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Unified setting for:

e Modular Hecke alge.bra“ (Con nes—MOoOSCOViCi)
e Spectral realization of zeros of ¢(s) (Connes)

e Bost—Connes system with arithmetic spon-
taneous symmetry breaking

e NC boundary of modular curves (Manin-M)

~5 NCG R Class Field Thaory



Q-lattices (A, ¢) Q-lattice in R

lattice A C R™ 4 labels of torsion points
¢:Q"/Z" — QA/N
group homomorphism (invertible Q-lat is isom)

o
general case
!T]e c'

Commensurability

(A1,01) ~ (A2, ¢2)
iff QA1 = QN> and

®1 = ¢2 mod A1 + Ao

® O o o o

® o o o o
e o o o o

Q-lattices / Commensurability = NC space
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KMS states ¢ € KI\/ISﬂ (0 < B < o0)
Va,b € A 3 holom function Fj 3(2) on strip: vt eR

Fa,b(t) = p(ao(b)) Fa,b(t + iB8) = (ot(b)a)

F(t) = ¢(ac (b))

Ground states (B= o0, T=0)

At T > 0 simplex KMSg ~» extremal &3
(Points on NC space A)

At T = 0: KMSy = weak limits of KMSg

poola) = ﬂleoo pg(a)



Quantum Statistical Mechanics

A = algebra of observables (C*-algebra)

State: ¢ : A — C linear
p(1) =1, ¢(a*a)=0

Time evolution o € Aut(A)
(rep on Hilbert space H)

d
Hamiltonian H = leﬂtlt—.:o

Equilibrium state (inverse temperature 8 = 1/kT)

Tr(ae)  2(8) =Tr ()

1
Z(B)



Symmetries

~> action» on g/g

* Automorphisms G C Aut(A), ge, = otg

Mod Inner: 4 = unitary  oy(u) =

a — uau*
& A — 4 X-an
» Endomorphisms
For v(e) # 0

POt =otp e = p(1)

1
wop
@(e)

Isometry  oy(u) = \ity,

P (p) =

Mod Inner: o =

Action: (on &.: warming up/cooling down)

" (7p(a) e—PH
Wa(e)(a) = Tr{;:_i(e_)ﬁH) )




The Bost—Connes system

J.B. Bost, A. Connes, Hecke algebras, Type HI fac-
tors and phase transitions with spontaneous symmetry
breaking in number theory, Selecta Math. (1995)

r € Q/Z ~ “phase operators’ e(r)
Fock space e(rln) = a (X))

Cajp = (¢ abstract roots of 1 embedding o Qe s C
Optical phase: |0mN) = e(ﬁﬁ) . uy superposition of

occupation states vy = gy Lnmo )

n € NX = Z+o ~ changes of scale un

e (rly = = 3 es)

ns=r




1-dimensional Q-lattices
(A, ¢) = (AZ,xp) A>0
p € Hom(Q/Z,Q/Z) = imZ/nZ =7

Up to scaling \: algebra C(Z) ~ C*(Q/Z)

Commensurability Action of N*
an(f)(p) = f(n"'p)

Cwy t» Sc...ﬂr.)
1-dimensional Q-lattices / Commensurability

= NC space C*(Q/Z) x N*
| ’bo\*-comww



Hecke algebra A= A4

(Mo, M) = (Pz,PQ) ax + b group
f:To\l'/To— C (or to Q)

(fr*xf2)() =Y AT f2(01)

Mo\l
) =07

Regular rep £2(I"g\lN) = von Neumann alg
~» time evolution -

v € Z,I L(v) = #Tovy and R(y) = L(v™ 1)

’ L\
WD = (53] 1)

ot(pn) = n"un  oye(r)) = e(r)

s st. shbh °

£
¢ ()= ) e 5> kNS,
{\ Sre ;‘f \.rtJ-

e
{7 2y 0y



Representations Hilbert space H = £2(NX)

o € 7* = GL1(Z) < embedding a : Q¥ — C
rale(r)) e = a(GF) e

Ta(pn) €k = €nk

Hamiltonian H e, =109 k ¢

Z() = Tr (™) = S K8 = ¢(8)
k=1

Partition function = Riemann zeta function
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Structure of KMS states (Bost—Connes)

e 3 <1 = unique KMSg state

e 3>1=E3= 7* (free trarisitive action)

©ga(T) = ——(——35 Tr (wa(:c) e"ﬁH)

¢ 3 = co Galois action 6 : Gal((@cyd/’@)—% 7*

vy () = p(0(7) x)

Vo € Eao V7 € Gal(QW/Q)
~and Vz € Ag (arithmetic subalgebra)

p(Ag) C Qe
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NCG and class field theory

K = number field [K : Q] = n, an algebraic
closure K ~» group of symmetries Gal(K/K)

Max abelian extension Kab:

Gal(K% /K) = Gal(K/K)*

Kronecker—Weber: K = Q
Q® = QW< Gal(Q*/Q) ~ Z*

Hilbert 12th problem (explicit class f’iéld theory)
Generators of K@ + action of Gal(K“b/K)
Solved for: Q and Q(+/—d) (imaginary dﬁadratic)
Question: Can NCG say something hew? ‘

(at least for real quadratic Q(v/d))
12



Bost—Connes system ~ Kronecker—\Weber

Jdelic description:  A;=Z®Q and A= Ay xR

oo =~ GL1(Q\GL1(A)/RY

Number field K with [K: Ql=n
K* — GL—n(Q)

— Seek extension of Bost—Connes system to
GLn(A)

GL, case ~» Modular curves, modular forms

(A.Connes, M.M. Quantum Statistical Mechanics of Q-

lattices)
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>-dimensional Q-lattices
(A, ¢) = (NZ+Z1),p)

\eCr 7 eH, pe Ma(Z) = Hom(Q?/Z2, Q?/Z7)

Up to scavle A e C* and isomorphism

My(Z) xH mod T = SL(2,7Z)

Commensurability action of GL*Q"(Q) (partiany

defined)
= NC space

Functions on |
U=1{(gpz2 € GLT (Q)xMa(Z)xHilgp € M(2)}

invariant under " xI™ action (g,p,2) — (fylgfyz"l,fygz)

5 Zfﬂl&'m @’MM 14
UL 50,0 € GUL@MZ)x GILCR) « gpehe

Ui ¥ up fo gealing



‘n"‘, lbut Q% acfeo
MGM’M‘V\'J ?ﬁ«k;&‘m 'R,, /@ n
fo-y (=2, /N ey A mfyfwd a.u.fa-yu)

Hecke algebra A= A

convolution product |
(fl*f?)(gap’ Z) = Z fl(gs—l,sp,s(z))fg(s, P, Z)-

s€M\GLF (Q):-speMz(‘%)"

f*(g,p,2) = f(g71,9p,9(2))

Time evolution:

o+(f) (g, p, 2) = det(g)™ f(g, p, 2)

Hilbert spaces: for p € M2(Z)

Gp={g € GLE(Q) : gp € Ma(D)}

Hp = £2(T\Gp)
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Representations:

= (A, ¢) = (p, .z) gives representation on Hp:
rL(HE) (@) = S flgs™tsp,s(2))€E(s)

s r\Gp

L = (A, ¢) invertible = H, = £2(M\ M5 (Z))

Hamiltonian

H e, = logdet(m) em

= positive energy

Partition function  o(k) =2 4 d

2(B) = Tr (e PH) = Z det(m)~?

me F\M (Z)

o0

=Y o(k) kP = ¢(B)¢(B - 1)

k=1
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Structure of KMS states GLo-system

e 3 <1 No KMS states
e 1 << 2 Unique?

¢ 3>2 = £3= GLa(Q\GL2(A)/C*

wg,L(f)=E(}5—) > F(1,mp,m(z)) det(m)™P

mEF\M;(Z)
L= (p,z)
(Hard to show: all ¢ € &g of this form)

Two phase transitions
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Symmetries 2 < B<

GLa(A[) = GLF (Q)GL(Z) acts on A2

° GLéZ) by automorphisms (deck transformations

of coverings of modular curves)

o K

0,(f)(g,p2) = f(gmz)

¢ G.L_Q‘—(Q) by endomorphisms

(G pl,2) pemMaA(D)
oD@ ) = 20 p € m Ma(Z)
0 otherwise

= det(m)m~?!
Q* — GLa(Ay) acts by‘i:nner
= 'S — Q*\GL2(Ay) symmetries on €

Action of GLF (Q) on &co: warming/cooling
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Arithmetic subalgebra

(Bost—Connes case):

Look back at Ag = A1,Q
lattices

s functions of weig ht zero on 1-dim Q-

6k,a(/\a ¢) = Z 'y_ik
yeN+o¢(a)

homogeneou

normalized by covolume ég.q.-— ck €k 0
|A| covolume with (2ny/—1)e(Z) = 1)

(c(N) ~
GLo, case Ag = A2,Q Eisenstein series
Eok o\ @) = > y =2k
yeN+¢(a)
and

XAD= S v -y y;_‘fz

yeN+¢(a) yeN
normalized to weight zero

= Modular functions
19
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The modular field

Weierstrass gp-function:
parameterization w — (1, p(w; 7, 1), 2p(w; 7, 1))
of elliptic curve y2 = 4x3 — go(7)z — g3(7) by C/(Z + Z)

Fricke functions: (homog weight zero) v € Q2/Z?2

o) = ~2 BB (0. 0); 2, 1)

A(z) = g3 — 27g3 discriminant, Az(b) = v12 + V2
Generators of the modular field F
(Shimura)  Aut(F) =2 Q*\GLo(Ap)

+ € H generic = evaluation f — f(71)
~ embedding F' — C image F’:

6 - Gal(Fr/Q) = Q"\GL2(Ay)
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Galois action on £x

State ¢ = po,1, € Exo (L = (p,7) generi

0, : Gal(Fr/Q) — @*\GLQ(Af)

Op(7) = p~t6r (V) p
@ = Yoor With £ = (p,7) uvesrblls R-Latorn

o dic
O

Vf € Ay g and Vv € Gal(Fr/Q)
vo(f) = e(Bp(Vf)

‘P(AQ,(Q) C Fr
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Shimura varieties: Sh(G,X) = GQ)\G(Ay) x X

Sh(GLy, HE) = GL2(Q)\GL2(Ay) X H*

= GLF(Q)\GL2(Ay) x H = GLF (@)\GL2(A)/C”

Components: wo(Sh(GLQ,Hi)) = Sh(GL1,{%1})
Sh(GL1, {£1}) = GL1(Q\GL1(Ap)x{£1} = Q7 \A]

Commutative pts of NC space GL1(Q)\A; Bost—Connes

A=~ Co(Af) x QY “Morita equiv

todular curves: Sh(GLy, H¥) = adelic version
of modular tower

lim MH congruence subgroups rcSL(2,Z) ~
congr subgr in SL(2,Q) ~» components Sh(GLo, H*)
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NC Shimura varieties

Bost—Connes system:
Sh{m) ({41}, GL1) := GL1(Q)\(Af x {#1})
= GL1(Q\A/RY

A=A xR*

Com péctification:

Sh(re)({£1},GL1) = GL1(Q\A/RY

Dual space (crossed product by time evolution o)

L= GL1(Q\A — GL1(Q\A/RY
R -bundle
Spectral realization of zeros of ¢ (Connes)

1-dim Q-lattices (not up to scaling)
mod commensurability

23



GLo-system:
Sh(nO) (HE, GLy) := GL2(Q)\(M2(Af) x HF)

Compactification:
Sh(n) (HE, GL,) 1= GL2(Q)\(M2(Ay) x PH(C))

= GL(Q)\M2(A)/C*
P}(C) = H* UPI(R)

— Adding NC boundary of modular curves

Dual system: C*-bundle GL>(Q)\M2(A)
Modular forms (instead of modular functions)
= Modular Hecke algebra (Connes——l\/loscovici)

Compatibility:
det x sign : Sh(H*, GLy) — Sh({#+1},GL1)

passing to connected components 7o
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Class field theory K = Q(v/—d)

r € H CM point K= Q(r)

Evaluation F — Fr C C not embedding

Fr, ~K*® {f(r), f € F} generators

Galois action .
1 —K*—GL1(Ag f) = Gal(K**/K) —1

l

1 Q* GL2(Ay)
AK,f = Af R K

Aut(F)——1.

=>,§pecialization of GLo-system at CM points
~» CFT for K= Q(7) |

What about Q(v/d) 77
NC boundary of mod curves in S’h,("c)(IH[i GL2)
(Manin's real multiplication program)
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