace. Any linear combination of the
above elements is represented as the orthogonal sum

S @k Fi: gp € L0 x T xw).
k
Thus any integrand pp for uf” can be represented as the orthogonal series

oo
pp = Z@sﬁk - Fy,
k=1
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in LL(R\ [0]) x © x T x £2) and this yields the representation (12), i.e.

/ / / opp” (dzdodt) =Y @ / / / (¢n - Fp)ut (dzdbdt)
(R\[0]) X OXT 1 (R\[0]) x©@XT

Soo [ ewntasar,

k=1 OxT

as the standard orthogonal series (11) in Lo(£2). O

In the sequel we will introduce the non-anticipating derivative. Here we
would however note straightaway that the integrands in the representation
(12) are the non-anticipating derivatives ¢ = D€ of £ € Lo(£2) with respect
to the stochastic measure p, k =1,2, ...

We also would like to note that in the case the stochastic measure p has
no Gaussian component p%, i.e. u is following the probability law (9) with
0% = 0, then the representation (12) can be applied directly with pf1 = u
and with the pf* k = 2,3,..., given by (11). Here F; = z, x € R\ [0] and
Fy, k = 2,3,..., constitute an orthogonal system in La(R\ [0]). The same
arguments used in the proof of Theorem 3.5 lead to the following result. See
also [42].

Corollary 11. Let stochastic measure p follow the probability law (9) with
0% = 0. All the elements £ € Ly(£2) admit the following representation via the
orthogonal sum

=E 3 Fe(dodt) . u™ = p. 3
¢ g@kz_l@//mwku( B = (13)

4 The non-anticipating derivative.

4.1 A general definition and related properties.

Let us consider the non-anticipating integral as the isometric linear operator
I:
LEO X Tx Q)2 p=Ipc Ly(N),

on the subspace of the non-anticipating functions ¢ - cf. (2). In relation to
I, we can define the non-anticipating derivative as the adjoint linear operator
D=1*

Ly() ¢ = DEC LYO X T x ). (1)

Note that we have
|D|| = [[I]| =1

for the operator norm of the adjoint linear operators D = I*, [ = D*. It is
D¢ =0 for € orthogonal to all the non-anticipating integrals
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// pp(ddt), e LL(OxTxN).
OxT

Accordingly, for any random variable £ € Ly ({2), the non-anticipating deriva-
tive provides the best approximation

£ = / [ Deutanan 2)

to £ in Lo(£2) by non-anticipating integrals, i.e.

le—€| =  min / / ()
pELL(OXTx ) @x’]I‘

We obtain the following result - cf. [15] and [14], see also [22]. We can also
refer to [52] for some results in this direction in the case of the Wiener process
as integrator and to [45] for the space-time Brownian sheet.

Theorem 12. For all £ € Lo(S2), the non-anticipating differentiation can be
carried through via the limit

. 1
€ = lim ZE[ME (- ma)fa)] 14 (3)
in L(6 x T x §2). Here the sum is on the n'"* -series sets A C O x (s,u] of

some (which can be any) partition in © x T - cf. (3).

Proof. In the representation

¢=¢° 69//Mrsou(d9dt)

with ¢ = D¢ - cf.(2), the component ¢° is orthogonal to all the non-
anticipating integrals (thus D¢? = 0). This implies

E((IAM(A))fO) =0, ACOXx(sul, Aec,

- cf.(3), thus it is E(£Y - u(A)|As) = 0. With the use of

// p(do dt)- ’2{) 7E // o M(df dt) ‘2{) ACOx (s,
@><’JI‘

- ¢f.(6) and (7), we can see that the limit (3) for ¢ = D¢ is identical to
the limit of the approximations ¢, n = 1,2..., characterized in (24) - cf.
Theorem 1.3. O

Example 4.1. Let p be the mixture of the stochastic measures u* = p*(A),
AC O xT, k=1,2,..-cf (10). Then, whatever £ € La({2) be, the non-
anticipating derivative D¢ is
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D= ®Dillo,xt
k

where, for any k, Di€ is the non-anticipating derivative with respect to the
measure f*.

Example 4.2. For a general p following the law (17), the non-anticipating
derivative of the element & € Ly(2):

§=DEDY oI,

p=1

can be determined by the formula

Dg:Z@Ip—1¢p(‘707t), (a,t) €O xT.
p=1

4.2 Differentiation formulae.

The random variables £ € Lo (£2) are functions of the values u(A), A C O T,
of the stochastic measure. In fact the elements £ are measurable with respect
to the o-algebra 2 = g« generated by the values of i - cf. (12). Let us now
turn to the £ which can be treated as functions of a finite number of values
wu(A4), A C O x T. Any such random variable admits the representation

§:F(§17"'7£m) (4)

as a function of the values & = u(Ag), K = 1,...,m, on the appropriately
chosen disjoint sets Ag, k=1,...,m, in @ x T. Of course, the representation
(4) is not unique. So, for any finite number of any particular group of disjoint
sets

A, COXT: M(Ay) <o, k=1,...m,

we consider £ = F - cf. (4), for the functions

F:F(§17"'7§m), (517---751’71) ERma

which are characterized as follows. First of all, we assume that F' € C1(R™),
and we write

L F( ), xz#0,
O F = { 9%
’ {i[F(~--7£k+x,---)—F(---,fk,--)], x =0.

According to the characterization of the stochastic measure p by the infinitely-
divisible law - cf. (17), we define
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m
k=1

+/ a,waQL(dx,G,t)] 1, (0,t), (0,t) €O xT, (5)
R\[0]

for the elements £ = F' of the type above. And we assumed that
D¢ = Df(@,t), (Q,t) €O xT,

satisfy the condition

Il =3 [[ [1eeri? - o*e.)
k=177 2%k
+/ |0 F||? - 2> L(dx,0,t)| M(dfdt) < co. (6)
R\[0]

Hence we have in particular that DE € Ly(£2 x © x T), since

D], < [[IDE]Il- (7)

The following result was first published in [18].

Theorem 13. The non-anticipating derivative of the random variable £ = F
of type (4) defined by the limit (3) can be computed by

De@,1) = E(Dg(@,t)|2lt), (0,t) € 0 x T. (8)

Proof. The proof is subdivided in several steps in which the statement is
shown for more and more general random variables £, see steps A, B, C.
Finally an appropriate approximation argument leads to the conclusion, see
step D.

A. Let us take £ = F = F(§;,...,&n) with

F(&1, .. ) = € 2k=1 kb MeR, k=1,.,m) (9)
into account. In this case formula (5) gives

§i [z)\ka

k=1

—|—/ (ei)"“”” — 1)z L(d, O,t)] 1a,(6,t), (0,t) €O xT.
R\[0]

We consider & = u(Ag), k = 1,...,m, with the disjoint simple sets Ay, k =
1,...,m. Then, for n — oo, any set A C @ x (s, u] of the n*-series of the (3)-
partitions either belongs to some Ay or it is disjoint with all Ag, k=1, ..., m.
In this last case we have
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E (¢€(A)R0a)) = € B p(4) =0
- cf.(27). Otherwise, if A C Ay, for some k, it is
B¢ u(A)[2a() = e e B (u(A)e ()
=e A peiten(4) / / [iAko™(6,1)
A

+ / (e"* —1)a L(dz,0,t)| M (dbdt)
R\[0]

:E( //A DEb, 1) M(db dt)|9lm[).

According to Theorem 1.4 the stochastic function DE admits the representa-
tion

. 1
D¢ = nlLH;oZ ME<§ : H(A)‘Q‘]AOlA (10)
as a limit in La(§2 x © x T). Here the sum refers to all the elements of the
same n'" -series of partitions of @ x T. By use of an appropriate sub-sequence
we have convergence in Lo(f2) for almost all (0,t) € © x T:

1
DEO,0) = lim s (g.u(A)}ms), 0,) € A

and

Dg(6,1) = lim. ﬁfs(g-umn%[), 8,1) € A

for A C O x (s,u]: A > (0,t). Moreover taking t~ < ¢, we obtain

E(Dg(@,t)ptr) = lim ﬁ]ﬂ(@m)mr) - E(Df(ﬂ,t)p[ﬁ).

Let t— — t in the above relations then we have

DE(6,t) = E(DE(0, 1)) = lim E(DE(6,1)[2,-)
= lim E(DE(0,1)|2,-) = E(DE, 1)),

t——t
since lim;-_,; ;- = A - cf. (16). Thus, formula (8) holds for { = F with F
of form (9) and the & = u(A) with Ag, k = 1,...,m, as disjoint simple sets.
B. Indeed the above result holds for any group of measurable disjoint sets
Ay, ..., A,,. In fact it is enough to apply an approximation argument with
A = lim, o A,(cn), k = 1,...,m, by disjoint simple sets A,(cn), k=1,...m
(n = 1,2,...), such that pu(Ag) = lim, ,u(Agcn)) holds true in Ly(£2) and
for almost all w € £2. Cf. (6) and (8). Accordingly for £ and €™ of type (9)
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with &, = pu(Ax), k= 1,...,m, and §,in) = ,u(AEC")), k =1,...,m, respectively
we have also ¢ = lim,_. £ in Ly(£2) and

D¢ = lim DEM™ . D¢ = lim DEM (11)

n—oo n—o0

in Ly(@ x T x §2). Thus

DE@b,t) = E (Dg(a,t) |mt)

for almost all (0,t) € © x T, i.e. formula (8) holds for D¢ as the element in
LI(© x T x 2) C Ly(O x T x N2).

C. Clearly, formula (8) is valid for all £ = F which are linear combinations of
functions (9) with &, = p(Ax) on disjoint measurable sets A, k = 1,...,m.
D. The formula (8) can be extended on all the functions characterized in the
scheme (4)-(7). Let us define the scalar functions

m
D¢ =Y OFF - 14,
k=1

on the product space R x A x 2: A = Y ;" | Ay, equipped with the finite
product-type measure

Lo(dz,0,t) x M(dfdt) x P(dw), (z,0,t,w) € R x A x {2.

Here Lo(dz,0,t), (0,t) € © x T, is equal to o%(0,t) at the atom z = 0 and to
22L(dz,0,t) on R\ [0]. The functions

D¢ = DE(x,0,t,w), (z,0,t,w) ER X A X (2,

are elements of the standard space La(R x A x £2) with norm

|D¢]| . == <///JR><A><Q IDE|2 Lo(da, 0, ) x M(dOdt) x P(dw))l/Q.

We have
D¢, = [1IDE]]|

for
D¢ = /DfLo(dx,O,t), (0,t,w) € A x .
R

Cf. (5)-(7). The key-point of the approximation argument which will be ap-
plied is that, for ¢ = F and £ = F(") n = 1,2, ..., the convergences

[ -6 —0 and |DE-DEM|, —0, n— o, (12)

imply the limits
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D¢ = lim D€M™ and D¢ = lim DE™
n—oo n—oo

in Ly(@ X T x £2). Note that in the coming considerations, we apply dominated
point-wise with the appropriate corresponding majorants in order to prove the
convergences (12). To simplify the notation, we give the proof in the case k = 1
(m =1), i.e. for & = p(4y).

For F' € C§°(R), the convergence (12) holds with (™ = F() given by the
partial sums F(") = &, (F) of the Fourier series of F on [&| < hy, (h, — 00,
n — 00). In fact note that, for n — oo, we have

FFM .= 92, (F) = &, (07 F)

whatever z € R be. Next, for ¢ = F: F € C}(R) the convergence (12) holds
with £ = F();

FO) o g, = / F(&1 — 21)0n(21)d21 € C(R)
R

with d§,, € C§°(R) as the standard approximations to the delta-function. Here

we have

FFM .= 9 (F %4,) = (OTF) % 6,, n=1,2,..
In general, for ¢ = F: F € C'(R), the convergence (12) holds with £ =

F™ as the truncations F™) = F - w, € C}(R). Here w,, is an appropriate
approximation w,, € C}(R) of the unit. Note that

FFM = §(F -wy,) = (OFF) - wy, + F - (0%w,), n=1,2,... O

Example 4.3. Let p be a mixture of the Gaussian stochastic measure on
Oy x T and Poisson (centred) stochastic measures (multiplied by the different
scalars © # 0) on the corresponding space-time products ©, x T. So, p is a
stochastic measure on the space-time product

QXT:(Q()XT)UZ(QIXT)
x#0

- ¢f. (10). For ¢ = F as a function in C'(R™) of the values & = u(Ag),
k =1,...,m, on the disjoint sets Ay, k =1,...,m, in © x T, the formula (8)
can be written

DE= " [0 F 1oy + Y 0 Flo,xr| - 1ag.
k=1 z#0

Remark 4.1. The formula (8) is in general not valid if in £ = F' the function
F is evaluated on values of p which are not on disjoint sets.
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5 The anticipating derivative and integral.

5.1 Definition and related properties.

Following the discussion of the previous section we can now turn our attention
to all the random variables £ = F' where F is a linear combination of the ran-
dom variables considered in the scheme (4)-(7). Also these linear combinations
fit the scheme (4)-(7). Moreover we write

domD C Ly(R) (1)

for the linear domain of all elements in Lo (§2) of the type £ = F characterized
in (4)-(7), plus the limits & = lim,, o, £ in Ly(2) of the above type elements
€M n=1,2, ..., for which the corresponding limits

D¢ = lim DeM™

n—oo

exist Lo(© x T x (2).

Note that whatever the representation £ = F' (4) be, the corresponding
stochastic function D¢ is a unique well-defined element of L2(© x T x (2).
Moreover, we obtain the following result. See [19].

Theorem 14. For all £ € domD, the stochastic functions DE are given by the
well defined closed linear operator D:

Ly(£2) DdomD > ¢ = DE € Ly(O x T x (2), (2)
with domain domD dense in Lo(f2).

Proof For some (which can be any) partitions of © x T, let us fix a family
of the elements in Ly ({2) which are of type (9) with the p-values taken on
disjoint simple sets in © x T. Any linear combination of these elements admits
the representation

5 = F(glv agm)

with F' as linear combination of the different elements
@Xim M g = (A, k=1,...,m,

Accordingly, we can see that for all these linear combinations the correspond-
ing formula (5) is given by the limit

. 1
D¢ = lim ) mE(éu(mmm)lA (3)
taken in Ly(© x T x §2). The sum is here taken on the sets A of the n"-

series of the partitions of © x T. Cf. (10). Clearly, this limit defines the linear
operator D:
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domD 3¢ = DE € Ly(O x T x £2) (4)

on the linear domain domD C Lo(f2). Let us show that this linear operator D
is closable. Let Ay C © x T be a simple set and g - 14, be a simple function
the element ¢o € Ly(f2) as Aja,-measurable values on Ag. The limit (3)
implies that

J[| Elleota)pe]artasat

= lim Y ElpoE(Eu(2)|Ma))] = E[(pon(20))E]. (5)

n—oo

ACAo

Hence, for the elements ¢ = F™ n = 1,2,... in domD such that
lim, o0 €™ = 0 in Ly(2) and lim, .o DEM™ = ¢ in Ly(O x T x ), we

have
// {(’:0 ' 1Ao) - | M(dfdt) = 0.
OxT

The considered simple functions ¢g - 14, constitute a complete system in
Ly(OxTx{2). Cf. Theorem 1.4. Hence, the above equation implies that ¢ = 0.
Thus the linear operator (3)-(4) is closable. Hence it admits the standard
extension on all the random variables £ = F as functions of the type (9)
involving all the disjoint sets A C @ x T: M(Ag) < oo, k = 1,...,m. Cf.
(11). The next standard extension of the closable linear operator (3)-(4) up
to the closed linear operator (1)-(2) is done by approximation arguments with
respect to the limits (11)-(12), see the proof of Theorem 4.2. O

Note that formula (8) holds for all the elements £ € domD in the domain
of the closed linear operator (1)-(2) and, to repeat, it is

DEO,t) = E [Dg(o,t)mt}, (0,1) € © x T. (6)

According to this relationships with the non-anticipating derivative D, we call
D the anticipating derivative.

Remark 5.1. In general, the formula (5) for the anticipating derivative DE
of the random variable (4): £ = F' as a function of the values of u, is non valid
if these values are taken on sets in @ x T which are not disjoint.

In addition to the scheme (4)-(7), let us consider the functions & =
F(&, ..., &) with F € CY(R™) and where &, k = 2, ..., m, are the stochastic

integrals
& = // Prep(de dt)
OxT

with the deterministic integrands ¢ having the disjoint supports A, =
{(0,%) : ox(0,t) # 0}, k =1,...,m. We introduce the stochastic functions
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Z (g o0, + / OrF a2 L{dz, 0,)| 14, (0,4), (0,8) € O xT.
k=1 R\ [0]
(7)

with a new definition for the functions
8 F': %F("'7§k7"') wk(07t)7 "L‘#O7
k LIF(s & +20(0,1), ...) = F(oors iy )], 2 =0.

The stochastic functions D¢ introduced above satisfy the condition (6)
with the newly defined components 0; F, k = 1,...,m. In this setting Theorem
5.1 implies the following result.

Corollary 15. The elements £ = F € Lo(S2), defined here above belong to
domD and the formula (7) represents the anticipating derivative DE.

Proof. In the case F' € C}(R™) and the integrands ¢y, k = 1,...,m, are linear
combinations of indicators of the disjoint sets A, j =1,....,mg (k =1,...,m),

ie.
my
o= cik-lay,,
Jj=1

the formula (7) gives the anticipating derivative D¢ of £ = F(&1,...,&n) as
function of ;1 = u(Ax), 7 =1,....,mg (k= 1,...,m). Cf. (5). By standard ap-
proximation arguments with respect to the limit (12) - cf. also (1), formula (7)
admits extension on all elements characterized by the condition (6) involving
the newly here above defined components 0f F, k =1,...,m.

Example 5.1. Let IPp,, p = 1,2, ..., be the Itd p-multiple integrals with re-
spect to a general stochastic measure y in the scheme (3)-(5). The anticipating
derivative is

DIPp, = I""'¢,(-,0,t), (0,t)€O xT,

with the integrands
P
p = Zgop(...,ﬁ,t,
j=1

depending on (6,t) € © x T as parameter. The couple (6,t) comes in at the
place of the corresponding couples (6;,%;), j = 1, ..., p. Here we have

D€L, =2 €ll, p=1,2,....

All the elements
€= 0&:  L=E & =10, p=0,1,..,

with
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0
Y plél? < oo
p=1

belong to the domain domD of the anticipating derivative and
D=3 oI' g, (8)
p=1

See e.g. [16], [19].

Example 5.2. For p as a general Gaussian-Poisson mixture, the elements
& € domD characterized in Example 5.1 represent the whole domain domD.
A key-point to show this is that, for all random variables of the form & =
e Zk=1 M8k - f. (9), the approximations

€= lim ¢9, D¢ = lim DY
q—00 q—00

hold with the polynomials

q m

¢l = Z ( Z)\kfk)p € domD, ¢g=12,..,

)
p=0 k=1

of the values of p. Cf. Theorem 3.2 and Theorem 3.3.

The anticipating derivative (1)-(2) and its relationship (6) with the non-
anticipating derivative can be regarded as in the same line as the Malliavin
derivative [38] and the Clark-Haussmann-Ocone formula [7], [23], [43] within
the stochastic calculus for the Wiener process. Here we would like also to
vefer to e.g. [1], [2], [4], [9], [12], [20], [21], [32], [37], [40], [41], [44], [46], [48],
[47] and references therein, for some further developments of the Malliavin
calculus with respect to the Wiener process and the Poisson process and
Poisson (centred) random measure. See [35] for some results in the case of
Lévy processes.

5.2 The closed anticipating extension of the Itd6 non-anticipating
integral.

In this final section we present some results of anticipating calculus. In the
framework of Wiener processes, we have the Skorohod integral [50] as the
adjoint operator to the Malliavin derivative Similar arguments can be achieved
in the case of Poisson (centred) random measures. We can refer e.g. [12], [29],
[31], [40], [41] and references therein.

Here as usual in this paper we consider a general stochastic measure of
type (17) on © x T. See [19], see also [17].

Theorem 16. The closed linear operator J = D*, adjoint to the anticipating
derivtive (1)-(2):
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L@ xTx 2) DdomJ 39 = Jp > Lao(f2) (9)

Jp = // o p(df dt)
OxT

of the Ité non-anticipating integral on all the stochastic functions ¢ in the
domain domJ of J dense in Lo(© X T X (2).

represents the extension

Proof. The key-point of the proof is equation (5) which can be extended by
the standard approximation arguments to hold on all the simple functions of
the form -1 4 with 2 y-measurable values ¢ on the indicated sets A C © x T:
M(A) < o0, ie.

// E [(w- 1A)~D£}M(d6dt) - B [(w-u(A)) -5}, ¢ € domD. (10)
oxT

The linear combinations of the above type simple functions are dense in
L2(6© x T x £2). Cf. Theorem 1.4. Equation (10) shows that the simple func-
tions ¢ - 1 belong to the domain domy of the adjoint linear operator J = D*
and that

J(p-1a) = - pu(A). (11)

Clearly, J coincides with the non-anticipating integral I on the non-antici-
pating simple functions and also on any non-anticipating function thanks to
the limit

o= lim o™ ie. |o—¢™|L, —0, n— oo,
n—oo

in Ly(© x T x £2) of the non-anticipating simple functions (™), n = 1,2, ....
The corresponding limit
Ip = lim Io™ = lim Jo™
n—oo n—oo

in Ly(f2) implies that ¢ belongs to the domain of the closed linear operator
J and that Jo = Ip. Cf. (3)-(4). O

In relation to the anticipating derivative D, we call J = D* the anticipating
integral. Note that D = J* is the adjoint linear operator to J. Cf. the duality
D = I* for the non-anticipating derivative D and the It6 non-anticipating
integral I = D*.
Example 5.3. In case p is the Gaussian-Poisson mixture, the anticipating in-
tegral J can be completety characterized in terms of the multiple It6 integrals
1Py, p = 2,..., and the anticipating derivatives

DIPp, = I’ 14, p=1,2,...
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Cf. Example 5.1 and Example 5.2. Namely, the domain domJ consists of all
stochastic functions admitting the representation

p=¢"® ) @Ds,

p=1

o0
§p _ [p@p’ p=1,2,... such that Zp2||£p”2 < 0.
p=1

Here the components (° are orthogonal to the range of the anticipating deriva-
tive D. Correspondingly, we have

Jp = @®py.
p=1

See [16], [19].

Remark 5.2. In general, for an integrand of the form ¢-1 where its value ¢
on A C @ x T is an element in Ly(§2) which is not 2 o-measurable, it occurs
that

J(p-1a) # - pu(Q).

To illustrate we can mention that
3 (1(4) - 14) = p(A)? — M(4),
if p is Gaussian, and
3 (u(A) - 1a) = p(A)* — p(A) — M(A),

if v is a Poisson (centred) stochastic measure. Remind that u is of the type
Epu=0, Ey?> = M.
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