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1 Introduction

We are here concerned with the following stochastic differential equation in
the Hilbert space H = L?(0,1),

dX(t,§) = DEX(t,€)dt + (X (t,£)dW (t,€), t =0, £€[0,1],
X(t,0)=X(t,1)=0, t>0, (1)
X(0,8) = (), weH, el0,1],

where ¢ is a real function of class C? bounded together with its derivatives
of order less or equal to 2 and W is a cylindrical Wiener process in H (see
below for a precise definition). Existence and uniqueness of a solution of (1)
are well known, see [16], [7]. Let us denote by R; the corresponding transition
semigroup,

Rt@('ﬁ) = E[@(X(tax))]v t>0, ze€H, (2)

where ¢ is a real bounded Borel function and X (¢, z) is the solution of equation

(1).

The Kolmogorov equation corresponding to (1) reads as follows,

() = % Tr [02(2) e (£, )] + (Az, un(t,2)), ¢ >0, z € D(A), (3)
u(0,z) = p(x), x€ H,

where A is the linear operator,
Az =D, € D(A)=H*0,1)NH}(0,1),

and for any x € L?(0,1) the symmetric Nemitskii operator o(x) € L(L?(0,1))
is defined by
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[o(2)y)(€) = g((€))y(€), y € L*(0,1), £€[0,1]. (4)

There is an increasing interest on infinite dimensional Kolmogorov equations,
see the monographs [15], [5], [13], [8] (and references therein) and the papers
[11,17], [2], [3]

In particular, in [13] the case when the noise is additive is mainly con-
sidered with the exception of chapters 6 and 7. More precisely, Chapter 6 is
devoted to Holder continuous perturbations of the infinite dimensional Heat
semigroup, see also some recent developpements in this direction in [2] and
[3]. In chapter 7 of [13] the case when coefficients are of class C? is consid-
ered. Notice that in equation (1) the multiplicative noise can be written as
o(x)dW (t) where for any = € L?(0,1) the operator o(z) € L(L?(0,1)) is op-
erator defined by (4). Thus, in spite of the fact that g is C?, the mapping
o(x) is only once Gateaux differentiable (except when g is constant). So, the
method in [13, Chapter 7] does not work and some new technique has to be
used.

The first main result of the paper is that if ¢ € C3(H) there is a smooth
solution of (3), see Theorem 13. It is well known that a candidate for the
solution of (3) is given by

u(t, z) == Rip(x) = E[p(X (¢, z))], ()

where R; is the transition semigroup defined by (2). So, the proof of existence
of a solution of (3) will consists in showing (by justifying the chain rule) that
u(t, r) is twice differentiable, that the trace of 02 D?u(t, x) is finite and that
equation (3) is fulfilled. However, these computations are not straightforward
since o is neither regular nor of trace class. This idea was applied in the case of
reaction—diffusion equations with additive noise, see [6] and in the completely
different situation of Navier—Stokes equations with additive noise, see [9].
We notice that the regularity we get for the solution of (3) is not enough
to apply the It6 formula and so, to prove the uniqueness of a smoth solution
of (3). This would require an additional job which we plan to make in a future

paper.

In the second part of the paper we assume that 1/g is bounded so that
there is a unique invariant measure p, see [16]. We study here the Kolmogorov
equation (2) in the space L?(H, ). It is well known that the transition semi-
group R; can be uniquely extended to a strongly continuous semigroup of
contractions in L?(H, u). We shall still denote by R, this extension and by L,
the infinitesimal generator of R;.

As a second main result of the paper we construct a core I" for the gener-
ator L, consisting of regular functions and show that on I" the operator L,
is in fact a differential operator given by

Lup(x) = % Tr [0 (z)D?*¢(x)] + (Ax, Dp(x)), =€ D(A), pel.
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As it was pointed out in several previous situations, see e.g. [8] and references
therein, to have an explicit expression of L, on the core I" allows to prove
easily the so—called “identité du carré des champs”,

1
[ Lwedi=—3 [ lo@Deldn, ¢ e DL, ©
H H

Using (6) it is possible to prove that the derivative operator is closable in
L?(H,p). This allows to define the Sobolev space W12(H, ) and to show
that the domain of L, is included in W12 (H, p).

Finally, we prove the Poincaré inequality, by generalizing a result proved
in [10] in the case of additive noise. As a standard consequence we obtain the
spectral gap of L, and the exponential convergence to equilibrium of R;.

It would be interesting to consider the more general problem,

dX(t,€) = (DEX(t,€) + f(X(t,€)))dt + (X (t,€))dW (t,€), € € [0,1],
X(t,0) = X(t,1)=0, t>0

X(0,§) ==(§), zeH £€[0,1],

(7)
where f is a suitable real function. However, problem (7) does not seem to
be a straightforward generalization of (1). It will be the object of a future
research.

1.1 Notations

We denote by H the Hilbert space L?(0,1) (norm | - |, inner product (-,-)).
When there is the danger of confusion between the norm and the absolute
value of a function x we shall write |z|z2(o,1) instead of |x|. Moreover L(H)
(norm || - ||) will represent the Banach algebra of all linear bounded operators
in H and Ly(H) (norm || - ||, z)) the space of all trace class operators in H.
We recall that

|IT|| =sup{|Tz|: x€ H, |x|=1}, T € L(H).

For any Hilbert space K (norm |-, inner product (-, -)), we denote by Cy(H; K)
the linear space of all continuous and bounded mappings ¢: H — K.
Cy(H; K) endowed with the norm

lllo = sup lp(x)], ¢ € Cy(H; K),

is a Banach space.

Moreover C}(H; K) will represent the subspace of Cp,(H; K) of all func-
tions ¢: H — K which are Fréchet differentiable on H with a continuous and
bounded derivative Dy. The space Cf(H; K) for k > 2 are defined analo-
gously. We shall write Cj(H;R) = Ci(H), i € N.
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If p € C{(H) and = € H, we shall identify Dy(z) with the unique element
h of H such that

Do(x)y = (h,y), =,y € H.

If o € C}(H) and = € H, we shall identify D?*¢(z) with the unique linear
operator T € L(H) such that

Do(x)(y,z) = (Ty,2), x,y,z € H.

1.2 An extension of Gronwall’s lemma

The following result is a generalization of a well known result.

Lemma 1. Assume that f: [0,4+00) — [0,+00) fulfills the inequality,

f@) <alt) + b/ot(t — ) V2 f(s)ds, >0, (®)

where a is continuous nonnegative and b is a nonnegative constant. Then we

have,
t

f@) <a(t)+0b ; (t — s)"%a(s)ds

) . 9)
+ / elt=s)mb? [a(s) +b / (s — o) Y2%a(o)do| .
0 0
If, in particular, a(t) = a we have
t
f®) < ae™t + 2ab/ sT1/2em (=9) gs ¢ > 0. (10)
0
and )
f(t) <3ae™t t>0. (11)
Proof. We write (8) as
fSa+b1/)_1/2*f, (12)

where ¥_q/5(t) = t=1/2 and * denotes the convolution (!). Taking the convo-
lution of both sides of (10) with ¢)_; 5 and taking into account that

t
(w4p*¢uugaw:A(ﬁ—@*v%*wms:w,

yields
Yo1jo* f <ax_yp+7b(1xf). (13)
Substituting this in (12) yields

T (Frg)(t) = [ F(t - s)g(s)ds.
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f<a+blaxip_yp)+mb*(1xf), (14)

which is equivalent to

f@) <alt)+ b/o (t —s)"Y2%a(s)ds + sz/o f(s)ds. (15)

Consequently
¢
ft) < a(t)+b/ (t — s)"Y%a(s)ds
0
t s
(t—s)wb? o \—1/2
+/0 e {G(S)—H)/o (s — o) " /*a(o)do

Now (9) follows from the classical Gronwall lemma. Finally, (10) is clear and
by (10) we have

¢
flit) < ae™’t (1 + 2b/ 5_1/26_”1’25(13)
0

< ae”b2t <1 + 2b/ 51/26”b25d3> ,
0

which yields (11). O

2 Existence and uniqueness of solutions

2.1 The abstract setting

Let us write problem (1) in an abstract form introducing the linear self-adjoint
operator A: D(A) C H — H,

Az = Dz, =€ D(A),
D(A) = H2(0,1) N HY(0,1),

where H%(0,1), i = 1,2 denote the usual Sobolev spaces and
H;(0,1) = {x € Hy(0,1) : 2(0) = (1) = 0}.

We define moreover the (generally) nonlinear operator o: H — L(H) by
setting,

[o(2)y](€) = 9(x(§)y(&), €€[0,1], z,y € H.

We denote by (er) the complete orthonormal sistem in H consisting of the
eigenfunctions of A,

MWM%M%£W%HN
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so that
Aey, = —k?*n%e;,, keN.

Notice that )
et <e ™t t>0.

Finally, we introduce the cylindrical white noise,
W(t)=> exf(t), t>0, (16)
k=1

where () is a sequence of mutually independent standard Brownian motions
on a filtered probability space (£2, F, (F¢)e>0,P).
Now we can write problem (1) as follows,

dX = AXdt + o(X) dW(t) = AXdt + i[g(X)ek] Bk (t),
k=1 (17)

X(0) ==.

We shall solve equation (17) in the space Cyw ([0,T], H) of all mean square
continuous adapted (to the filtration (F);>0) stochastic process X(-) defined
in [0, 7] and taking values in H. It is well known that Cy ([0, 7], H), endowed
with the norm

1/2
1 Xl ow (fo,71,8) = < sup E(IX(t)2)> ,
t€[0,T)

is a Banach space.
Definition 2. A mild solution of equation (17) is a process X € Cw ([0, T), H)
such that

X(t) = ez + /t =) 45(X (s))dW (s), t>0, z € H. (18)
0

In the following we shall denote by X (-, z) the solution of (18).
An important role will be played by the stochastic convolution,

Wx(t)Z/O e(t_s)AU(X(S))dW(S)ZZ/O eI g(X (s))ex)dB(s),
k=1

where X € Cw ([0, T], H).

As we shall see, though the the cylindrical white noise (16) does not leave
in H (see e.g. [11, §4.3.1]), the stochastic convolution W (¢) does.

In order to study basic properties of W (¢) it is useful to introduce the
function
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oo
—th? . (19)
h=1
Notice that

Ft)<e —|—/ et dp = et (1 —|—/ e_t(IQ_l)dx>
1 1
=et|1 +/ efty2L dy | <e™? (1 +/ etyzdy> .
0 V2 +1 0

F(t) e (14+20712) Sat™ 272 1> 0. (20)

So,

Lemma 3. Let X € Cw([0,T], H). Then we have

E(|[Wx(t) /0 Z672772h2(t75)E(|g(X(5))6h|2)d8. (21)

h=1

Proof. Taking into account the independence of the () we have,

E(Wx (1) Z / (1A [g(X (5))ex]?)ds.

Using the Parseval identity we find,

Dl (X (s)erl® = D7 (eI g(X (5)enl, en)

k=1 h,k=1

= > I g(X ()ewsen) P = Y eI (e, g(X (5))en)
h,k=1 h,k=1

= e 2T 5 (X (5))en] .

h=1
So, (21) follows. O
Proposition 4. Let X € Cw([0,T], H). Then we have
E(|Wx (1)) <8V llgllg, ¢ >0. (22)
Moreover, for all X,Y € Cw([0,T], H) we have,
E(|Wx(t) = Wy (t)[?)
(23)

_8||9||% ! —(t—s)m2y _ N—1/2 _ 2
= o e (t—s) E[| X (s) — Y (s)]?)]ds.
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Proof. By (21) we have, recalling that |e;(¢)|> < 2 and taking into account
(20),

2 2 t 2 o0
]E|Wx(t)|2 < M / F(27T25)d8 < SHgHO / 677725571/2d8
Q 0 ™ 0

and (22) follows. The proof of (23) is similar. OJ

2.2 Existence and uniqueness

The following result is well known, see e.g. [16], we present however the short
proof for the reader’s convenience.

Proposition 5. For any x € H there exists a unique solution X (-, z) of equa-
tion (18).

Proof. Write equation (18) in the form
X =z + A(X), X eCw(0,T),H),

where
AX)(t) =Wx(t), te][0,T].

Then by (22) it follows that A maps Cw ([0,T], H) in itself. Let moreover
X,Y € Cw([0,T], H). Then by (23) it follows that,

8 2 t — —8 7!'2 —
A1) — AW (o) < BIE [ 97 (1 )12 X — Yl o

T Jo

16”9”% 1/2
< 2 172 x _y .
< ar | llew (0,11, 1)

Now let T} € (0,T] be such that % Tll/2 < 1. Then I is a contraction on
Cw ([0, Ty], H). Therefore, equation (18) has a unique solution on [0,7;]. By
a similar argument, one can show existence and uniqueness on [T4,27;] and
so on. [J

2.3 Galerkin approximations

It is useful to consider Galerkin approximations of equation (18). For any
n € N we denote by P, the projector

P,z = Z(m,ek>ek, reH
k=1

and set A, = AP,. Then we consider the equation
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n t

X" (t0) = a4 3 / A g (X (s, 2))erldBi(s).  (24)
k=170

The following result is standard.

Proposition 6. For any T > 0, © € H and n € N, there exists a unique
solution X™(-,x) of equation (24). Moreover,

lim X"(,2) = X(-,z), in Cw([0,T],H), (25)

n—oo

where X (-, x) is the solution of (18).

3 Kolmogorov equation

3.1 Setting of the problem

We are here concerned with the following Kolmogorov equation,

u(t, ) = % Tr [0%(2)uee (t, )] + (Az,uy(t,x)), t>0, z € D(A),
(26)

u(0,2) = p(x), x€ H.
We are going to show that when the initial datum ¢ is sufficiently regular

equation (26) has a solution in a classical sense. As it is well known, a candi-
date for the solution u(t,z) of (26) is provided by the formula

u(t, z) = E[p(X(t,2))], ¢ € C(H), t=0, z€H, (27)

where X (¢,z) is the solution of (18). We shall check that, under suitable
assumptions on ¢, formula (27) produces in fact a solution of (26).
We shall need to consider the approximating equation

U (t,2) = 5 T [Pao @y (1,2)] + (Anr, 31, 2)
(28)

u™(0,x) = p(P,x),

which has a unique strict solution which we denote by u" (¢, x).

3.2 Estimates for derivatives of X (¢, x)

This subsection is devoted to establish some estimates concerning the deriva-
tives X, and X,,, which will be used later. We start from the directional
derivative

V(4 3) = Xa(t,2)z = lim © (X (6,2 + €2) — X(t, 7))

e—0 €
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where z € H. By using Galerkin approximations it is not difficult to show
that the diretional derivative n*(t,x) does exist and it is the solution of the
equation,

P =t Y [ s edld(s). (29
k=10

Lemma 7. There exists two positive constants a1 and A1 such that
E(|n*(t,z)|?) < a1]z|?eMt t>0, z € H. (30)
Proof. We have

oo t
B () = 1645+ S [t (Y (2 o e .
k=1 0
Arguing as in the proof of Lemma 3 and taking into account (21), we see that,

Bl (t)?) < 5P + 2 g I3 | Pl2n(t =)l (s.2) s

8lg'llg [ - -
< let4z]? + o / t— 8) V2= 2R (|In? (s, 2)|?)ds.
< le"2] Va2 ), (t—s) (In* (s, 2)[%)

By Lemma 1 it follows that

161g" 13 1172

E(ln*(t,2)[?) < e 2Pe v "7 t>0

and the conclusion follows. [
We want now to estimate (*(¢, z) := Xy, (¢, 2)(2, 2) where

Xpalt, 2)(2,2) = lim ~ (n (3 + €2) — 17 (t,2)

e—0 €

and z € H. Formally ¢*(¢,x) is the solution of the equation,

<%w=Z/Wﬂ%wmmwwmww>
k=170
(31)
+Z/Nﬂ%mwmmwmﬂmmﬂ
k=170

Here a problem arises since the term

g" (Y (s,2)) (7 (s, 7)) ex, (32)

which appears in the second integral, belongs to L*(0,1) and not to L?(0, 1)
in general. For this reason we first need an estimate for

E(|n*(t, %) La0,1)) = E(I[0* (. 2)]* |22 0,1))-

To get this estimate we shall proceed in two steps.



Kolmogorov equations for stochastic PDE’s with multiplicative noise

(i) We shall estimate E(|n*(t, x)|‘i2 0.1))
(i) We shall estimate E(|(—A)Y3n?(t, z)|* 12(0.1))-

Then we notice that, by the Sobolev embedding theorem, we have
D((-A)") ¢ L'(0,1)

and so we end up with the required estimate for E(|n*(t, x)|‘i4(0 1)-
Let us write (29) as

“(t,z) = etz t -5 s
w(ta) = et [ o= aw(s)

where
oo

Bt —s5) = et g (s) = Z eI g/ (X (s, 2))n7 (s, )e).
k=1

We shall use the following Burkholder estimate, see [11].

tH@(t—s)HiIsds 2 ,
(/ )]

4

E < cE

/Ot &(t — s)dW (s)

where c is a given positive constant and

o0

I12(t = s)lIErs = D (79 (X (s,0)07 (s, 2)en], en)

h,k=1

= Y e 2 (X (s, 2) 07 (s, @) e, en)
h,k=1

= 3 e g (X (5, 2) ) (5, @) en)

h=1

IA

% lglli F (27 (t = ))In* (s, 2)

32 _
< =5 llgli e = 5) 712 (s, 2) 2.

where we have used (21). Now we are ready to prove

11

(35)

(36)

Lemma 8. Let z € L%(0,1). Then there exists constants as > 0 and Ay > 0

such that

E(|n*(t, 2)|12(0.1) < a2€’'|2|72¢0.1), ¢ >0, x € H.

(37)
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Proof. Let z € L%(0,1). By (33) we have

/ "t )W (s)
0

4
E(n*(t,7)|12(0.1) < 8le"2]}2(01) + 8E ] :
L2(0,1)

(/ tote- s>||%lsds>2] @)
([ ote—s)13ss) ]  We have by (36)
J< iﬂ lglliE [(/Ot(t _ s)1/2|77Z(s,m)|%2(071)d8>2]

=20l [ [ -

D [Inz(s, D) 0.7 (51,2) 30,1 dsdss

which, taking into account (35), yields

E(J17* (t,2)|2(0,1)) < 8le™2[72(0 1) + 8CE

Let us estimate the term J := E

Bl [ ¢ o ) G )
ol [ ¢ 57 7 o) s

21
<2 gl / (t = 5)™2E [l (s )l 0] ds.
Substituting in (38) yields

E(‘nz(tax”%’z(om) < 8‘6“2&2(0,1)

214 K _ ;
bo 2 Nl [ (6= 977 [l (s, .

Now by the Gronwall Lemma it follows that there exist positive constants p, [
such that

t
E(|772(t733)‘i2(0,1)) < 8|etAZ|%2(071) + P/O (t— 3)_1/2@l(t_s)|eSAZ|%2(0,1)d3’
(39)
which implies the conclusion. [J
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Lemma 9. Let z € L?(0,1). Then there exists constants a3 > 0 and Az > 0
such that

E(|(=A)®07 (t, )| 120,1) < ase™![(=A) /P2l Laor), £20, w € H.

(40)
Proof. Let z € L?(0,1). Then we have
E(|(=A)"*07 (8, 2)|120,1)) < 8I(=A) P 2120 1)
t 4
+8E / B (1 — 5)dW(s) .
0 L2(0,1)
where
Byt — 5) = (—A)/Sel=IA0(s) = S (= A)Y/Ee=IA g (X (5,2))07 (5, 2)en].
k=1
We have

191(t = $)IFrs = D (=5 g (X (s, 2))07 (s, 2)el, en)
h,k=1

(h) /262 W (=) (! (X (5,2))07 (5, @)ex, en)|

h 1

Il
GINE

oo

= (wh) 272 g (X (5, 2) ) (5, )en) .
h=1

It is not difficult to show that there is a positive constant d; such that
D1 (t = )35 < di(t — )~ 4|0 (s, 2) . (41)
Now we have

E(|(—A) 807 (t, 2)|720,1)) < 8|(—A)1/8€MZ|%2(0,1)

(/ oute- s>||%qsds)2] |

By proceeding as in the proof of the previous lemma we find that there is
do > 0 such that

t |1t — s)||7;5ds 2
(/ )]

t
< dy [lg|}/* / (t = 8)~3E |0 (5,2)| s )| d
0

(42)
+8cE

E
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which yields

E(|(=A) 07 (t,2)|12(0,1) < 8I(=A) P2l 1a (1)

t
+d2t1/2/0 (t—s)7*E || (s, 2)|72(0.0) | ds-

So, the conclusion follows from Lemma 8. [J
Now, using the Sobolev embedding D((—A)/®) ¢ L*(0, 1) we can conclude
that

Lemma 10. Let z € L?(0,1). Then there exists constants ay > 0 and Ay > 0
such that

E(|77z(t,$)|i4(0,1)) < a4€)\4t‘z|%2(0,1)a t=0, ze€H. (43)

Now we are in position to estimate ¢* for z € L2(0,1).

Lemma 11. There exists constants as > 0 and A5 > 0 such that for all
z € L?(0,1), we have

E(|¢*(t,z)?) < a5|z|‘£2(0’1))e’\5t, t>0, ze€ H. (44)

Proof. Let z € L?(0,1). Using Galerkin approximations we can show that
(31) holds. ;jFrom (31) we deduce that,

B(Ic (1)) < 22 [ eI (X (5,6 (5 en s
k=170

B3 [ Il (X)) (5, ) e P
k=170

=27, +2.J;.

Arguing as in the proof of Lemma 3 we find

L =E 3 (g (X (s,2))C (s, 2)erl, o)
h,k=1

—E Z 6_2(t_s)7r2h2|<g/(X(S, :L’))Cz(s, ‘T)ek]y €h>|2
h,k=1 (45>

> 272
=EY e 2T (X (5,2))¢7 (5, 2)en?
h=1

IN

4
2 g3 F( — $)m)EIC (5, 2) < (¢ — )7/ EIC (5, )2
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Similarly for J> we find, taking into account Lemma 10,

=E ) [ (X (s,2) (07 (s,0))ex]] en)

k=1

o0

_ Z 29T gl (X (s, 2)) (7 (s, @) Pen], en)

h,k=1

eI (X (5, ) (07 (5, @) enl” w

HMS

IN

% oI F(2(t — ) E| (s, )

4 4
< (=) VR (5,2)° P < a0 — )72 el .

Now the conclusion follows from (45), (46) and the Gronwall lemma. J

Remark 12. By Lemma 11 it follows that if ¢ € CZ(H) the function u(t,)
possesses bounded second order derivatives in all directions of H for any t >

0. So, it is Frécher differentiable and belongs to C}(H) (more precisely to
CLYe(H) for all £ € (0,1)).

3.3 Strict solutions of the Kolmogorov equation

We are now in position to show existence of a strict solution w(¢,z) (in the
sense that u(t, x) fulfills conditions (i)-(iv) of Proposition 13 below) of equa-
tion (26) for all p € CZ(H). Let us define,

1
A= B max{\;: i=1,..,5}

and

1
k=35 max{a1/2 ci=1,..,5}

Theorem 13. Assume that p € CZ(H), D*¢(x) is of trace class for any
x € H and Tr [D?p] € Cy(H). Let

u(t,z) =E[p(X(t,z))], t>0, z€H,

where X (t, x) is the mild solution of (17). Then the following statements hold.

(i) For all t > 0, u(t,") € C}(H) and possesses second order derivatives in
all directions of H.
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(ii) For allt > 0 and any x € H we have

Jua(t,2)| < 5 Ml (47)
and _
|uae (t, )] < K ]2 (48)
(iti) There exists k1 > 0 such that for allt > 0 and any x € H we have

oo

Tt [0%(2)tan (£, 2)]| = > (Uan(t, 2)(0()en, o(x)er))
k=1 (49)

< w1elll2(1 + sup ID*o(@)ll 2, (ar))-
(iv) For all x € D(A), u(-,z) is differentiable in (0,400) and fulfills (26).
Proof. Let us prove (i). For any =,z € H and ¢t > 0 we have
<ur(t’ :17)7 Z> = EKDQD(X(tv 93), n (tv SC)>]
Therefore

ua(t, ), 2)| < [[ella|n®(E, )]
By Lemma 7 it follows that

(ug(t,2), 2)] < |lpllay/ >/,

Thus (47) follows from the arbitrariness of z. Moreover u(t,-) € C}(H) in
view of Remark 12.

Let us prove (ii). For any z,z € H and ¢ > 0 we have

(Uze(t, )2, 2) = B[(Dp(X (t, ), ¢ (¢, 2))] + E[D*@(X (t, )0 (¢, ), 77 (t, 2))].
Therefore

(o (t, )2, 2)] < [QILE[ICZ (¢ )] + ol 2Elln* (£, 2) ]

< llellivas 2 [2? + [lpll2ar €142 2]

and (ii) follows.
Let us prove (iii). For any z,z € H and t > 0 we have

Tr [02 (@)t (t, )] = Z(uww(t,x)(a(m)ek,a(x)ek»
k=

=Y E[(De(X(t,2),7 @ (1, )]
k=

+ Tr E[o?(2) X, (t, 2) D*p( X (t,2) X5 (t, )]
= Jl(t,$) + Jg(t, J})
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Therefore
A 2
| T2t 2)| < are™ || D*¢l| s

Concerning J; we have
|1t @) < el |T (=)

where
oo

T(t,x) =Y ("@er(t,x).

k=1

Then one can checks that T'(¢,z) is the solution of the equation

T(t,z) = / et=94[g/ (X (s,2))T (5, 2)|dWV (5)

+/ DA (X (s,2)) K (s, 2)|dW (s),
0

where
oo

K(t,z) =Y (7@ (t,2))%

k=1

17

(50)

Using estimate (39), it is not difficult to show that equation (50) has a solution

and estimate (49) holds.

Let us prove finally (iv). Assume that z € D(A) and let u"(¢,2) be the
solution of (28). Then, taking into account that estimates from Lemmas 7 and
11 can also be proved for the function u™ with constants independent of n, it

is not difficult to check that,

lim u"(¢,2) =u(t,z), t>0, z€ H,

n—oo

lim ul(t,x) =uy(t,z), t>0, z€H,

n—oo

and

lim Tr [o(z)Co(x)uy,(t,z)] = Tr [o(x)Co(x)ug(t,x)], t>0, x € H.

n—oo

Consequently,

lm uy(t,z) =us(t,z), t>0, xz€ D(A),

n—oo

and the conclusion follows. [J
We consider finally the elliptic Kolmogorov equation

Ap(x) — % Tr [0%(2)paa(2)] — (A2, 9o (@) = f(2), € D(A),

where A > 0 and f € Cy(H) are given.

(51)
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Theorem 14. Assume that A\ > X, f € CZ(H), D?f(x) is of trace class for
any x € H and Tr [D?f] € Cy(H). Define

o) = / T MEf(X (ta)ldt, ¢ 0,z € H,

Then the following statements hold.
(i) ¢ € CL(H) and possesses second order derivatives in all directions of H.
(i) For all x € H we have

K
|ug (t, z)| < Py el (52)

and K
Ugy (t, )] < —— . 53
Uz (L, )] Y lll2 (53)

(1ii) There exists k1 > 0 such that for all x € H we have

[T [02 ()t (£, 2)] | = | (Uza(t, ) (0(2)er, o(2)er))
k=1 (54)
< ﬁ lpll2(1 + [1D%*¢] ms)-
(ii) We have
ee@)l < LN, we (55)
and o
| Tr [0%(2) pra(t, 2)]| < T r € H. (56)

(iv) For all x € D(A) the equation (51) is fulfilled.

Proof. The conclusion follows from Proposition 13 and estimates (47), (48)
and (49). O

3.4 The Kolmogorov operator

It is well known that the semigroup R; is not in general strongly continuous
in Cy(H). However, we can define its infinitesimal generator by proceeding as
n [4]. Namely, for any A > 0 and any f € C,(H) we define

E(f)(x) = /000 e MR f(x)dt, x€H.
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Proposition 15. For any f € Cy(H) and any X > 0 we have F)\(f) € Cy(H)
and the following estimate holds

IF(Hllo < 5 1l (57)

Moreover there exists a unique closed operator L: D(L) C Cy(H) — Cy(H)
such that for any A > 0 and any f € Cp(H) we have FX\(f) = R(\, L) f.

Proof. Let first f € C}(H); then it is obvious that if F)\(f) € C,(H) the
inequality (57) holds. Moreover for all z,y € H we have

[EX(F) (@) = Ex(H)(y)] < /000 e ME(If(X(t,2)) = F(X(t,y)])dt
(58)

< I/l / e ME|X (1, 2) — X (t,y)|dt.
0

On the other hand we have

1
X(ta) = X(t9) = [ Xolt.(1= D+ rg)la - )i
0
so that, recalling Lemma 7, we find

X (t, ) — X(t,y)] < var e Mtz —yl. (59)

Now, substituting this inequality in (58) yields

ROE - B < va [ el NNty

Thus, if A > A1 we have proved that F)\(f) € Cy(H) (it is even Lipschitz).
Since C}(H) is dense in C,(H) we can conclude that F)\(f) € C,(H) for all
f€C,(H) (and A > 3 Ay).

Now it is easy to see that F)\ fulfills the resolvent identity

F\—F Z(,LL—)\)F)\FH, A, > 0.

So, by a classical result, see e. g. [18], there exists a unique closed operator
L: D(L) C Cy(H) — Cy(H) such that for any A > 1 X\; and any f € Cy(H)
we have Fy(f) = R(\, L) f.

Finally, by (57) we see that L is m-dissipative so that condition A > £ A\
can be replaced by A > 0. [J

Remark 16. Assume that f € CZ(H), D?f(z) is of trace class for any x € H
and Tr [D?f] € Cy(H). Let moreover X > 0 and ¢ = R(\,L). Then by
Proposition 1/ it follows that

Lip(z) = % Tt [0%(2)paa(2)] + (Az, 0u(2)), = € D(A). (60)



20 Giuseppe Da Prato

Now we are going to prove, following an argument in [10], that if ¢ €
R(\,L)(CZ(H)) we have ¢ € D(L).

Proposition 17. Assume that f € CZ(H), D?f(z) is of trace class for any
x € H and Tr [D*f] € Cy(H). Let moreover X > 0 and ¢ = R(\,L). Then
¢©* € D(L) and

L(¢?) = 2¢ Lo + o Dy|*. (61)

Proof. Let L,, be the approximating Kolmogorov operator
1
Lnp(z) = B Tr [02(:10)Pn<pm(x)] + (Anz, (7)), @ €Cy(H), z€ H (62)

and let ™ = R(A, Ly,)f. Then, by a straightforward computation, it follows
that
La((¢™)?) = 20" Lp@" + loPa D" 2.

Now, multiplying both sides of the equation A¢™ — L™ = f by ¢™, yields
A" = Lng" ¢ = fo",
which is equivalent to
2M(¢™)? = La((¢™)?) = 2f¢" — |oP. D" .

Therefore,
(¥")? = R(2\, L) (2f¢" — |0 P, D" ?).

Letting n — oo yields
¢® = R(2\, L)(2f¢ — [0 De|?).

Consequently
20p% — Ly = 2fp — |o(z) Dypl?,

which yields (61). O

4 Invariant measures

4.1 Existence and uniqueness

We denote by P(H) the set of all Borel probability measures on H. We recall
that a probability measure 1 € P(H) is said to be invariant for the transition
semigroup R; defined by (7) if

/ Repdp = / pdu for all p € Cy(H). (63)
H H
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Theorem 18. There is an invariant measure p for R;. Moreover, for any
B €10,1/4) we have

/ |(—A)Pz|?u(dx) < +oo. (64)
H
Finally, if 1/g is bounded the invariant measure p is unique.

Proof. Let X (¢,z) be the solution of (18). Using Lemma 3 and inequality
(21), we find that

0 t
E(X(t2)?) <272 a2 +2) / e 2R (o (X (s, ) )en|?)ds
h=1"0
9 t
<22 o+ gl [ P (e 5)ds
0

t
< 26_2”2t\x|2+4||g||§/ e~ (=9) (272(t — 5)) "1/ 2ds.
0

So,
4
E(IX(t2)]") < 2727 laf* + —= gl (65)
Now let 3 € (0,1/4). Using the well known estimate
[(~A)%e 4] < ot P, 120, (66)

where cg is a suitable constants, we find,
E(|(-A4)7X (¢, )[?)

t o0
< QCgt_Qﬁe_2”2t|x|2 + 2/0 Z(ﬂ'h)‘we_%zh?(t_s)ﬂﬂ(\U(X(s, x))en|*)ds
h=1

t
< 2t~ )2 4 9||g]2 / Fa(2r2(t — 5))ds
0

where Fj is defined by

oo

Fa(t) =Y h¥e™ ¢ > 0.

h=1

It is not difficult to show that there is kg > 0 such that
Fy(t) < kot ™/27 287t 1> 0.

Now we have
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E(|(—A)° X (t,2)[?) < 2c5t P27z
t 2

+2nggkg/ (2m25)T1/272B =25 (67)
0

< 2e5t™ 22 2|2 + cakpllg)3.

Since the embedding D(A) C H is compact, the existence of an invariant
measure follows from the Krylov—Bogoliubov theorem.
Let us show (64). Let v > 0 and set

|z

= — H.
T+ 7€

o~ (2)

Then ¢, € Cy(H) and, proceeding as in the proof of (65) we see that there
exists a constant k£ > 0 (independent on \) such that,

Ri(p,)(@) = Elp, (X(t,2))] < e oo (2) + k. (68)

Integrating both sides of (68) with respect to x over H and taking into account
the invariance of u yields,

/ o (@) pu(dz) < 27 / oy (@)pu(da) + .
H H

Therefore, there exists k; > 0 (independent on ) such that

| et < .
H

Letting v tend to 0 yields,

/H 2u(dz) < K. (69)

Now, integrating both sides of (67) with respect to x over H and taking into
account again the invariance of y yields,

/H (= A)PaPu(de) < 2e5t™Pe ™ 'y + callgll3,

and so, (64) follows. Finally, if 1/g is bounded the uniqueness of p follows
from from the Doob Theorem since R; is irreducible and strong Feller by [16].
O

Remark 19. More general results of existence of invariant measures can be
found in the paper [7].
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4.2 Existence of a core of smooth functions for L,

Let us fix an invariant measure p for R;. It is well known that R; can be
uniquely extended to a strongly continuous semigroup of contractions on
L?(H, ;1) which we shall still denote by R;. The infinitesimal generator of
Ry in L?(H, u) will be denoted by L,. Since R; is a contraction semigroup,
L,, is m~dissipative in L?(H, u).

In this subsection we want to define a core of L, consisting of regular
functions.

Proposition 20. Set
A={pe C}H): D*p(z) € Li(H) for all x € H and Tr [D*¢] € C,(H)}

and

I=[J RO\ L)A).

A>0

Then I' is a core for L,,.
Moreover if ¢ € I' we have ¢? € D(L,) and the following identity holds

Lu(¢*) = 2¢ Lup + |o Do, (70)

Proof. Let A > 0. It is clear that any ¢ € D(L) belongs to D(L,,) as well, so
that we have
A=L)(IN) = (A= L)(I") > A

Since A is dense in L?(H, p1) (by a standard argument of monotone classes), we
can conclude that (A — L, )(I") is dense in L?(H, ;1). Now the Lumer-Phillips
theorem implies that I is a core for L,,.

Finally, the last statement follows from (61). O

5 The basic integration by parts formula

In this section we assume that ¢g—! is bounded. We recall that in this case u

is the unique invariant measure of the transition semigroup R;.

Proposition 21. The operator
D:I'c L*(H,pu) — L*(H,; H), ¢ — Do, (71)

is uniquely extendible to a linear bounded operator D: D(L,) — L*(H, u; H),
where D(L,,) is endowed with the graph norm of L,,. Moreover, the following
identity holds

1
" = —— o , )
Luppdp=—5 | | Dy|*dp, ¢ € D(L,) (72)
H H



24 Giuseppe Da Prato

Identity (72) is called in French “identité du carré du champs”. It will play
an important role in what follows.
Proof. Let ¢ € I', then ¢* € D(L,,) in view of Proposition 20 we have

L,o* =2pL,p + gDy

Integrating this identity with respect to p over H and taking into account

that
/ L,p?dp =0
H

by the invariance of p, implies(72) when ¢ € I'. Let now ¢ € D(L,,). Since I"
is a core for L, there exists a sequence {¢,} C I" such that

¢n — @, Lopn — Lup in L*(H,p).
By (72) it follows that
[ 1oDlen = o= =2 [ Lun = o) (0n = o) d
H H
So, the sequence {o D¢, } is Cauchy in L?(H, y; H) and the conclusion follows.

O

Proposition 22. Let ¢ € L?(H,u) and t > 0. Then, for any T > 0, the
linear operator

oDR;: D(L,) C L*(H,pu) — L*(0,T; L*(H,u; H)), ¢ — 0 DRy,

1s uniquely extendible to a linear bounded operator, still denoted by o DRy, from
L?(H,p) into L?(0,T; L*(H, u; H)). Moreover the following identity holds

¢
/ (Rip)? dps +/ ds/ |oDRyp|*dpu = / ©* dp. (73)
H 0 H H
Proof. We first establish (73) for ¢ € D(L,,). In this case we have

d

— Ryp=L,p.

i tP uP

Multiplying scalarly this identity by R:y, integrating with respect to u over
H and using (73), yields,

d
— /(Rt<ﬂ)2 du+/ loDR,p|*dp = 0. (74)

Now (73) follows integrating (74) with respect to t. The case when ¢ €
L?(H, ;1) can be handled by approximating ¢ by elements of D(L,,). O
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5.1 The Sobolev space W12(H, )
To define the Sobolev space we first show that the mapping
Dy : T C L*(H,p) — L*(H, i H), ¢ — Dy (75)

is closable. Notice the difference between the map D defined by (71) and the
map D,,. The first one is a bounded operator in D(L,,) (endowed with the
graph norm of L, ) whereas the second will be a closable operator in L?(H, f1).

To prove closability of D,, we recall the following estimate from Lemma 7.

E(|X,(t2)h2) < are 2! [h2 >0, hyz € H, (76)

where w = 72 — 87 72|’ ||2.

Lemma 23. Let {p,} C I" and let G € L>(H, u; H) be such that
lim Dy, =G in L*(H,u; H).
n—oo

Then, for any t > 0 we have

lim DRyp, = B[X(t,2)G(X (t,x))] in L*(H,u; H).

n—oo

In particular, if Dy, — 0in L?(H, u; H) we have DRy, — 0 in L?(H, u; H)
for allt > 0.

Proof. Write
DRyp,(x) = E[X(t,2)Dp,(X(t,z)], t>0, x € H.

Taking into account estimate (76) and the invariance of u, yields
| |DRipn(2) = E[X; (t,2)G(X (¢,2))]|* p(dx)
= | [E[X;(t.2)(Don(X (¢ ) — G(X(t,2))]" p(dz)
< ale*QWt/JLIE[\Dwn(X(t,x)) — G(X(t,2))*)p(de)

— aye2t / Ry(|Dgn — GP)(x)pu(da)
H

— aye2t / D () — Ga) ().
H

The conclusion of the lemma follows. O
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Proposition 24. D, is closable. Moreover, if ¢ belongs to the domain of the
closure D, of D,, and D, p =0 we have that D,, Ry =0 for any t > 0.

Proof. Let {¢,} C I' and G € L?(H, u; H) be such that
¢on — 0 in L*(H,pu), Dy, — G in L*(H,u; H).

By (73) we have that

t
/(Rtwn)Q du+/ ds/ IO'DRS%LIQdu:/ er dp.
H 0 H H

Letting n — oo and taking into account that g is bounded below, yields

t
lim ds/ |DR,p,|*du = 0.
H

n—oo 0

Consequently, by Lemma 23, it follows that

/ ds/ (E[X(s,2)G(X (s,2)])* u(dz) =0, he H.
0 H
Then for almost all ¢ > 0 we have that
E[X:(t,2)G(X(t,x))] =0. (77)

Now fix h € H. Then we have,

[E{G(X(t,2)), h)]]

< [E[G(X (t,2)), Xa(t,2) - ]| + [ELG(X (£, 2)), b — Xo(t,) - 1)

= [E[(G(X (t,2),h = Xa(t,2) - B}

Taking into account the invariance of p and (77), we find that

/Z¢f@<«;< Dlia(dr) = j/|mz ), 1) |u(dz)

/HE ) h — Xa(t,2) - )|ju(dc)

{AM&MWWM@TTLMMXM@%%W)

Therefore, as t — 0 we find by the strong continuity of R; in L'(H, )

| NG mintdz) =0

1/2
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and by the arbitrariness of h it follows that G = 0 as required. Finally, the
last statement follows from by Lemma 23. [

By Proposition 24 it follows that the mapping
Dy : I CL*(H,p) — L*(H,i; H), ¢ — Do,

is closable, let D, its closure. We shall denote by W?(H, 1) the domain of
D,, and, if there is not possibility of confusion, we shall set D, = D.

Proposition 25. We have D(L,,) C W*?(H, u) with continuous embedding.
Moreover, the following identity holds

1
/ Luppdp= -3 / loDp|?du, ¢ € D(L,). (78)
H H

Proof. Let ¢ € D(L,). Since I" is a core for L,, there exists a sequence
{¢n} C I' such that

¢n — ¢, Lopn — Lyp in L*(H,p).

By (72) it follows that

/;wfx¢nfwmn%mf;zAJLa¢nfwmn\%ffwmum.

Therefore the sequence (D¢,,) is Cauchy in L2(H, u; H). Since D is closed it
follows that p € W2(H, i) as required. O

5.2 The Poincaré inequality

Since 1/g is bounded, by Theorem 18 there is a unique invariant measure
for Ry and by the Doob theorem, see e.g. [12], we have that,

MRmmaémwwxxem (79)

n—oo

for all p € Cy(H).
Let us prove now the Poincaré inequality.

Proposition 26. Assume that ||¢'||3 < § 7. Then, for any ¢ € W'2(H,v)
we have

7 a
/ o —B2dp < — |lgl2 ||1/g||3/ lg(z) Dl *dp, (80)
H w H

where B = [} pdp and w = 7 — 872|¢'|[3.
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Proof. Let first ¢ € I'. Then by (73) we have

t
/ |Rip(z) — P|*u(dr) = / ds/ loDRyp|*dp. (81)
H 0 H
Moreover by (76) it follows that
E[|DR;p(x)]?] < E [|[Dp(X (s,2))[* | X (s, 7) ]
< a1e7?E [|Dp(X (s, 2))|?] = are2**Ry(|Dy|?) ().

Taking into account (79) and the invariance of p we obtain,

| |Rieta) - 2Pu(d)
H
+o00
< ar g2 / e~ 25 ds /H R.(1Dg[2) (x)u(dz)

“+o0
< arllgll2 11/9]2 / e 25 s /H l9(2) Do () Pu(dz),

and the conclusion follows. If ¢ € W2(H, 1), we proceed by density. O

Remark 27. If g is constant the condition ||g'||3 < § 7* is trivially fulfilled and
we recover a result in [10].

Remark 28. Tt is well known, see e.g. [8], that the Poincaré inequality implies
that the spectrum o(L,) of L, consists of 0 and a set included in the half-space

{AeC: Re A< —w1},

(spectral gap) where wy is a positive constant.
The spectral gap in turn implies an exponential convergence of Ryp to the
equilibrium

/ |Rip — ¢|2d1/ < cefz“’lt/ |go|2du, pE LQ(R, v),. (82)
R R

where ¢ is a suitable constant.
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