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Summary. It is shown that F(A4) := (A’ N A,)/Ann(A4, A,) is a unital C *-algebra
and that A — F(A) is a stable invariant of separable C *—algebras A with certain
local continuity and permanence properties. Here A, means the ultrapower of A.

If A is separable, then F'(A) is simple, if and only if, either A® K = K or A is
a simple purely infinite nuclear C *—algebra. In the first case F(A) 2 C, and in the
second case F'(A) is purely infinite and A absorbs O« tensorially, i.e. A 2 AR O.

We show that F(Q) = C- 1 for the Calkin algebra @ := L/K, in contrast to the
separable case.

We introduce a “locally semi-projective” invariant cov(B) € N U {oo} of unital
C *—algebras B with cov(B) < cov(C) if there is a unital *~homomorphism from C
into B. If B is nuclear and has no finite-dimensional quotient then cov(B) < dr(B)+1
for the decomposition rank dr(B) of B. (Thus, cov(Z) = 2 for the Jian-Su algebra
Z.) Separable (not necessarily simple) C *—algebras A are strongly purely infinite
in the sense of [25] if A does not admit a non-trivial lower semi-continuous 2-quasi-
trace and F'(A) contains a simple C *—subalgebra B with cov(B) < co and 1 € B.
In particular, A ® Z is strongly purely infinite if A4 admits no non-trivial lower
semi-continuous 2-quasi-trace.

Properties of F(A) will be used to show that A is tensorially D-absorbing, (i.e.
that AQD = A by an isomorphism that is approximately unitarily equivalent to a —
a®1), if A is stable and separable, D is a unital tensorially self-absorbing algebra, and
D is unitally contained in F(A). It follows that the class of tensorially D—absorbing
separable stable C *—algebras A, is closed under inductive limits and passage to ideals
and quotients. The local permanence properties of the functor A — F(A) imply that
this class is also closed under extensions, if and only if, every commutator uvu*v* of
unitaries u, v € U(D) is contained in the connected component Uy (D) of 1 in U(D).
If this is the case, then the class of (not necessarily stable) D-absorbing separable
C "—algebras is also closed under passage to hereditary C *—algebras.

1 Introduction: The stable invariant F'(A).

The different results of this paper (stated in the summary) will be derived
from properties of the relative commutant A¢ of a C' *—algebra A in its ultra-
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power. Our considerations suggest that a study of the ideals and simple C *—
subalgebras of the below defined quotient algebra F(A) of A° could be use-
ful. There are related open problems: the UCT problem, the classification of
(strongly tensorially) self-absorbing C *—algebras D, permanence properties
for all D-absorbing algebras, the question which additional properties imply
that purely infinite algebras are strongly purely infinite, and to the existence
of certain asymptotic algebras suitable for a K K-theoretic formulation of the
classification of D-absorbing algebras.

Note that our technics is not a sort of non-standard analysis: All appearing
algebras are honest C' *—algebras over C and all considered maps between them
are at least completely positive maps. We consider here only A — F(A) for a
fixed free ultra-filter w on N, because we hope that it is helpful for the reader to
get an impression of what we consider as asymptotic analysis of C' *—algebras
if N is replaced e.g. by R. There are surprising relations between algebraic
properties of F(A) and analytic properties of separable A. See e.g. Lemmas
2.8, 2.11(3), Propositions 1.17, 4.11, Corollary 1.13 (in view of applications),
and Theorems 2.12, 3.10, 4.5.

Let w a free ultra-filter on N. We also denote by w the related character
on Lo := oo (N) with w(ep(N)) = {0}. Recall that lim,, a, means the complex
number w(ay, g, ...) for (ay,qs,...) € . For a C *~algebra A, we let

cw(A) :={(a1,a2,...) € o (A); liugn llan| = 0},
Ay i=Loo(A)/cu(A)
A, will be called the ultrapower of A. The natural epimorphism from /., (A)
onto A, will be denoted by 7. (a1,as,...) € € (A) is a representing sequence

for b e A, if m,(a1,as,...) =b. We consider A as a C *—subalgebra of A, by
the diagonal embedding

a— my(a,a,...)=(a,a,...)+ c,(4).

Then A€ := A’ N A, is the algebra of (w-) central sequences in A (modulo
w-zero sequences). It is easy to see that the (two-sided) annihilator

Ann(A) := Ann(A, A,) :={be A, ; bA={0} = Ab}
of Ain A, is an ideal of A°. We let
F(A) := A°/Ann(A) = (AN A,)/Ann(4, A,)

It turns out that F(A) is unital for o-unital A, and that A — F(A) is an
invariant of Morita equivalence classes of o-unital C' *—algebras. We generalize
A¢ and F(A) for C *—subalgebras A C M(B),, to get more flexible tools for
the proofs of permanence properties:

Definitions 1.1 Suppose that B is a C *—algebra, M(B) its multiplier alge-
bra, and that A is a C*—subalgebra of M(B),,. We let, for A C M(B).,,
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(A,B):=A'nB, c ANM(B),,
Ann(A, B,) :={be B,; Ab+bA ={0}}
F(A,B) :=(A,B)°/Ann(A, B,),
Dy p = mC B, and
N(Dap) =N(Dap,B,) ={b€B,; bDap+DapbC Dap}.

We denote by pa,p the natural *-morphism
pap: F(A B)@"* A— Dy p C B,

giwen by pa p((b+ Ann(A4, B,)) ® a) :=ba for b € (A, B)® and a € A.

The Definitions of F(A, B) and of ps p make sense, because (obviously)
Ann(A, B,) is a closed ideal of (A, B)¢, (A4, B)¢ and A commute element-wise
and A-Ann(A, B,,) = {0} .

Then F'(A) = F(A,A4), (A,B)¢ = (A, M(B))°N B, is a closed ideal of
(A, M(B))¢ and Ann(A4, B,)) = Aun(Dy g, B,) = Ann(A4, M(B),,) N B,,. We
write N'(Da,g) for N(Da, g, By), Da, for Dy a, N(Dy) for N(Da,a), pa or
p for pa a, ... and so on.

Let K denote the compact operators on ¢3(N). £¢ = Ann(KC)+C-1 is huge,
but F(K) = C = C,, (cf. Corollary 1.10). Permanence properties of F'(A) have
to be considered with some care, because e.g. F(K+C-1) =2 (K+C-1)¢ =
Anmn(K)+C- 1.

The below given basic facts on (4, B)¢, Ann(A, B,) and F (A, B) will be
proved in Appendix B or are taken from [22, sec. 2.2].

Definition 1.2 A convex subcone ¥V C CP(B,C) of the cone of completely
positive (=:c.p.) maps from B in C is (matricially) operator-convex if the
c.p. map b — c*V(r*br)c is in V for every V €V and every row r € M ,(B)
and column ¢ € M, 1(C').

Examples of operator-convex cones are the cone C'P,,,.(B,C) of nuclear c.p.
maps from B into C and the cone C'Py;, (B, C) of the c.p. maps of finite rank.
If B € M(C) then the cone of approximately inner c¢.p. maps V — B — C'is
operator-convex.

Proposition 1.3 Suppose that A C B,, is separable, that V C CP(B, B) is
an operator-convex cone of completely positive maps from B into B, that J C
B is a closed ideal, and that a € A’ N B, b,c € B,, are positive contractions
with ab = ac = bc = 0 and bAc = {0}.

If c € J, C By, and if there is a bounded sequence Sy1,52,... € V such that
Sw(x) =b*xb for x € A, then there are positive contractions e, f,g € A’ N By,
and a sequence of contractions Ty, Ts,... €YV with

(1) ea=a, fb=b,gc=candef =eg= fg=0
(2) T,(x) =xf for all x € A.
(3) g € Jo
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We use only particular aspects of this Proposition, e.g., where at least one
of the a,b,c is zero. Note that the assumption on (V,b) is trivially satisfied
for V = CP(B, B) or for the operator-convex cone V of all inner c.p. maps
(and the conclusion (2) is then trivial, too). The same happens with the
assumptions on (J, c) if we let J = B.

Part (2) shows that (ultapowers of) operator convex cones V C CP(B, B)
define in a natural way closed ideals of F(A, B) (compare the proof of Lemma
2.11).

Definition 1.4 We call a C *—algebra C o-sub-Stonean if for every separable
C *—subalgebra A C C and every b,c € Cy with bc = 0 and bAc = {0} there
are positive contractions f,g € A'NC with fg=0, fb="b and gc = c.

Obviously, if C' is o-sub-Stonean, then C' is sub-Stonean (which is the case
A = {0}), and B’ N C is o-sub-Stonean for every separable C *—subalgebra
B of C (consider C*(B, A) in place of A in the definition). It is easy to see,
that if D is a hereditary C *—subalgebra of C', then D is g-sub-Stonean if and
only if for every a € D there is a positive contraction e € D with ea = e. In
particular, Ann(d, C') is o-sub-Stonean for every d € C if C is o-sub-Stonean.
Further, if C' is o-sub-Stonean and I <C' is a o-sub-Stonean closed ideal of C,
then C'/I is o-sub-Stonean. (An exercise.)

Definitions 1.5 We call a closed ideal I of a C *—algebra C' a o-ideal of C' if
for every separable C *—subalgebra A C C' and every d € I, there is a positive
contraction e € A" N I with ed = d.

We say that a short exact sequence of C'*—algebras 0 — B — C — D —
0 (with epimorphism w: C — D) is strongly locally semi-split if for every
separable C *—subalgebra A C D there is a *~morphism ¢ from Cy((0,1], A) =
Co(0,1] ® A into C such that wo(fo ® a) = a, where fo(t) =t fort € (0,1].

Note that A’ NI is o-sub-Stonean if C' is o-sub-Stonean, I <C is a o-ideal and
A is a separable.

One can see, that A’ N T is a o-ideal of A’ N C and is a non-degenerate
C *-subalgebra of I.

It is easy to see, that the image ¢(I) is o-ideal of ¢(C) for every morphism
p: C — E. Furthermore, if I C C' C FE and [ is a closed o-ideal of E, then
I is also a o-ideal of C'. Clearly, the intersection and sum of two o-ideals is a
o-ideal.

An elementary consequence of the definitions is given by:

Proposition 1.6 If I is a o-ideal of a C*—algebra C, then, for every sepa-
rable C*—subalgebra A C C, A’ NI is a non-degenerate C*—subalgebra of I,
mr(Ann(A, I)) = Ann(n;(A),C/I) and the sequence

0—-ANI—-ANC—n(A) N(C/I)—0

is exact and strongly locally semi-split.
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The epimorphism A’ NC — 7w;(A) N (C/I) is the restriction of the natural
epimorphism 7; from C onto C/I.

Proposition 1.3 and the above discussed permanence properties for o-sub-
Stonean algebras and o-ideals imply:

Corollary 1.7 Suppose that J is a closed ideal of B and that A is a separable
C *—subalgebra of B,,.

Then By, (A, B)°, Ann(A, B,,), and F(A, B) are o-sub-Stonean.

Jw, JuN(A, B)¢ and Ann(A, B,,) are o-ideals of B, respectively of (A, B).

In particular, B,, Ann(A4, B,), Ann(A4), (A, B)¢, A¢, F(A,B), F(A), J, N
(A, B)¢ and J, N Ann(A4, B,,) are sub-Stonean.

The permanence properties for o-ideals imply e.g. that J, N Ann(A, B,,)
is a o-ideal in (A, B)¢ and Ann(A, B,).

By Proposition 1.6 the statement that Ann(A, B,,) is a o-ideal of (A, B)©
implies:

Corollary 1.8 Suppose that A is a separable C *—subalgebra of B,,, and that
C' is a separable C*—subalgebra of F(A, B). There is a *-morphism

A: Co((0,1],C) — (A, B)* = A' N B,
with \(f) + Ann(A, B,) = f(1) € C C F(A, B) for f € Co((0,1],C).

The following proposition gives some elementary properties of (A, B)¢,
Ann(A, B) and F(A, B).

Proposition 1.9 Suppose that A is a o-unital C *-subalgebra of B,,, and let
Dy g, N(Dag), Ann(A, B,), (A, B)¢, F(A, B) and pa,g be as in Definitions
1.1. Then

(1) Ann(A, B,) is an ideal of N(Da g), and
Ann(A,B,) C (A,B)° CN(Dap).

(2) For every countable subset Y C B, there exists a positive contraction
e€ (A, B)¢ withey=ye=1y forallyeY.

(3) F(A, B) is unital. Moreover, if ag € A4 a strictly positive element of A
and e € B,, is a positive contraction, then e satisfies eag = ag = age, if
and only if, e € (A, B)¢ and e + Ann(A4, B,,) =1 in F(A, B).

(4) The natural *-morphism N (D4 g) — M(Da4 g) is an epimorphism onto
M(Da4,p) with kernel = Ann(A, B,,).

(5) The epimorphism from N' (D4 g) onto M(Da,g) defines a *-isomorphism
n from F(A,B) onto A’ N M(Dy4 ) with pa (g ®a) = n(g)a for g €
F(A,B) anda € A, i.e.

F(A,B):=(A,B)°/Ann(A,B,) 2 A NM(Dyag).

(6) (A, B)¢ is unital, if and only if, B, is unital, if and only if, B is unital.
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(7) Ann(A, B,) = {0}, if and only if, B is unital and 1p € A.
(8) Suppose that d € Ay is a full positive contraction, and let E := dAd. Then
the natural *-morphism

ce A ﬂM(DA7B) —ccF ﬂM(DE7B>

is bijective and defines an isomorphism 1 from F(A,B) onto F(E,B)
with
paB(c®a)=pp,p((c)®a)

force F(A,B) and all a € E.
(9) If C C B is a hereditary C*-subalgebra with A C C, C B,, then
(A,B)° = (A,C)°+ Ann(A, B,) and F(A,B) = F(A,C).

The proof is given in Appendix B. The only non-trivial parts are (4) and (8).
Part (9) and the proof of part (8) show that

F<A17Bl) gF(AQaBQ)

if the pairs (A1, Da, B,) and (A2, D4, B,) are Morita equivalent, and A, Ao
are both o-unital.

The proofs of parts (5) and (8) use part (4) and a lemma on Morita
equivalence of non-degenerate pairs A; C D; (cf. Lemma B.1). Part (7) follows
from part (6) and Remark 2.7.

Corollary 1.10 Suppose that A is o-unital. Then

(1) Ann(A) is an ideal of A° and F(A) is unital.

(2) A is unital, if and only if, Ann(A) = {0}, if and only if, A is unital.

(8) F(E)= F(A) if E is o-unital and Morita equivalent to A.

(4) If b€ Ay is a full positive element of A and E := bAb, Dg := bA,b C B,
then pa: F(A)@™** A — A, induces an isomorphism 1 from F(A) onto
E'NM(Dg) with¢(d)c = pa(d®c) = fb forn e N, ce E andd € F(A),
where f € A° is any element with f + Ann(A) = c.

(5) Let f € A° and b € A, a full element of A, then ||d| = lim, o |0/ f||
for every d € F(A) and f € A° with d = f + Ann(A).

(6) F(A)=F(A,A+C-1)=F(A,M(A)) and

F(A+C-1)=(A+C-1)*=A°+C-1Cc(A+C-1), =A,+C-1.
Part (6) follows from part (9) of 1.9.
Remark 1.11 If A C B, and A is c-unital, then
FA,B) 2 ANM(Dap)=MA)' NM(Dap).

and
ZM(A)UZM(Dap) C Z(F(A,B)) C F(A,B).
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Proposition 1.12 Suppose that B is separable, A is a separable C*—
subalgebra of B, and D is a separable C* —subalgebra of F(B) with 1ppy € D,
(1) There is a *-morphism ¢: Co((0,1], D) — (A, B)° with ¢(fo @ 1)b =b
forallb e A, i.e. (Cy((0,1),D)) C Ann(A, B,,) and
[¢]: d € D — ¥(fo®d)+ Ann(A, B,) € F(A, B)

is a unital *-monomorphism from D into F(A, B).

(2) If in addition, B C A, then v¢: Cy((0,1],D) — (A, B)¢ in (2) can be
found such that, moreover, )(Co((0,1), D)) = 1(Co((0,1], D)) N Ann(B),
i.e. that [Y](D) has trivial intersection with the image of (A, B)°*NAnn(B)
in F(A,B).

By induction, part (2) of Proposition 1.12 implies:

Corollary 1.13 If A is separable and C, By, Bo, ... are separable unital C *-
subalgebras of F(A), then there is a unital a *~morphism

/IZ): C®max Bl ®max B2 ®max L= F(A)
with Y(c®1®1®---) =c for c € C, such that the *-morphisms
beB,—Y(1®---10bR1®---) € F(A)

are faithful.

The stable invariant F'(A) has the following local continuity property:

Proposition 1.14 Let A; C Ay C ... A C*-subalgebras such that |J,, A, is
dense in A and A is separable. Then for every separable unital C *-subalgebra
B of the ultrapower

H{F(Al)a F(AQ)v c } = eoo{F(Al)vF(AQ)a s '}/CW{F(Al)a F(A2)7 . }

there is a unital *-morphism from B into F(A).
In particular, for every simple separable unital *-subalgebra D of F(A).,
there is a copy of D unitally contained in F(A).

See cf. Appendix B for the proof.

If J is a closed ideal of B, let n;: B — M(J) and n;: B — B/J the
natural *-morphisms. We denote by 7 := (n;)y: B, — M(J), and 7 :=
(7)w: By — (B/J). the ultrapowers of n; and .

Recall that (X, J)¢ = X' N J, = (X, M(J))°NJ, for C*—subalgebras
X C M(J)e.

Remark 1.15 Suppose that J is a closed ideal of B and that A C B, is a
separable C' *—subalgebra. Let n:= (ns), and ©:= (7ws), as above.
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(1)

Ann(A, J,) := Ann(A, B,) N J, —Ann(n(A),Jw),
(A, 1) =A"nJ,=(A,B)°nJ, =n4)NJ,=(nA),J)°
(WJ)w(AHH(A»Bw))=AHH( ( ) (B/J)w) -
and
(m1)w((4, B)®) = (7(A), B/J)*.
In particular, F(A,J) = (n ( ), )/Ann( (A), J,), is isomorphic to
the ideal (((A,B)° N J,) + Ann(A,B,))/Ann(A, B,) of F(A,B) =
(A,B)¢/Ann(A, B,).
(2) The sequences

— (A4, )" = (A, B)* — (n(4),B/J)* =0
0— Ann(A,J,) — (A, J)° = F(A,J) —0
0— F(A,J)— F(A,B) — F(n(A),B/J) — 0.

are short-exact and strongly locally semisplit in the sense of Definition
1.5.

(3) If J is a closed ideal of A = B, then the natural *-morphism F(A) —
F(A/J) is an epimorphism with kernel F(A,J), if J is a closed ideal of
A, and there is a unital *-morphism F(A) — F(J) = (J, A)°/Ann(J, A,)
with kernel (Ann(J, A,) N A°)/Ann(A).

One gets the first two lines of part (1) by straight calculations. Then parts
(1)-(3) follow from Proposition 1.6, Corollary 1.7 and Proposition 1.9(9).

Corollary 1.16 Suppose that J<B is an essential ideal of B and that A is a
separable C *—subalgebra of B,,. Then F(A,J) is an essential ideal of F(A, B).

Proposition 1.17 Suppose that B is a separable unital C*-algebra, J a
closed ideal of B, and 15 € A C B, is a separable C*—subalgebra. If D
is a unital separable C * —subalgebra of F((7r)w(A), B/J) = ((7r)w(A), B/J)°
and Dy is a unital separable C*—subalgebra of F(J) then there is a unital
*-morphism h: E(Dy, D1) — F(A,B) = (4, B)“.

Here
E(Do, Dy) == {f € C([0,1], Do @™ Dy); f(0) e Dy®1, f(1) €1® Dy }.

The proof in Appendix B gives h with the additional property w(h(f)) =
fQ) for f € &(Dg,D;1) and the natural *-morphisms n: F(A,B) —
F((ms)w(A), B/J).

Note that £(Dg, D) is unitally contained in £(Dg, D7) if Do C D;. There
is a unital *-morphism D; — £(Dy, Os) if Dy is simple and nuclear, because
then D; ® Oy = O, and all unital *-monomorphisms of separable unital
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exact C*-algebras into Oy =2 O3 ® O3 ® ... are homotopic (by basics of
classification). We apply Proposition 1.17 to the extensions

0-JK—(AK)+0; — (A/J)®K) + 02 =0

and
0—(A/))oK— ((A/J)®K)+ 02 — Oy — 0,

where Oy C M(K) unitally, and we use the unital *-morphism from F((4 ®
K) 4 Os) into F(A® K) = F(A). We obtain finally:

Corollary 1.18 Let A a separable C *-algebra and J a closed ideal of A.
If Dy is a unital separable C*-subalgebra of F(A/J) and Dy is a uni-
tal separable C *—subalgebra of F(J) then there exists a unital *-morphism
h: E(Dy,E(Dy1,03)) — F(A).

If, moreover, D1 is simple and nuclear, then there exists a unital *-
morphism from E(Dy, D1) into F(A).

2 The case of simple F(A).

We study here some particular ideals of F'(A) for separable A. The less trivial
basic facts are given in Lemmas 2.8, 2.9 and 2.11(3,4). We apply them in
the particular case where A is simple, to get the main result of this section:
Theorem 2.12. Then we have a look to non-separable A, and we pose some
related problems.

The following Lemma seems to be wrong for non-separable A, because it
might be that F(L({3)) = L(¢2)° =2 C, cf. Question 2.22.

Lemma 2.1 Suppose that A is separable. If F(A) is simple, then A is simple.
More precisely, if J is a non-trivial closed ideal of A, then

(1) J, is a closed ideal of A, with ANJ, =J, and
(2) F(A,J)=(A°NJ,)/(Ann(A) N J,) is a non-trivial closed ideal of F(A).

F(A,J) is an essential ideal of F'(A) if J is essential, cf. Corollary 1.16.

If even A° is simple, then A is simple and unital, because then
F(A) = A°/{0} is simple, and Ann(A) = {0} implies that A is unital
(for o-unital A, cf. Corollary 1.10).

Proof. (1): It is clear that J, is a closed ideal of A,,. If a € AN J,, then there
is a bounded sequence by, bg, ... € J with lim,, ||a — b,|| = 0. Thus, there is a
sub-sequence ¢y := by, € J with limy_.cx = a,ie. a € J.

(2): A°NJ, is a closed ideal of A¢ by (1).

Since A is separable, J is separable and contains a strictly positive con-
traction b € Jy for J, moreover, there are by, by, ... € C*(b)y with ||b,|| = 1,



10 Eberhard Kirchberg

bnbnt1 = bp, ||b — brb|| < 1/n and lim, . ||bna — aby,|| = 0 for all a € A (cf.
the proof of [29, thm. 3.12.14]).

Thus ¢ := 7, (b1, b2,...) is in A°NJ, and ¢b = b # 0. Thus ¢ ¢ Ann(A),
ie. A°NJ, ¢ Ann(A) and F(A,J) = A°N J,/(Ann(A) N J,) is a non-zero
closed ideal of F'(A).

Let ag is a strictly positive contraction in Ay. F(A,J) # F(A), because
otherwise there is a positive contraction e € A°N J, with e + Ann(A) =1 €
F(A) and ag = p(1 ® ag) = eag € J,, i.e. ag € J by (1), which contradicts
the non-triviality of .J. |

A modification of the proof of Lemma 2.1(2) shows:

Remark 2.2 If {0} # J # A, then I := A°N Ann(J, J,) is a closed ideal of
A€ that is not contained in Ann(A).
Note that b e I/(INAnn(A)) C F(A) if and only if pa(b® J) = 0.

Lemma 2.3 If A is antiliminal then for every positive b € A, with ||b]| =1
there exists a *-monomorphism ¢ from Cy((0,1],K) into A, with by)(c) = (c)
for every ¢ € Cy((0,1],K).

Recall that “antiliminal” means that {0} is the only Abelian hereditary C *—
subalgebra of A.

Proof. Let (b1,ba,...) € £s(A) 4+ arepresenting sequence for b with ||b, || = 1,
let dy, := (b, — (n—1)/n)4 # 0 and let D,, denote the closure of d,, Ad,,. Then
bc = c for all elements ¢ in [[ {Dn;n € N} C A,,.

Since Cy((0,1],K) C T[T {Co((0,1], M,); n € N}, is suffices to find faithful
*-morphisms ¢, : Co((0,1], M,,) — D,,. By the Glimm halving lemma (cf. [29,
lem. 6.7.1]) there is a non-zero *-morphism h,,: Co((0,1], M,,) — D,, because
D, is antiliminal as well (because it is a non-zero hereditary C *—subalgebra
of A). Let E,, the hereditary C *-subalgebra of D,, C A generated by h, (fo ®
e1,1). If M is a maximal Abelian C *-subalgebra of E,, with h,(fo®e1,1) € M,
then M can not contain a minimal idempotent p, because otherwise pAp = Cp
which contradicts that A is antiliminal. It follows that h,, can be replaced by
a *-monomorphism v,,: Cy((0,1], M,,) — D,,. |

Remark 2.4 Let A a o-unital C *—algebra.

The closed ideal Ja of A, generated by A is simple, if and only if, either A is
simple and purely infinite or A is isomorphic to the compact operators K(H)
on some Hilbert space 'H.

If A2 K(H) and J4 is simple, then A, and A are simple and purely infinite.
If A2 K(H), then Ja = K(Hy).

(If A= K(H) and is 0 —unital, then H is separable, and Dim(H) = oo if and
only if Ja # As.)
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Proof. If A & K(H) then J4 = K(H,), because there is a natural *-
monomorphism A from K(H), into £L(H,,) that satisfies

A ((<7In>yn)w) = <'7Iw>yw .

AMK(H)) = PK(H,)P is the hereditary C *-subalgebra of K(H,,) that is
defined by the orthogonal projection P from H, onto H C H,. Since
AK(¥l2)y) & K((€2)y,), it holds A, = K(H)., C K(H,) if and only if H,, =H
if and only if and Dim(H) = n < co.

It is easy to see (with help of representing sequences in case ||b]| = ||c|| = 1)
that for every b,c € (A, )+ there is a contraction d € (4,)+ with ||¢||d*bd =
|Ib]|c if A is simple and purely infinite. Thus A, is simple and purely infinite,
and J4 = A,,.

Conversely, suppose that J4 is simple. This implies that A must be simple,
because otherwise J4 NI, D I is a non-trivial closed ideal of J4 if I is a non-
trivial closed ideal of A. Suppose that A % K(H) (for any Hilbert space H), i.e.
that A is antiliminal. Let b, ¢ € (J4)4 with ||b|| = ||c||. Since A is antiliminal,
by Lemma 2.3 there exists a *-monomorphism v¢: Cy((0,1],K) — A, with
bip(f) = (f) for every f € Cy((0,1],K). Let D denote the hereditary C *—
subalgebra of A, generated by the image of . D is non-zero, stable and
satisfies bg = g = g¢gb for all ¢ € D. In particular, D C Ja. Since Jy is
simple and D is stable, there is d € J4 with d*d = ¢ and dd* € D. Thus
d*bd = d*d = c. It follows that A is purely infinite, because we can take
b,c € A and find a representing sequence (dy,ds,...) € lx(A) for d with
d*bd = cin A,,. a

Lemma 2.5 Suppose that B is a separable C*—subalgebra of A,,.

If \ is a pure state on B, then there exists a sequence of pure states
i, 2, ... on A such that A is the restriction of the state u,: A, — C = C,
to B.

If (p1, pa, - - ) is any sequence of pure states on A, then there are positive
contractions g, € Ay such that p,(g,) = 1, and gbg = u,,(b)g? for allb € B,
where g := 7,(g1, g2, - - -)-

Note that ||g|| = 1.

Proof. If C' is a C*-algebra and X is a pure state on C, then for every
separable C *-subalgebra B C C there is ¢ € Cy with A(c) = [|c[| = 1 and
lim, 0 [|[c"bc™ — A(b)c®|| = 0 for every b € B (cf. [6, lem. 2.14]).

Clearly, in the case B = C , the limes property of ¢ € B implies that
v = A for all v € B* with v(c) = ||v|| = 1. (In fact, the latter property of ¢
equivalent to the limes property of c.)
We find a sequence c1, ca, ... € Ay with ||, =1 and 7, (c1,co,...) = c. Let
W1, e, . .. pure states on A with p,(c,) = 1. Then py,(c) = 1 = ||y |- Thus
fo| B = p.

Suppose that (u1,pus2,...) is any sequence of pure states on A. Let
b1 b3 .. € B adense sequence in the unit ball of B. There are representing
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sequences sy = (bgk),bgk),...) € ls(A) with ||b£Lk)H < 1 and 7, (s;) = b*).
By the above mentioned result of [6, lem. 2.14], there are ¢, € Ay and
pn € N with |lep|| = 1 = pn(cn) and ||cﬁ"b51k)cﬁ" = ﬂn(b;k))cip" < 27" for
k<n=12... Let g, := & for n € N. Then ¢ := 7,(91,92,...) € Au
satisfies 0 < g, ||lg|l = 1 = po(g9) and gb® g = p, (b)) g2. O

Remark 2.6 Let g € A, with 0 < g, ||g|| = 1 and gbg = u(b)g? for b € B C
A, then g € (B, A)¢ if and only if p is a character on B.(Left to the reader.)

Remark 2.7 . Lemma 2.5 implies that
Ann(Ann(B, A,), Ay) = Dp.a = byAubo
if B is o-unital and by € B is a strictly positive contraction for B.

Proof. If a € (A,)+ is not in Dp 4, then inf, ||(1 — b(l)/n)a(l - b(l)/")|| >
Thus, there is a pure state p on C*(by,a) with u(bg) = 0 and u(a) >
By Lemma 2.5 there exists g € (A, )+ with ||g|| = 1 and gcg = u(c)g? for
¢ € C*(bg,a). Hence, g € Ann(B, A,) and ag = g # 0. O

The socle of a C *—algebra A is the (algebraic) ideal generated by the
projections p € A with pAp = C- p. If A is simple, then socle(A) # {0} if and
only if A2 KC(H) for some Hilbert space H.

Lemma 2.8 socle(F(A)) = {0} if A is separable and socle(A) = {0}.

0.
0.

Proof. Let p?> = p* = p € F(A) a non-zero projection. We show that
pF(A)p # C - p if socle(4) = {0}. The idea of the proof goes as follows:
Let s € A€ a self-adjoint contraction with s + Ann(A) =1 —2p, and d := s,
q := s_. We show below that there exist positive contractions g, h € A, such
that dg = dh = hg =0, gAh = {0}, Ah # {0} and Ag # {0}.

If we have found g,h € (A, )+ with this properties, then Proposition 1.3
(with J = A =B,V =CP(A4, A) and a,b, ¢ replaced by d, g, h) yields: There
are positive contractions e, f € A° withde=df =ef =0,eg=g, fh=h. It
follows that ¢’ := e + Ann(A) and f':= f + Ann(A) satisty e'p=¢/, f'/p=f’
and ¢'f’ = 0 in F(A). Since Ag # {0} and Ah # {0}, we get e, f & Ann(A)
and e’ # 0 # f'. Hence, pF(A)p # C - p.

The rest of the proof is concerned with the construction of the positive con-
tractions g, h € A, (as stipulated):

Step 1 (Construction of ag € A, E C Ay, u, v):

Consider the *-morphism 9: a € A — p(p® a) = ga € A,. ¥ is non-zero
because p # 0 and p((-) ® A) is separating for F'(A). Let J denote the kernel
of ¢, and let a; € J; and ag € (A/J)4 strictly positive contractions with
lla1]] = |laz|| = 1. There is a positive contraction az € Ay with az + J = as.
ap == (1 —ay)"?a3(1 —a1)'/? + a; is a strictly positive contraction of A with

lgaoll = llp(p @ ao)|| = llao + J|| = [laz|| = 1.
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Since ¢ and ag are commuting positive contractions with ||gag|| = 0 there is a
character x on C*(ay, q) with x(gao) = x(q) = x(ap) = 1. By Lemma 2.5 there
is a sequence (1, 2, ...) of pure states on A such that x is the restriction
of = (1, p2,...)w to C*(ag,q). The state u: A, — C is supported on
the closure E of apgAyaog. In particular p(Ann(E, A4,)) = {0}. It follows
u(d) = 0 because dg = 0.

FE is contained in the closure D4 of agA,ag. Thus, for every non-zero
element y € Ey holds Ay # {0}.

Let G = {u; =1, ua,...} a countable dense subgroup of the unitary group
of A= A+C-1, and v(b) := Yoo 27" u(ukbuy,) for b € E. Since aqg is
strictly positive in A and ¢ commutes with A, we get that AE + FA C E, v
is a state on E with u < 2v. Clearly b € L, := {a € E;v(z*x) = 0} if and
only if bu € L, := {x € E;pu(xz*x) = 0} for all u € G. Thus, L,G C L, and
L,ACL,.

Step 2 (v is not faithful on E):

We find a representing sequence (c1,ca,...) € loo(A)+ with 7, (c1,c2,...) =
apq and ||c,|| = 1. Let C,, a maximal Abelian C *-subalgebra of D,, :=
(cn —1/2); A(en, — 1/2)4 that contains (¢, — 1/2)4. C,, does not contains
a manimal idempotent r # 0, because otherwise r must satisfy rAr = C-r, i.e.
r € socle(A) = {0}. Hence, the primitive ideal space of C,, is a perfect locally
compact metric space and there is f,, € (C,,)+ with Spec(f,,) = [0, 1], i.e. Cy,
contains a copy of Cy((0,1]) up to isomorphisms.

The corresponding monomorphic image C of Cy((0,1]), in A, satisfies
wb="bw ="bfor b e C and w := 2(apq — (apg — 1/2)4), thus C C E.

Let z € (0,1) and f;,(t) the continuous function in ¢ € [0,1] with
fon(@) =1, fon(t)=0for ¢ e [0,z —min(l/n,z)] U [z + min(1/n,1 — ), 1]
and fyp, is linear on [z — min(1/n, z),z| and [z, + min(1/n,1 — x)].

0y = Ty (fz,1, fz,2,-..) I8 a positive contraction in Cy((0,1]),, = C with
102 =1 and 6,6, = 0 for = # y.

It follows that £ O C' contains uncountably many pair-wise orthogonal
non-zero positive contractions, because {0 },c(0,1) is a family of pair-wise
orthogonal positive elements in Cy((0,1]),, = C with ||d,|| = 1. Hence v can
not be faithful on E, i.e. D := Ly N L, = L}L, is a non-zero hereditary
C *-subalgebra of F.

Step 3 (Construction of g, h € E):

Let D := L* N L, and let h € D with ||h] = 1. Then dh = 0, Ah # 0,
AD + DA C D and p(a*h?a) < 2v(a*h?a) = 0 for all a € A+ C - 1, because
L,ACL, CECAnn(d,A,) N Dy. By Lemma 2.5 there is g € (A, )+ with
llgll = 1 such that gyg = u(y)g® for all y € C*(A, q,d,h), because p, o, - - -
are pure states on A. It follows gd%g = u(d?)g? = 0, gh?’g = u(h?)g* = 0,
ga*h*ag = pu(a*h?a)g® = 0, and gapg = p(ag)g® = g> # 0, i.e. g,h € A, are
as required. a

Lemma 2.9 Suppose that A is separable.
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(1) Prim(A) is quasi-compact, if and only if, for every non-invertible e €
F(A)4, there exists non-zero d € F(A)y with de = 0.

(2) If Prim(A) is quasi-compact, then every mazimal family of mutually or-
thogonal positive contractions in F(A) is either finite and has invertible
sum or is not countable.

Part(2) applies to simple C *—algebras A, because Prim(A) is a singleton if
and only if A is simple. The Bourbaki terminology “quasi-compact” is used
for non-Hausdorff T spaces.

Proof. (1): Recall that there is a one-to-one isomorphism from the lattice of
closed ideals of A onto the lattice of open subsets of Prim(A). Since A is sep-
arable, Prim(A) is second countable. Thus, if Prim(A) is not quasi-compact,
then there is an increasing sequence J; C Jy C --- of closed ideals of A with
Jn # Jng1 and Un J,, dense in A. For each n € N there exists a positive con-
traction ¢, € J,, with ||¢;, +Jn—1|| = 1 such that ¢, + J,,—1 is a strictly positive
element of J,,/J,—1 (where we let Jo := {0}). Then a,, := ), 1<, 27 ke is
a strictly positive contraction in J,, and by := Zl<n<oo 27 "¢, is a strictly
positive contraction in A (with norm > 1/2). Let fp := 0. By induction, we
find positive contractions f, € (4,J,)¢ = A’ N (Jp), C A° with a,, f,, = an
and f,_1fn = fao1 (cf. Remark 1.15(1)). Let f:= 3", . 27" fn € (A%)4
and let e :== f + Ann(A) € F(A). Then fby = by f is positive, a, = fna, <
2" fo by < 4" fbg for n € N, and ||f — fer1fl| < 27F. If d € (A°), satisfies
df € Ann(A), then dfbyg = 0 and da,, = 0 for all n € N. Hence, dby = 0 and
d € Ann(A) whenever d € (A°)4 and df € Ann(A). Let e := f + Ann(A).
Then g =0, if g = d + Ann(A) € F(A)4 with d € AS and ge =0 € F(A).
The image F(4, J,) of (A, J,)¢ = (J)wNA® in F(A) is a non-trivial ideal
of F(A) by Lemma 2.1(2), because J,, is a non-trivial ideal of A. Since f,, €
(Jn)wNAC, the element e, := f, +Ann(A) € F(A)4 is not invertible in F'(A).
It follows that e := f + Ann(A) is not invertible, because |ley1e —e| < 27F.

Conversely, suppose that Prim(A) is quasi-compact and that e € F(A)
is not invertible. We can suppose that |le|| = 1. Then there is a contraction
[ € A¢ with e = f + Ann(A). Let ag € Ay a strictly positive contraction
with |lag|| = 1, and let J,, denote the closure of span(A(ag — 1/n);+A). Then
J, is an increasing sequence of closed ideals of A with |J,, J, dense in A,
i.e. the corresponding increasing sequence of open subsets of Prim(A) covers
Prim(A). Since Prim(A) is quasi-compact, there is n € N such that J, = A,
ie. that b := (ap — 1/n)4 is a full positive contraction in Ay. Let ¢ :=
2n((ao — 1/(2n))+ — (ap — 1/n)4), then be = b Note that C*(b, ¢, f) C A, is
an Abelian C *—algebra.

By Corollary 1.10, p: F(A)®@™** A — A, induces an isomorphism 1 from
F(A) onto (bAb)' N M(Dy) with t(e)(b") = p(e @ b™) = fb™ for n € N, where
Dy = bA,b denotes the hereditary C *—subalgebra of A, generated by b.

(b —nfb)y # 0 for each n € N, because, otherwise, there is n € N with
b? < n?(fb)? and
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[%(e) (bzb)[|* = [|p(e @ bab) || = ||babf*babl] = n™?||bab|®

for all € A,,, which contradicts that 1 (e) € M(Dy)4 is not invertible. Thus,
for every n € N there exists a character x,, on C*(b, ¢, f) with x,,(b—nfb) > 0,
ie. xn(b) > 0 and x,(f) < 1/n. Since cb = b, it follows x,(c¢) = 1. The set of
characters x on C*(b, ¢, f) with x(c) = 1 is compact in the space of characters
on C*(b,c, f). Let x a character on C*(b, ¢, f) that is a cluster point of the
sequence X1, X2, - - -, then x(f) =0 and x(c) = 1.

By Lemma 2.5 there exists g € (A,)+ with ||g|| = 1, gfg = x(f)g*> =0
and gcg = x(c)g?> = ¢g?. Then fg = 0 and cg = g. By Proposition 1.3
(with J = A= B,V =CP(A,A), and f,0,¢ in place of a,b,c) there there
are positive contractions h,k € A€ with kf = f, hg = ¢g and hk = 0.
Since hc¢®> > cge # 0 and hf = hkf, we get h ¢ Ann(A) and hf = 0. Let
d:=h+ Ann(A) € F(A);, then d # 0 and de = 0.

(2): If ey, ea,... € F(A) is a sequence of pairwise orthogonal positive con-
tractions, and e := > 27 "¢,. If e is invertible, then e, = 0 for n < ng. If e
is not invertible, then there exists non-zero d € (F/(A))+ with ed = 0 by (1).
Thus e,,d = 0 for all n € N. O

The following proposition characterizes A = IC(H) by properties of F'(A)
if A is simple and separable.

Proposition 2.10 Suppose that A is separable and simple. The following are
equivalent:

(1) A K =K.

(2) F(A) =C.

(3) socle(F(A)) # {0}.

(4) F(A) is separable.

(5) F(A) is simple and stably finite.

(6) F(A) has a faithful finite quasi-trace.

(7) Every commutative C *—subalgebra of F(A) admits a faithful state.

(8) Every family of mutually orthogonal positive contractions is at most count-
able.

Note that (2) also implies that A is simple (for separable A, by Lemma 2.1),
thus F(A) =2 C if and only if A® K = K (for separable A). Clearly one can
restrict in (7) to maximal Abelian C *—subalgebras.

Proof. The implications (2) = (4) = (7) = (8), (2) = (5), (6) = (7), and
(2) = (3) are obvious.

(5) = (6) follows from [9], because F(A) is unital and finite dimension-
functions on simple unital C' *—algebras B integrate to faithful finite quasi-
traces on B.

(1)=(2): F(A) 2 F(A® K) and F(K) & F(C) = C by Corollary 1.10.

(3)=(1): socle(A) # {0} follows from (3) by Lemma 2.8. Thus A = K(H)
for a separable Hilbert space H, i.e. A® K = K.



16 Eberhard Kirchberg

(8)=(3): Let C C F(A) a maximal commutative C' *~subalgebra of F'(A).
Every family X C C. of mutually orthogonal positive contractions in C' is
contained in a maximal family Y C F(A)4 of mutually orthogonal positive
contractions in F'(A). By (8) and Lemma 2.9(2), Y D X is finite. Thus, the
primitive ideal space C of C can contain only a finite number of points, i.e. C
is of finite dimension. If p # 0 is a minimal idempotent of C, then p* = p = p?
and pF(A)p 2 C - p (by maximality of C). O

We call a completely positive map T: A — A, w-nuclear if there is a
bounded sequence of nuclear c.p. maps T,,: A — A such that T'= T,,|A. Here
T.: A, — A, means the ultrapower (T}, T5, .. .), of the bounded sequence of
maps (T,: A — A), given by T, (7, (a1,as,...)) = 7,(Ti(a1), To(az),. . .).

Lemma 2.11 Suppose that A is a separable C *-algebra.

(1) The set Cynuc of w-nuclear completely positive maps V: A — A, is a
point-norm closed (matricially) operator-convex cone (cf. Definition 1.2).
(2) Let k denote the set of positive elements b € F(A)y with the property that
the c.p. map
a€ A pab®a) € A,

is w-nuclear. Then k is the positive part of a closed ideal Jyoy. of F(A).
(3) Jnuc s an essential ideal of F'(A). In particular, Jy,e is non-zero for every
separable C *—algebra A # {0}.
(4) Jaue = F(A) if and only if A is nuclear.

Proof. (1): Obviously, V,, C CP(A,, B,) is operator-convex in the sense of
Definition 1.2, if V C CP(A, B) is an operator-convex cone and if V,, denotes
the set of ultapowers of bounded sequences T7,T5,... in V. That is, V,, is a
convex subcone of CP(A,,, B,) and bT(a*(-)a)b* € V,, for T = (11, T, .. .)w €
V., androws a € My ,,(Ay), b € M ,,(B,). We get an operator-convex subcone
Vu,|A of CP(A, B,), if we restrict the elements of V,, to A C A,.

We can apply this construction to B := A and the operator-convex cone
V= CPnuc(Av A) and get Vw|A = Cunuc-

By Lemma A.5, every w-nuclear c.p. map V: A — A, can be represented
by a sequence of Ty, T5, ... of nuclear c.p. maps from A into A such that
IT.] < |V]| and T,,|A =V, because CP,y.(A, A) is operator-convex.

If Vi, Vs, ... is a sequence in Cypnye that converges toamap W: A — A, in
point-norm topology, then 7 := sup,, | V.|| < oo, by the uniform boundedness
theorem. Thus, we find nuclear c.p. maps T,gn) from A to A with HT,SR) I <~
such that V,, = T |A, (cf. Lemma A.5). By Lemma A.3 there are 51, S, ... €
CPpuc(A, A) with W = S,|A. Thus W € Cyunue-

(2): Let x denote the set of positive elements b € F(A) such that a €
A — p(b® a)is in Cynue- Then k is a closed convex sub-cone of F(A);
by part (1). If b € k, ¢ € F(A) and d € A° with ¢ = d + Ann(A) then
a — p(c*be®a) = d*p(b®a)d is in Cynye by (1). Thus c*ke C k forall ¢ € F(A).
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It follows that x is the positive part of the closed ideal Jyyu. := k — k + i(k — K)
of F(A) (by [29, prop. 1.3.8 and 1.4.5]).

(3): Let e € F(A) a positive contraction with |le|| = 1. There is a positive
contraction f € A° with e = f+Ann(A) and f & Ann(A). Further let ag € A4
a strictly positive element with |lag]] = 1. Then pa(e ® ap) = fag # 0,
because Ann(A) = Ann(ag, A,). Thus, there is a character x on C*(ag, f)
with x(aof) = ||aof]] # 0. We extend x to a pure state u on C*(A, f).

By Lemma 2.5 there exist pure states p1, ft2,...on A and g1, g2,... € Ay
such that [|g,|| = 1 and u = p,|C*(A, f) and V,(y) := gyg = p(y)g?* for all
y € C*(A, f) for g := 7,(g1,92,...). In particular, ||g]| =1, g > 0, gfagg =
w(fao)g® = ||faollg® # 0. Thus V,|A = S,|A for the sequence of nuclear
c.p. contractions S1, S, ... € CPyc(A4, A) with Sy, (a) := pn(a)glgn.

By Proposition 1.3 (with A = B =J,V := CPy(4,A) and a,b,c, e, f, g
replaced here by 0, g, 0, 0, h, 0), there are nuclear c.p. contractions T1,T5, ... €
C'Ppuc(A4, A) and a positive contraction h in A° such that gh = gandy € A —
yh € A, is the restriction of T, to A.

Let k := h + Ann(A). Then pa(k Q@ y) = hy for y € A and ke = (kf) +
Ann(A). It follows k € Juue and gpa(ke®ag)g = ghfaog = ghfaog = gfaog #
0, i.e., ke # 0. Hence, Jy is an essential ideal of F'(A).

(4): It A is nuclear, then a € A — a = p(1 ® a) € A,, is the restriction of
(ida), to A and id4 is nuclear. Thus 1 € Jyye, ie. F(A) = Jouc.

Conversely, if 1 € Jyyc, then there exists a sequence (V7, V3, . ..) of nuclear
c.p- maps V,,: A — A such that the inclusion map a € A — a = p(l®a) €
A, is the restriction of V,, to A. This means that id4 can be approximated
in point-norm by (convex combinations of) the nuclear c.p. maps V,,, n =
1,2,.... Hence, A is nuclear. O

Theorem 2.12 Suppose that A is a separable C *—algebra and let F(A) =
A¢/Ann(A).

(1) F(A) 2 C if and only if A K 2 K.

(2) If F(A) is simple and F(A) % C, then A is simple, purely infinite and
nuclear.

(3) If A is simple, purely infinite and nuclear, then F(A) and A, are simple
and purely infinite, and A =2 A Q@ Oy .

Proof. Recall that F'(A) is unital by Corollary 1.10 , that A is simple
and purely infinite iff, A, is simple by Remark 2.4, and that A is unital
iff Ann(A) = {0} iff A° = F(A) by Corollary 1.10 .

(1): F(A) = C-1 implies that A is simple (cf. Lemma 2.1). Thus F'(4) = C,
if and only if, A ® K = K (cf. Proposition 2.10).

(2): If F(A) is simple, then A is simple by Lemma 2.1. Thus Proposition
2.10 applies to A: F(A) is simple and stably finite if and only if F(A) =C-1.
We get that F(A) is not stably finite if F'(A) is simple and F(A4) % C. Le,
there is n € N such that F(A) ® M, contains a copy of Oy unitally (because
F(A) is unital and simple).
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It follows that A is purely infinite, indeed:
A is simple by Lemma 2.1, and is antiliminal by Proposition 2.10. Let
h: Co((0,1], M,) = M, ®Cy((0,1]) — A a *-morphism, a := h(1,® fo) € At
and let D the hereditary C *—subalgebra of A generated by a. (Here fy(t) :=¢
for t € [0,1].) Consider the natural embedding of O, ®™" C*(a) into
(F(A) ® M,) ™ C*(a) = F(A) ™ (M, ® C*(a)) given by Oy C
F(A) ® M,, and compose with p: F(A) " A — A,. Then we get a
*-monomorphism k: Ox ® C*(a) — A, with k(1 ® a) = a. Hence, a is
properly infinite in A, i.e. for every € > 0 there exist d;,ds € A, with
dfad; = 0;;(a —¢)4 (cf. [24, prop. 3.3]). It implies that a is also properly
infinite in A itself (use representing sequences for d; and dz). Since every
non-zero hereditary C *—subalgebra of the antiliminal C' *—algebra A contains
a non-zero n-homogenous element (cf. [29, lem. 6.7.1]), it follows that every
non-zero element of A is properly infinite by [24, lem. 3.8]. Thus A is purely
infinite by [24, lem. 4.2, prop. 5.4].

If F(A) is simple then F(A) = Jyu by Lemma 2.11(4). Hence, A is nuclear
by Lemma 2.11(5).

(3): If A is simple, purely infinite and separable, then A, is simple and
purely infinite by Remark 2.4.

For the rest of the proof it suffices to consider the case, where A is unital,
because, if A is not unital, then there is a non-zero projection p € A such that
A = pAp ® K (Zhang dichotomy, [33]). Thus F(A) & F(pAp) = (pAp)¢ C
(pAp)., by Corollary 1.10 .

If A is simple, purely infinite, separable, unital and nuclear, then, F/(A) =
A¢ # C1 by Proposition 2.10. Moreover, for b € A with 0 < b < 1 and
Ib]] = 1, there is an isometry S € A, with S*bS = 1 and S*aS = a for all
a € A. Tt follows SS* € A° and S € A°. Thus F(A) is simple and purely
infinite.

To get S, recall that the unital nuclear c.p. map f — f(1) from
C(Spec(b),A) = C*(b,1) @ A = C*(b,A) into A C A, is approximately
one-step inner (in A4,) by [25, thm. 7.21]. Then use Proposition A.4 to pass
from the approximate solutions of x*z—1 = 0, 2*bx—1 = 0 and z*a,x—a, =0
for a dense sequence (a1, as,...) in Ay to the precise solution S.

It remains to show that A® O = A if F(A) is simple and purely infinite
(and A is unital):

Then F(A) = A° contains a copy of Oy unitally. Thus A¢ C A, contains
a copy of O unitally. If the contractions (uj,us,...) and (vy,vs,...) are
representing sequences in o, (A) for s1 and sp in C*(s1,82,...) = O C

A€ then lim, ||dfad, — a ® 13]| = 0 for suitably chosen row-matrix d,, :=
(ug, ,vE,) € Mi2(A) and all a € A. Tt follows A =2 A ® O by [25, prop.
8.4]. O

A variation of the proof of the implication “F(A) simple and not stably
stably finite” = “A purely infinite” shows also:
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Remark 2.13 Suppose that A is simple, separable and is mnot stably
projection-less, and that F(A) is not stably finite. Then A is purely infi-
nite. (Here we do not assume that F(A) is simple!)

Proof. We can suppose that that A is unital, because A is stably isomorphic
to a unital C *-algebra B and F(A) = F(B) = B°. On the the other hand,
there is n € N such that there is a *-monomorphism 1 from the Toeplitz
algebra 7 = C*(¢;t*t = 1) into M, (A°) C M, (Ay) = (M, (A))y.

Since 7 is (weakly) semi-projective, there is a also *-monomorphism
v: T — M, (A). In particular, K ® A contains an infinite projection ¢, and A
is antiliminal.

Let 0 # a € A;. Since A is antiliminal, there is a non-zero *-morphism
h: Cy(0,1] ® M,, — aAa by the Glimm halving lemma [29, lem. 6.7.1]. Let
d:=h(fo®e11) € A and D := dAd, and recall that K C (7)) C M, (F(A)).
Thus,

*

K® A= (id, ® p)(K® D) C M, ® D, = My(D),, .

Since K ® A contains an infinite projection ¢, M, (D), contains an infinite
projection p. Since the defining relations for infinite projections are semi-
projective, we get that M, (D) = h(fo® 1,)Ah(fo ® 1) and aAa contain
infinite projections. O

Remark 2.13 suggests the question:

Question 2.14 Suppose that A is simple, separable and stably projection-less.
Is 1 finite in F(A)?

Remark 2.15 Let A denote the simple purely infinite reduced free product
C *-algebra of two matriz-algebras with respect to non-central states as con-
sidered in [14]. Then F(A) is finite and is not not simple.

Proof. A is simple, purely infinite, unital and exact, but F(A) = A° does
not contain a non-unitary isometry (because A° does not contain non-trivial
projections by [14]). F(A) is not simple by Theorem 2.12, because A is not
nuclear. O

Proposition 2.10 implies that C} ;(F»)° = F(C}4(F>)) is a non-separable
algebra, moreover, its maximal Abelian C' *—subalgebras have perfect maximal
ideal spaces and are not separable. F'(C% (F3)) is stably finite by Remark 2.13.
The natural *-morphism from C7  (F5)° to the commutant = C of C7 ,(F3)
in the von-Neumann ultrapower VN (F;)* defines a character on Cf (F>)°.
Thus C7 (F>)° is not simple (that also follows from Theorem 2.12).

Question 2.16 Is C} ,(F»)° non-Abelian? Is its essential ideal Jyyo simple?

Remark 2.17 Every separable nuclear C *-algebra is in the UCT-class, if
and only if, [1] = 0 in Ko(F(D)) for every simple p.i.s.u.n. algebra D with
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Proof. For simple p.i.s.u.n. algebras D holds that D = O if [1] = 0 in
Ko(F(D)), i.e. if Oy is unitally contained in the simple purely infinite algebra
F(D) = D¢ (cf. [23], or end of [20], or [21], or Section 4 for different proofs).

On the other hand: For every separable C' *-algebra A there are a separable
commutative C *-algebra C' and a semisplit extension

0—-SAQK —-E—-CQRK—0

with K, (€) = 0 (cf. [3, sec. 23]). £ is in the UCT-class iff A is in the UCT-class.
€ is nuclear (respectively exact) iff A is nuclear (respectively exact).

For every nuclear (respectively exact) separable C *—algebra £ there is a
K K-equivalent nuclear (respectively exact) separable unital C *-algebra B,
which contains a copy of Qs unitally and is K K-equivalent to £ (the reader
can find a suitable C' *—subalgebra of a corner of (£+C-1)®0y). Let hg: B —
O C B an unital embedding of B into Oz, and let h := idp @ hy € End(B)
(Cuntz addition). Then h: B — B satisfies [h]xx = [idg]k Kk, and it is easy
to see that the inductive limit

D := indlim, (h,: B — B)

with h,, := h is simple, p.i. and nuclear (respectively exact). Since the unitary
group of Oy is a contractible space, one can construct explicitly a unital *-
morphism k: D — Cy([1,00), B)/Co([1,0), B) that has a u.c.p. lift V: D —
Cy([1,00), B) and that is an “inverse” of the unital embedding h: B — B C
D C Cy([1,00), D)/Coh([1,0), D) with respect to an “unsuspended” and cp-
liftable variant of E-theory. (This is the crucial point of the proof, because one
has to overcome the discontinuity of the K K-functor with respect to inductive
limits, cf. [21, chp. 11] for more details.)

It follows, that B — D define a K K-equivalences. Thus, a separable nu-
clear C *—algebra A is in the UCT-class, if and only if, the above constructed
(simple) p.i.s.u.n. algebra D with K, (D) = K.(B) = K.(£) = 0 is isomorphic
to O, and this is the case, if and only if, [1] = 0 in Ko(F(D)). O

Similar arguments show:

Remark 2.18 Ko(D ® D) = 0 for all (simple) p.i.s.u.n. algebras D with
K.(D) = 0, if and only if, the Kinneth theorem on tensor products (KTP)
for the calculation of K.(By ® Bg) holds for every pair (Bi, Bs) of nuclear
C *-algebras.

There are separable purely infinite unital non-separable C *-algebras A
with A€ 2 C (e.g. the Calkin algebra by Corollary 2.21). This comes from the
following Lemma and from Voiculescu’s description of the neutral element of
Ext(B) for separable B (cf. proof of Proposition 2.20).

Lemma 2.19 Let B a separable unital C *-algebra. There exist a unital C *-
algebra D, a unital *-monomorphism n: B — D and a projection p € D such
that



Central sequences and purely infinite algebras 21

(X = p)n(b)pll = [lpn(b) — n(b)p| = dist(b,C - 1)
for every b € B.

Proof. Let D := B x E the unital full free C' *—algebra product of B and of
E=C*(1,p=p*=p*)=2C&®C. Then n: b+ bx1and §: e — 1xe are
unital *-monomorphisms from B (respectively from E) into D. We identify
e € E with 6(e). Note that, for all b € B,

max([|(1 = p)n()pl], [lpn(b)(1 = p)I) = [lpn(b) = n(b)pl| < dist(b, C - 1).

Let b€ B\ C-1, i.e. dist(b,C-1) > 0. Since |z| < ||b — z1]| + ||b]|, there exists
zo € C with |zg] < 2]]b]| such that ||b — 2o1|| = dist(b,C - 1). dist(b,C - 1) is
the norm of b4+ C -1 in B/(C - 1). Thus, there exists a linear functional ¢ on
B with ¢(1) =0, ||¢|| = 1 and @(b — 291) = ||b — 2z01]|. If we use the polar-
decomposition ¢ = |p|(u-) of ¢ in B* = (B**)., cf. [29, prop. 3.6.7], we can see
that there are a unital *-representation \: B — L(H) and vectors z,y € H
with [|z|| = ||ly|| = 1 such that ¢(c) = (A\(¢)z,y) for all ¢ € B. It follows x L y
and A(b—zol)x = ||b— z01||y. Let ¢ € L(H) denote the orthogonal projection
onto Cz. Then (1 — ¢)A(b)gz = ||b — z01]]y. Thus

dist (b, C - 1) < [[(1 = @)A(b)gll < [[(1 = p)n(b)pll

because there is a unital *-morphism xk: D — L(H) with x(p) = ¢ and
K(n(b)) = A(D). 0

Proposition 2.20 For every separable unital C' * —subalgebra B of the Calkin
algebra Q = L(H)/K(H) (on H = (3(N)) there is a projection P € Q with
|IPb—bP| = dist(b,C - 1) for all b € B.

Proof. Let D,n: B — D and p € D as Lemma 2.19. D can be unitally and
faithfully represented on H := ¢2(N) such that DNK = {0}. Let s1, 52 € L(H)
two isometries with s181 * +s285 = 1, m: t € L(H) — t + K € Q denotes
the quotient map. There is a unitary U € @ with U*bU = w(s1)bm(s1)* +
m(san(b)ss) for b € B, by the generalized Weyl-von-Neumann theorem of
Voiculescu, cf. [2]. Thus P := Un(sapss)U* is a projection in @ that satisfies
||Pb— bP|| = dist(b,C - 1) for all b € B. O
Proposition 2.20 implies:

Corollary 2.21 Let Q := L(¢2)/K(ls). Then Q¢ =C- 1.

Proof. Let b = m,(b1,ba,...) € Qu for (b1,ba,...) € £5(Q), B the unital
C *—subalgebra generated by b1,bs,... and P € @ as in Proposition 2.20.
Then

Pb—bP:Tl'w(Pbl —b1P7Pb2—b2P,...)

and || Pb— bP|| = lim,, dist(b,,, C- 1). It follows b € C-1 = (C-1),, if Pb = bP.
O
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Question 2.22 s L({3)*=C-17?

The question leads to a study of the positive elements in Ann(K, K,,): Note
that £(¢2)¢ C (K(¢3)+C-1),, by Cor. 2.21, and that F(K+C-1) = (K4+C-1)¢ =
Ann(K,K,) + C- 1, because F(K) = F(C) = C.

Remark 2.23 If A is a simple C *-algebra, then for every g,h € (Ay)+ with
llgll = |Ih]| = 1 there is z € A, with ||z|| =1 and zz*g = zz*, z*zh = 2*z. In
particular, Ann(A) does not contain a non-zero closed ideal J of A, if A is
simple.

3 The invariant cov(F'(A)) and applications.

Here we consider the case where A is separable and F'(A) contains a full simple
C *—algebra B of dimension Dim(B) > 1. We show below that (in this case) A
is strongly purely infinite if A is weakly purely infinite. Other considerations of
this section are concerned with a (sufficient) condition on F(A) under which
A is weakly purely infinite if every (extended) lower semi-continuous 2-quasi-
trace on A is trivial (i.e. takes only the values 0 and oo, cf. Proposition 3.7).
The main result of this section is Theorem 3.10.

We say that X C By is full if the ideal of B generated by X is dense in
B, b€ By is full if X := {b} is full, and a *~morphism h: C — B is full if
h(Cy) is full in B.

Recall that a positive contraction b € By is k-homogenous if there is a
*-morphism h: Cy((0,1]) ® My, — B such that h(fo®1g) = b. (Here fo(t) :=1t
for t € (0,1], and 0 is k-homogenous for every k € N by definition.)

Definition 3.1 We define cov(B,m) € NU {+oc} for a unital C*—-algebra
B (and m > 1) as the minimum of the set of n € N with the property that
there are ay,...,a, € By and dy,...,d, € B with Zj diajd; =1 and that a;

is the sum a; = Zi;l aj; of mutually orthogonal k;;-homogenous elements
a;; € By withkj;, >m forj=1,...,n andi=1,...,l;. (The minimum of
an empty subset of N is considered as +00.) In other words:
cov(B,m) < n < oo, if and only if, there are finite-dimensional C*-
algebras Fi,..., F,, *morphisms hj: Co((0,1]) ® F; — B and dy,...,d;
such that every irreducible representation of F; is of dimension > m and
1=3";d;hi(fo®1)d; forj=1,...,n.

We define:

cov(B) := sup cov(B,m).

One can replace the Fj in the definition of cov(B,m) by those unital C *-
subalgebras G; C F; which have, moreover, only irreducible representations
D: G; — L(H) of dimension m < Dim(H) < 2m and a center Z(G;) of
dimension < m.
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It is useful to note that the definition of cov(B,m) can be described by
weakly semi-projective relations (e.g. for the study of cov of ultrapowers or of
continuity properties of B +— cov(B), Remark 3.3 and below):

Remark 3.2 We can suppose that the di,...,d, and hj: Co((0,1]F;) — B
of Definition 3.1 satisfy in addition the weakly semi-projective relations

del +...+ d;dn =1 and hj(f() ® 1)dj = dj

forj=1,...,n:=cov(B,m).

It follows:
cov(B) < m, if and only if, there is a unital *-morphism from the “locally”
weakly semi-projective C *~algebra A,, := Ay, 1 * A, 2% -+ into B.
Here A, denotes the (weakly semi-projective) universal unital C*—algebra
generated by n copies h;(Cy) C B of Ci = Co((0,1], (M2 ® M3)®*) and
elements dy, . .., d, with relations didi+...+d}d, =1 and h;(fo®1)d; = d;
forj=1,...,n, and A, 1xA, 2x Ay, 3% -+ means the unital universal (= “full”)
free product of unital C *—algebras.

Proof. To get weakly semi-projective relations, let k;: Cy((0,1]) ® F; — B
and e1, ..., e, such that 1 =37, e7k;(fo®1)e; (where Fj is finite-dimensional
and every irreducible representation of F} is of dimension > m for j =
L,...,n). Then 1/2 < g:= 3", ejk;((fo—0)+®1)e; < 1 for suitable § € (0,1).
Let dj := k;((fo—6)+ ®1)Y/2e;971/2 then didy +...+d%d, = 1. There is a *-
morphism t: Cy(0,1] — Co(0, 1] with ¥(fo) = gs where gs(t) := min(t/4,1).
Let h]‘ = k’j o} (d) X idFj)7 then hj(fg (24 l)dj = dj.

The new relations are away from the old relations, but they do the same

job (for the definition of cov(B,n)) and they are weakly semi-projective in the
category of unital C' *—algebras:
The relation Zd;dj = 1 is semi-projective in the category of unital C *—
algebras and the defining relations of Cy((0,1], F;) are even projective in
the category of all C *—algebras (cf. [27, thm. 10.2.1], [28], or the elemen-
tary proof in [6, sec. 2.3]). Let dy, ..., d, contractions with Zj d;dj =1, and
hj: Co((0,1], F;) — B *-morphisms with [|h;(fo ® 1g,)d; — d;|| < 6*/n for
some ¢ € (0,1/2). Then

I1=671Y " dicjdsll <6< 1/2

for ¢; :== h; (fo ® 1), because ||d;|| <1 and § — max(0,t — (1 —4)) <1—¢ for
0<d<1,te(0,1] (ie because 1 =6 (c; —(1—0))4+ <511 —¢;)).

Let go i= 0 (fo— (fo— (1— 8))y, w = (X0 Mdiesdy) V2, &) =
5‘1/20;/2djw and define *-morphisms h;: Co((0,1], F;) — B by hj(f§ ©x) :=
hi(gf ®x) for ke N,z € Fjand j=1,...,n.

The new system d;; € B, h’;: Co((0,1], F) — B satisfies h’;(fo®1)d; = d;
and the canonical generators differ form d; and the old images by h; of the
canonical generators of Cy((0, 1], F}) by | fo — go|| < 6*/? and |jw — 1|| < §*/2.
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The use of (My & M3)®* instead of F; (with minimal dimension of irre-
ducible representations > m in an asymptotic sense) is possible, because every
irreducible representation of (M, @ Ms3)®* has dimension > 2* and there is
a unital *-morphism from (My @& M3)®* into M, for all £ > 6F, because
1 =2y —3ky =3F02F —y) —2F@BF —2) with 1 <z <3 and 1 <y < 2k
(but 6% + 1 is not the smallest value for ¢ with the property that all numbers
CE+1,0+2. . are sums Yo i 1273577 with n; € NU{0}). 0

One can read off some properties of cov(B, m) and cov(B) straight from
Definition 3.1 and Remark 3.2:

Remark 3.3 The maps (B,m) +— cov(B,m) and B — cov(B) on unital
C *—algebras B have the properties:

(1) cov(B,m) < cov(B,m+ 1),

(2) cov(C,m) < cov(B,m) if there exist a *-morphism ¢: B — C such that
¥(1) =1, or that ¥(1p) is properly infinite and is full in C.

In particular, cov(Os, m) = cov(Oz, m) = cov(Mae, m)cov(Mam,m) =1
form > 1.

(8) If By, B, ... is a sequence of unital C *—algebras, then, for every m € N,
cov([[ {B1,B2,...),m} = lim, cov(By,,m) and cov([[ {B1,B2,...}) =
lim,, cov(B,,). !

In particular, cov(B,, m) = cov(B,m), and cov(B,,) = cov(B).

(4) cov(B,m) = inf,cov(B,,m), cov(B) = sup,,inf,cov(B,,m) <
sup,, cov(By,), if Bi C By C --- C B are unital C*-subalgebras with
U,, Bn dense in B.

(5) Suppose that 1 is finite. Then cov(B,m) = 1, if and only if, there are a
C *—algebra A,, of finite dimension and a unital *-morphism h,,: A, —
B, where every irreducible representation of A,, has dimension > m.

(6) cov(B) =1 if 15 is properly infinite.

(7) cov(B) = cov(B,m) = oo if every irreducible representation of B has
dimension < m — 1.

(8) cov(B,m) < oo for every m € N if B is strictly antiliminal.

(9) If B has real rank zero, then cov(B,m) = 1 if and only if there exist
I1<p<m, F=My, &...06 My, CBwithm <k; <2m forj=1,...,p
and an isometry d € B with 1pd = d.

(10) Every separable C *—subalgebra By C B of a unital C*—-algebra B is
contained in a unital C*-subalgebra 1 € By C B with cov(Ba,m) =
cov(B,m) for all m € N.

Proof. (1),(2), and (7) follow immediately from Definition Definition 3.1. (5)
and (9) follow from Remark 3.2. (3): Use Remark 3.2 and (2).

(4): Use (2) for < and (i,iii) for >. (6): Use (2). (8): Use the Glimm halving
lemma [29, lem. 6.7.1] to see that 1p is majorized by a finite sum of m-
homogenous positive contractions. (10): Use Remark 3.2 and (4). O

! We extended lim,, to all sequences (a1, @z, ..., an, . ..) with o, € [0, 00].
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Proposition 3.4 Suppose that A is an inductive limit indlim(h,: A, —
Ani1) of separable C *—algebras Ay, As, . ... Then

cov(F(A),m) <lim inf cov(F(A,),m).

In particular, cov(F(A)) < liminf cov(F(A,)).

Proof. Remark 3.3(4) is not applicable, because the F'(4,) are not related
to F'(A). But Proposition 1.14 works:
cov(F(A,/I)) < cov(F(A,)) for closed ideals I of A,, by Remark 3.3(2),
because F(A,/I) is a quotient of F(A,) by Remark 1.15. Thus, we may
suppose that A;, Aa,... C A and |J,, 4, is dense in A.

By Proposition 1.14, for every w € 8(N)\ N and for every separable unital
C *—subalgebra E C [[ {F(A1), F(A2),...}, there is a unital *-morphism
E — F(A). Thus cov(F(A)) < cov(E) by Remark 3.3(2). E can be found such
that cov(E, m) = cov([[ {F (A1), F(A2),...},m) for every m € N by Remark
3.3(10). Now apply Remark 3.3(3) and note that for ay, as, ... € [0, 00] there
is a free ultrafilter w € B(N) \ N with lim,, a, = liminf,,_ oo cv,. |

Proposition 3.5 If a unital nuclear separable C *—algebra B has decomposi-
tion rank dr(B) < oo (cf. [26, def. 3.1]) and if B has no irreducible represen-
tation of finite dimension, then cov(B) < dr(B) + 1.

Proof. This follows easily from the definition of the decomposition rank
(26, def. 3.1] by [26, prop. 5.1], which implies that the c.p. contractions
or,: M,, — B of strict order zero arising in n-decomposable c.p. approxi-
mations p: @;_, M,, — B and ¢: B — @:_, M,, of [26, def. 3.1] can be
chosen such that (eventually) min{ry,...,rs} > ¢ if ¥ o o — idp (in point-
norm) and B has no irreducible representation of dimension < g.

Indeed, suppose that ¢,: C, & D,, — B and ¢,: B — C, & D, are
completely positive contractions with suitable C' *-algebras C,, and D,, such
that ¢, o ¢, tends to idp in point-norm, lim, ||1),(b*b) — ¥y, (b*)1,(b)|| = 0
for all b € B, 1, is unital and every irreducible representation of C,, has
dimension < ¢. Then the ultrapower C' := [[ _{C1,C5, ...} has only irreducible
representations of dimension < ¢ and the restriction to B of the ultrapower
U: B, — C of the completely positive contractions p; o ¢,: B — C), is
a unital *-morphism from B into C. The latter contradicts that B has no
irreducible representation of dimension < q. a

Recall that a quasi-trace 7: A,y — [0,00] is trivial if it takes only the
values 0 and +o0o. The following is a reformulation of [24, prop. 5.7].

Remark 3.6 Suppose that every lower semi-continuous 2-quasi-trace on A4
is trivial. Then, for everyn € N, a € AL \ {0} and € > 0 there exists kg € N
such that for every k > ko there are dy,...,d, in My ® A such that df (1 ®
a)d; =0; (1 ® (@a—¢)4) fori,j=1,...,n.

Proposition 3.7 If cov(F(A)) < oo and if every lower semi-continuous 2-
quasi-trace on Ay is trivial, then A is weakly purely infinite.
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Proof. Let m := cov(F(A)) and n := 2m. Below we show that, for a €
Ay and € > 0, there exists a matrix V = [vj ¢lmn € Mpmn(A,) such that
Vi (a®1,)V = (a —¢e)y ®1,. It follows that A is pi-m in the sense of [25,
def. 4.3] (because one can use representing sequences and the isomorphism
Mpn(Ay) = (M n(A))w). Thus A is weakly purely infinite.

Let ko € N as in Remark 3.6 for a € A, and € > 0. We find finite-
dimensional C *-algebras Fi,...,F,,, *-morphisms h;: Cy((0,1]) ® F;) —
F(A) and elements g; € F'(A) such that 3, g7b;g; = 1 for b; := h;(fo®1F,),
and that F; has only irreducible representations of dimension > ko for
Jj =1,...,m. (We allow b; = 0 for cov(F(A),ky) < j < m, to simplify
notation.)

For every j =1,...,m we find by Remark 3.6 d; 1,...,d;, € F; ® A such
that, for 1 <j<mand 1 <p,g<n

djp(1p; ® a)djq = 0p (1, ® (a—€)4).

Since g;®1 € M(F(A)®A), we can define, for j =1,... ,mandg¢=1,...,n =
2m,
Vjq = p(hy @ida(fo ® djq)(g; ® 1)).

A straight calculation shows

V; pAVj,q = Opqp (g;‘kbjgj ® (a — 5)+) 7
ie. V= [vjqlmn is as desired. .

Now we study situations where we can deduce strong pure infiniteness
from weak pure infiniteness.

Lemma 3.8 If A is purely infinite and F(A) contains two orthogonal full
hereditary C *-subalgebras, then A is strongly purely infinite.

Proof. Let a,b € Ay and € > 0, 6 := ¢/2. If Ey, B2 C F(A) are orthogo-
nal full hereditary C *-subalgebras, there are e; € (E;)+ and g;, hy € F(A)
(t =124 =1,...om, k = 1,...,n) such that 1 = ng;-‘(el)2gj and
1 = >, hi(e2)*hg. Thus, a®> = p(1 ® a?) (respectively b?) is in the ideal
of A, generated by p(e; ® a) (respectively p(ez ® b)), because, e.g. 1 ® a? is
in the ideal of F(A) @™ A generated by e; ® a. Let u; € (A% C A, with
e; = u; + Ann(A). Then ujabuy = p(erez ® ab) = 0 and a? (respectively b?)
is in the closed ideal of A, generated by uja?u; = p((e1)? ® a?) (respectively
U2b2U2).

Since A is purely infinite, A, is again purely infinite, cf. [24]. Tt follows
that there are fi, fo € A, such that fiuja®u; fi = (a2—98)4 and fousb?usfo =
(6% —9)+.

With v; := f;u; holds ||via?v; —a?|| < e, |[v3b%v2 —b?|| < € and viabvy = 0
in A,. With help of representing sequences for v; and v in o (A4) we find
di,ds € A with ||dja?dy — a?|| < e, ||d3b*ds — b?|| < € and ||d}abdz| < e. This
means that A is strongly purely infinite, cf. [6], [25]. O
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Lemma 3.9 If F(A) contains a full 2-homogenous element, then A has the
global Glimm halving property of [5] (cf. also [6]).
If, in addition, A is weakly purely infinite, then A is strongly purely infinite.

Proof. Let a € Ay, e € (0,1), 6 := £2/2 and D := aAa. By assumption,
there exists b € F(A) and dy, . ..,d, € F(A) with b = 0 and > d;brbd; = 1.

Let e; := p(d; ® a'/?), ¢ € A° with b = ¢ + Ann(A) and f = ca =
p(b ® a'/?). Then f? = 0 and a? = Zj ejf*fe;. f and eq,...,e, are in
the hereditary C *—subalgebra of A, generated by a, in particular they are
in D,. Let h = (hy,ha,...) € loo(D) self-adjoint with w,(h) = f*f — ff*,
g=(g1,92,--.) € len(D) with 7,(g) = f, and let uy, := (hk)l_/kgk(hk)i_/k for
k=1,2,.... Then uy € D, ui =0 and m,(uy,uz,...) = f.

There exists k € N and vy, ..., v, € D such that ||a® — > vjupukvsf <6
(use representing sequences for ey, ..., e, € D,).

By [25, lem. 2.2] there is a contraction z € A such that ), wjujurw; =
(a—¢€)4 for w; :=v;zh(a) with h(t) := max(0,¢ — €)*/2/ max(0,t* — §)*/2 on
[0,00]. Hence (a — €)4 is in the ideal generated by u.

Thus A has the global Glimm halving property of [5].

By [6] (and [5]) A is purely infinite, if and only if, A is weakly purely infinite
and has the global Glimm halving property. Then A is moreover strongly
purely infinite, by Lemma 3.8. O

Theorem 3.10 If every lower semi-continuous 2-quasi-trace on Ay is trivial
and if F(A) contains a simple C *-subalgebra B with 1 € B and

cov(B @M B ... ) < oo,
then A is strongly purely infinite.

Proof. There is a unital *-morphism from B @™#* B @™* ... into F(A)
by Corollary 1.13. Since cov(B @™ B @™ ... ) < oo, it follows B # C and
cov(F(A)) < oo, cf. Remarks 3.3(ii,vii).

Thus Proposition 3.7 applies, and A is weakly purely infinite. The Glimm
halving lemma (cf. [29, lem. 6.7.1]) applies to Borto B B®--- if B~ M,
with n > 2. Thus Lemma 3.9 applies, and A is strongly purely infinite. O

Let Z(m,n) C C([0,1], Mpy,) for m,n > 1 denote the dimension-drop
algebra given by the subalgebra of C([0, 1], M,,, ® M,,) of continuous functions
f: 10,1 — M, ® M,, with f(0) € M,, ® 1,, and f(1) € 1,, ® M,. In the
following we use only that the Jian—Su algebra Z (cf.[18]) is a simple unital
C *—algebra, that Z is an inductive limit of Z(my, ny) with min(myg, ng) — oo
for k — oo, that Z does not contain a non-trivial projection, and that Z =
ZRZR---.

Lemma 3.11 cov(Z(m,n), min(n,m)) < 2 and cov(Z) = 2.
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The proof follows from Proposition 3.5 and parts (2),(4) and (5) of Remark
3.3, because dr(Z(m,n)) = 1. But we give an independent proof.
Proof. Let a € C([0,1], Myn)+ given by a(t) := t1lyy,. Then a € Z(m,n),
a'/? is n-homogenous and (1 — a)'/? is m-homogenous in Z(m,n). 1 =
dia'/3dy + di(1 — a)'/3dy for di = a'/? and dy = (1 — a)'/?. Hence,
cov(Z(m,n), min(n,m)) < 2.

For k € N there are n,m > k such that there is a unital *-morphism from
Z(m,n) into Z. Thus, cov(Z,k) < 2 by Remark 3.3(2).

cov(Z,2) > 1 by Remark 3.3(5), because 1z is finite and does not contain
a non-trivial projection. Hence cov(Z,k) =2 for k =2,3,.... a

Corollary 3.12 A ® Z is strongly purely infinite if every lower semi-
continuous 2-quasi-trace on Ay is trivial.

Proof. Then every l.s.c. 2-quasi-trace (A® Z); — [0, 00] is trivial. F(A® Z)
contains a copy of Z unitally, because Z 2 Z ® Z ® ---. The result follows
from Lemma 3.11, Remark 3.3(2) and Proposition 3.7. O

Corollary 3.13 If A is simple and separable, and is neither stably finite nor
purely infinite, then there is kg < oo such that, for all m,n > ko, there is no
unital *-morphism from I(m,n) into F(A).

Proof. The assumptions imply that every l.s.c. 2-quasi-trace on A is trivial.
Since A is simple and is not purely infinite, A is not weakly purely infinite.
Thus cov(F(A)) = oo by Proposition 3.7.

Let ko := inf{k € N; cov(F(A),k) > 2}.If h: Z(m,n) — F(A) is a unital
*_morphism, then cov(F(A), min(m,m)) < cov(Z(m,n), min(m,n)) < 2 by
Remark 3.3(2) and Lemma 3.11. Thus min(m,n) < ko. O

Corollary 3.14 Let R an example of a simple separable unital nuclear C'*—
algebra that is neither stably finite nor purely infinite (cf. Rordam [30]).
Then cov(F(R)) = oo, F(R) is stably finite, and F(R) does not contain a
simple unital C *—subalgebra B # C - 1.

Proof. cov(F(R)) = co by Proposition 3.7. F(R) must be stably finite by
Remark 2.13, because R is not (locally) purely infinite. There is no unital C' *—
subalgebra B # C -1 of F(R), such that B ® R is weakly purely infinite (i.e.
n—purely infinite for some n), because otherwise a ® 1,, is properly infinite in
p(BOR)® M, C R, ®M,, for every a € R, which implies that R is n—purely
infinite, a contradiction. Suppose that B # C- 1 is a simple C *~subalgebra of
F(R) then there is also an antiliminal simple algebra B unitally contained in
F(R) (cf. Corollary 1.13). But then B ® R is purely infinite by [6, cor. 3.11],

O

Question 3.15 Does F(R) contain a strictly antiliminal unital C*-
subalgebra B?
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A positive answer to Question 3.15 would show that:

(1) there exists a separable strictly antiliminal stably finite unital C' *—algebra
that does not contain a non-trivial simple C *—algebra unitally (because of
3.14 and because every strictly antiliminal unital C *—algebra is the inductive
limit of its separable strictly antiliminal C' *—subalgebras), and

(2) there are locally purely infinite algebras that are not weakly purely infinite
(because B ® R is not weakly p.i. by the argument in the proof of 3.14, but
is locally p.i. by [6, cor. 3.9(iv)]).

Question 3.16 Suppose that A is a simple stably projection-less separable
C *—algebra and that My & Ms is unitally contained in F(A).
Is A approzimately divisible?

If 1pa) € My @ M3 C F(A), then there is a unital *-morphism from the
infinite tensor product

E:(MQ@M3)®(M2@M3)®

into F'(A) by Corollary 1.13. E contains a simple AF-algebra D unitally
(communicated by M. Rgrdam, May 2004). Every simple unital AF-algebra
contains a copy of My @& Mjs unitally. Thus, the property in the question
equivalently means that F'(A) contains a copy of a simple AF—algebra unitally.
Every simple unital AF-algebra absorbs a copy of Z, cf. [18]. It follows that
A2 AR Z (cf. Section 4).

The estimate for cov(F(A),m) in Proposition 3.4 is not optimal, e.g.
cov(F(Mae),m) =1 and cov(F(Myr),2) = oo for all k € N, because F(Ma)
contains a copy of Mas unitally and F(M,:) = F(C) = C.

Since F(Mayk, Mok+m) = Mam, one gets better estimates if one considers in
some case also also cov(F'(Ap,, An,,,), m) for suitable n; <mng < ---.

4 Self-absorbing subalgebras of F(A).

Suppose that 1p4) € D C F(A) is a simple separable and nuclear unital C *-
subalgebra of F(A). Then D := D®*® := D@ D®--- is unitally contained in
F(A) by Corollary 1.13.

Here we are interested in the question, when this implies that there is an
isomorphism ¢ from A onto A ® D, and when 1 can be found such that v is
approximately unitarily equivalent to the morphisma € A—a®1 € A® D.

Definitions 4.1 Let A and D C *-algebras, where D is unital. We say that
A is D-absorbing (in a strong sense) if there exists an isomorphism v from
A onto A ® D that is approximately unitarily equivalent to the morphism
a — a® 1l (by unitaries in M(A ® D)). We call A stably D-absorbing if
K ® A is D-absorbing.
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A unital C*-algebra D is self-absorbing if D is D-absorbing.
D has approximately inner flip if the flip automorphism of D ® D is ap-
proximately inner.

If there exists A # {0} such that A is D-absorbing, then D is simple and
nuclear (cf. Lemma 4.9). Conversely, if D is simple, separable, unital, and
nuclear, then Oy is D-absorbing (by classification theory).

If A and D are separable, D simple, unital and nuclear and A is D-
absorbing, then D®* is unitally contained in F(A). (cf. Proposition 4.11).
This property is not enough to ensure that A is D-absorbing, as the following
remark shows (see Appendix C for details):

Remark 4.2 The infinite tensor product O, ® O, ® - - - is unitally contained
in F(O,). But the maps M,co: a — a®1Q1®... and M a— 1Qa®
1®... from O, into O, @ O, ® ... (i =1,2) are not approximately unitarily
equivalent for n > 3. In particular, ©,% is not self-absorbing, and the flip
on (0,2%°) ® (0,2°) is not approzimately inner.

Let us fix some notation for this section. If D is a unital, we let D :=
D®>® := D® D ®... denote the infinite tensor product of D.

We define ny, ,: D — D®™ forn=2,3,...,00, k =1,2,... with k < n by
Men(@) =1® - ®1®a®1®---®1 for a € D with a on k-th position. We
let 171 := 112 and 72 :=122.

The different behavior of D and D can be seen from the following.

Remarks 4.3 Suppose that D is a simple separable unital nuclear C * —algebra
that contains a copy of Oy unitally. Then:
(1) The morphisms my and 1y are approximately unitarily equivalent in D ® D
and D®® = O,.

An example with D % D is D = P the unique p.i.s.u.n. algebra in the
UCT class with Ko(Ps) =0 and K1 (Px) = Z.
(2) The flip automorphism on P ® P s not approzimately inner.
(8) There exist simple nuclear C*-algebras D that contains a copy of Os
unitally and are not purely infinite (e.g. the examples of Rprdam [30] are
stably isomorphic to those algebras).

See Appendix C for more explanation.

It shows that infinite tensor products D = D®> considerably loose prop-
erties of D. D is stably finite or purely infinite by [6, cor. 3.11] for simple
D.

Below we see that D = D and every unital *-endomorphism of D is ap-
proximately inner if and only if D is self-absorbing and separable. Therefore
we use the notation D also for self-absorbing algebras.

This class of separable self-absorbing algebras could be of interest for a
classification theory of (not necessarily purely infinite) separable nuclear C' *—
algebras up to tensoring with D:

The classification of separable stable strongly purely infinite nuclear algebras
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is a classification of all separable stable nuclear C *—algebras modulo tensor
product with D = O,. The strongly purely infinite algebras are contained in
the (possibly larger) class of algebras A with the property that O is unitally
contained in F'(C, A) for every separable nuclear C *—subalgebra C of A,,.

We list some results on self-absorbing D in the UCT-class, and point out
some open questions on self-absorbing D in the UCT class that have a tracial
state.

Proposition 4.4 Let D a unital separable self-absorbing C *—algebra. Then:

(1) D is simple and nuclear. Fither D is purely infinite or D has a unique
tracial state.

(2) DE2DRXD®--- .

(8) Every unital endomorphism of D is approximately inner by unitaries in
the commutator subgroup of U(D).

(4) If B is separable and M(B) contains a copy of Oy unitally, then B is
D-absorbing if and only if F(B) contains a copy of D unitally.
In particular, a separable algebra A is stably D-absorbing if and only if
D C F(A).

(5) If the commutator subgroup of U(D) is contained in the connected compo-
nent Uy(D) of 1, then every stably D-absorbing separable C *-algebra is
D-absorbing.

It is a consequence of the basic Proposition 4.11 and of Corollaries 4.12 and
4.13. See end of this section for a proof.

We use the invariant F/(A) to give an alternative approach to permanence
properties of the class of (strongly) D-absorbing separable C *—algebras, as
e.g. studied by A. Toms and W. Winter [32], and we give a simple necessary
and sufficient condition under which the class is closed under extensions (and
is then automatically closed under Morita equivalence).

Theorem 4.5 Suppose that D is unital, separable and self-absorbing.

(1) If B is a unital separable C *—algebra and a copy of D is unitally contained
in B, then B® B® --- is D-absorbing.
In particular:

DMy Q@Ms® - =My Q@M ---

if D is quasi-diagonal.
If for every n € N there exist p,q > n and a unital *-morphism from
E(M,, M) into D, then D =D ® Z.
(2) The class of stably D-absorbing separable C*-algebras is closed under
inductive limits, passage to hereditary C *—subalgebras, and to quotients.
A unital separable algebra B is D-absorbing if B is stably D-absorbing.
(3) The class of stably D-absorbing separable algebras is closed under exten-
sions, if and only if,
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if and only if, the commutator subgroup of U(D) is in the connected com-
ponent Uy(D) of 1.

(4) If the class of stably D-absorbing separable algebras is closed under exten-
sion, then every stably D-absorbing algebra is D-absorbing.

We give a proof at the end of this section.

Parts (2)-(4) together imply that the class of D-absorbing separable alge-
bras is closed under all above considered operations, if and only if, uvu='v €
Uo(D) for all unitaries u,v € D. The property [U(D),U(D)] C Uy(D) holds
for simple purely infinite algebras D, because the natural group morphism
U(D)/Uy(D) — K;1(D) is an isomorphism (J. Cuntz [10]) if D is simple and
purely infinite. A. Toms and W. Winter [32] obtained permanence results for
tensorially D-absorbing algebras under the (perhaps stronger) assumption
that U(D) /Uy (D) = K, (D) for self-absorbing D.

Remark 4.6 The Cuntz algebras Oy, O, the UHF algebras My (p prime),
the Jiang-Su algebra Z and oll (finite and infinite) tensor products D1@Da®. . .
are examples of self-absorbing D in the sense of Definition 4.1.

Up to tensoring with Oy this list exhausts all D in the UCT class.

The Elliott invariants of this algebras exhaust all possible Elliott invariants
of D® Z for self-absorbing D in the KTP class (O UCT class).

They all have connected unitary groups, thus the class of separable D-
absorbing algebras is closed under inductive limits, extensions, passage to
hereditary subalgebras and under passage to quotients.

The flip automorphism on D ® D is (unitarily) homotopic to the identity
for UHF-algebras D, D = Oy and D = O.

Clearly, My~ has the required properties. The considered properties are in-
variant under infinite tensor products. Z has the properties by [18]. The others
follow from KTP, UCT and the classification of p.i.s.u.n. algebras by means
of KK-theory (see Appendix C for details, or [32] for an alternative proof).
We do not know if 71,72 are (unitrily) homotopic for D = Z.

The case of UCT algebras suggests:

Conjecture 4.7 If D is self-absorbing and D # Oy then

PDR06 @M @M3 R+ = O @ Mo @ M3 ® -+ .

Recall from Proposition 1.9(4,5,9), that the natural *-morphism from the
normalizer N (D) C M(B),, of Dg C B, into M(Dp) defines isomorphisms
N(DB)/ADH(B,M(B)W) = M(DB) and

F(B) = (B'N M(B).)/Ann(B, M(B).,) = B' N M(Dg)

if B is o—unital. It allows to improve [25, prop. 8.1] as follows:
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Proposition 4.8 Suppose that B is a separable C *-algebra and A is a non-
degenerate C*—subalgebra of B. Let Uy C M(Dp) denote the image of the
unitary group of N(Dg) in M(Dp).

If there are unitaries Wy, Wa, ... € Uy with lim,,_,« |Wna —aW,| =0 for
every a € A and lim,,_, o dist(W¥bW,,, A,) = 0 for every b € B, then there is
a unitary U = 7, (u1,uz,...) € M(B), with U*BU = A.

The *-isomorphism ¢ (a) := UaU* from A onto B is approzimately unitar-
ily equivalent to the inclusion map A C B by the unitaries ui,us, ... € M(B).

If one can find the W, even in Uy(M(Dpg)) then ui,us,... can be chosen

Proof. Let G C U(M(B))) a (countable) subgroup such that for each n € N
there is a sequence (g1, ga,...) € G with 7,(g1,92,...) € N(Dg) C M(B),
and

7Tw(91792’ e ) + AHH(B,M(B)M) = Wn :

Note that G can be found in Uy(M(B)) if W,, € Uy(M(B)), because unitaries
in

Uy(M(Dp)) = Uy(N (Dp, M(B).)/Ann(B, M(B).))

lift to unitaries in Up(M(B),) and Uy(M(B),) C (Uy(M(B)))s-

Let (a1, a9,---) and (b1, ba,...) dense sequences in the unit-ball of A re-
spectively of B. Consider the sequence of functions f1, fo,... on G given by
for—1(g) := |lgar — arg|| and for(g) := dist(g~lbrg, A) for k € N. Then
G C M(B) and (fi, fa,...) satisfy the assumptions of Remark A.2: indeed,
use the representing sequences for W, and apply the assumptions on W,,.
It follows, that there is a sequence (v1,vs,...) in G C U(M(B)) such that
lim,, fx(v,) = 0 for all k € N. This means that id: A < B and (v, vs,...) sat-
isfy the assumptions of [25, prop. 8.1]. The proof of [25, prop. 8.1] shows that
there is a sequence of unitaries uy,us,... € G, such that U := 7, (ug,us, .. .)
is as required. a

Lemma 4.9 Suppose that D and E are C*-algebras a € Dy, that
h: Co((0,1],D) — E is a *morphism with h(fy ® a) # 0. If there is a
net {U,} unitaries in M(E ® D) such that {UZ(h(fo ® d) ® a)U;} converges
to h(fo® a)®d for all d € D, then:

(1) D is simple and nuclear.

(2) If there are 6 > 0 and a lower semi-continuous 2-quasi-trace p: Ei —
[0,00] with 0 < p(h((fo —0)+ ® (a — d)4)) < o0, then all l.s.c. 2-traces
v: Dy — [0,00] are additive and are proportional to the trace

a €Dy — p(h((fo—96)+ ®@a)).

Proof. (1): Use inner automorphisms of £ ® D composed with slice maps
from £ ® D into D.

(2): Since D is simple and nuclear, every l.s.c. 2-quasi-trace v on D is an
additive trace, and there is an extended l.s.c. 2-quasi-trace A: (E ® D)y —
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[0,00] with A(e ® d) = p(e)v(d) for d € Dy, e € E; with v(d) < oo and
p(e) < oo, cf. [6, rem. 2.29, proof of cor. 3.11(iv)]. v is semi-finite and faithful
if v is non-trivial, in particular 0 < v((a — §)4) < oo for § > 0.

Then u(h((f ©d))u(b) < u(h((f ©b)u(d) for d € Dy, f = (fo—6)5 and
b:= (a— )4, because h(f ® d) ® b is the limit of U, (h(f ® b) ® d)U* and
A is Ls.c. A similar argument shows ”>”. Thus v(d) = yu(h(f ® d)) for all
d € Dy, where v :=v(b)/u(h(f ®D)). O

Remark 4.10 Suppose that A and D are separable where D is unital. Con-
sider the following conditions for A and D:

(B) The two *~morphismsida®m andida®mny from ARD into AQ(D®D) are
approximately unitarily equivalent by unitaries in the connected component
Uy(M(A® D ® D)) of the unitaries in M(A® D ® D).

(B°) The *-morphisms idg @ M 0o and ida ® 12,00 from A® D into A® (D ®
D®---) are approzimately unitarily equivalent by unitaries in Uyp(M(A®
D®D®--)).

Then:

(1) (B) implies (B°), (B°) implies that D is simple and nuclear, and that for
every unital endomorphism ¢ of DQ D ®--- the endomorphism ida ® ¢ of
ARDRD®... is approzimately inner by unitaries in Ug(AQDRD®- ).
In particular (B) holds with D ® D ® ... in place of D.

(2) If Ay has a non-trivial lower semi-continuous (extended) 2-quasi-trace,
then (B°) implies that D has a unique tracial state.

(8) The condition (3°) is satisfied if the morphisms m oo and 12,0 from D into
D®R®D®--- are approximately unitarily equivalent and if M(A) contains
a copy of Oy unitally (e.g. if A is stable).

(4) The condition (8°) is satisfied for every A if the morphisms 11 0 and 12, c0
from D — D®D®--- are approximately unitarily equivalent by unitaries
in the connected component Uy(D @ DR -+-) of 1l inUpy(DRD®---).

(5) fA2ZA®D®D®---, then (3°) implies (3).

The morphisms 7y, and 7y, o are above defined. Recall that Y (A D®D®. . .) is
connected in norm-topology if A is stable and o-unital (by a result of J. Cuntz
and N. Higson).
Proof. (2) follows from from Lemma 4.9(2).

(4) is obvious.

(3): Since 71,00 and 72 o are approximately unitarily equivalent, we get
from Lemma 4.9(1) that D is simple and nuclear.

By classification theory, Os = Oy ® D, because D is simple, separable and
nuclear. The group of unitaries U (O2) is connected (cf. [10]).

(1): It is obvious that () implies (5’). D is simple and nuclear by Lemma
4.9(1).

Let By and By unital algebras, and psiq, 1 unital morphisms from B; into
Bs. We use the notation 17 ~ 15 if id4 ® 107 and id4 ® 1o are approximately
unitarily equivalent by unitaries in Up(M(A @ Bs)).
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There are obvious composition rules:
1 ~ ¥ and Yo ~ 3 imply ¢y ~ 3. If A1 By — Bs and u: By — B; are
unital, and if ¥ ~ 19, then Aoy ~ Aoy and 91 o p ~ 1y o p.

For n € N and permutations ¢ of {1,...,n}, we define *-morphisms

o: D¥" - D®"@1®1®...CD

wg(d1®d2®...®dn)Zda(l)®da(2)®...®d0(n)®l®1®---.

Further let €, := v, for ¢ = id of {1,...,n}. For m < n we define
Vmn: D™ — D®™ by €, = €, 0 iy n, 1.€.

Vm,n(d1®"‘®dm):d1®"'®dm®1®"'®1~

The condition (3’) implies that ¥, ~ €, for every transposition o. Since every
permutation is a product of transpositions, one can see by the rules for the
relation ~ that ¢, ~ €,.

Let 7 and 79 denote the endomorphisms of D given by

TMd1 ®de® - Rd,®--)=d1®1Rd®1®--®10d, R1®---
respectively
Tdi ®d® - Rd, @) =10d1 ®1Qd®--- ®1Rd, ®1®---

Since there is a permutation o of {1,...,2n} with 7, 0 €, = 1y 0 Uy 2p, We
get that (3’) implies that 7 o €, ~ €, for k = 1,2, n € N. It follows that

T ~ idD ~ T2.
We denote by 7 the isomorphism from D onto D ® D onto D with
Y(d1®de®@ )@ (e1Rea®...))=(d1 ®e1 Rda Rea @+ +)

for dyi,e1,ds,€2,... € D.
Then yon, = 75, ~ id for k = 1,2. It follows ; = vy~
Let ¢: D — D unital. Then

Yo ~y7tom =1,

Y~ ymyY =y @id)n ~ (Y @id)ne = yme = 72 ~id.

(5): Conditions () and (3’) are preserved if one passes over to isomorphic
algebras, e.g. if E = D, then A and F satisty (8), with E in place of D, if
and only if, A and D satisfy (3).

Let B:=D®D,D:=D®D®---, and let 7: B — B denote the flip
map 7: by ® by +— by ® by.

Suppose that A and D satisfy condition (5’). Then A and D®B 2 D satisfy
by part (1), that for every isomorphism ¢ of D ® B the isomorphism id4 ® ¢
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of A® D ® B is approximately unitarily equivalent to id = id4 ® idp ® idg
by unitaries in Uy(A ® D ® B) This applies to ¢ :=idp ® 7.

If there is an isomorphism A from A onto A ® D then there is a unital
morphism ¥ from M(A® (D® B)) onto M(A® B) with V(A® (D® 1)) =
Alpand ¥(a®d®b) = AMa®d)®@b for a € A, d € D and b € B. Tt follows,
that idy ® 7 = o (idy ®idp ® 7) oW~ ! is approximately unitarily equivalent
to id4 ® idp by unitaries in Uy (M (A ® B)).

In particular, A and D satisfy condition (8), because 7 o 11 = 7. O

The following proposition is the basic observation of this section. It gener-
alizes [25, thm. 8.2] and observations of Effros and Rosenberg [15]. The proof
uses Proposition 4.8. Here we consider a property that is a bit stronger than
D-absorption.

Proposition 4.11 Suppose A and D are separable, and that D is unital.
Then the following are equivalent:

(1) There is an isomorphism ¢ from A onto A ® D that is approximately
unitarily equivalent to a € A — a ® 1 by unitaries in Uy(A ® D).

(2) A and D satisfy condition (B) of Remark 4.10 and F(A) contains a copy
of D unitally.

(3) A and D satisfy condition (8°) of Remark 4.10 and F(A) contains a copy
of D unitally.

(4) There is an isomorphism i from A onto AQ D® D ®--- that is approz-
imately unitarily equivalent to a — a ® 1 by unitaries in Uy(M(A® D ®

(5) A and D satisfy (8’) and AXAQDRDQ---..

In part (5) we don’t suppose that the isomorphism from A onto A ® D is
approximately unitarily equivalent toa — a®1Q®1® ---.
Proof.
(1)=(2): Let ¢: A — A®D asin part (1). Then a — ¢(a)®1 is approximately
unitarily equivalent to @ — a ® 1 ® 1 by unitaries in Up(A ® D ® D). The
same must happen for a — (id4 ® o)(¢(a) ® 1), because id4 ® o extends to
an automorphism of M(A ® D @ D). If we let a := ¢~ !(f) for f € A® D,
then this shows that f — (ida ® 0)(f ® 1) and f — f ® 1 are approximately
unitarily equivalent, In particular, A and D satisfy condition (3) of Remark
4.10, and D is simple and nuclear by Remark 4.10(1).

The non-degenerate endomorphism a +— ¢~ *(a® 1) of A is approximately
unitarily equivalent to ida. If uy,us,... € M(A) is a sequence of unitaries
with limuf ¢~ (a ® 1)u,, = a for a € A, then

on: d€D — uiM(e (1@ d)u, € M(A)
is a unital *-monomorphism with lim ||[¢,(d), a]|| = 0, i.e.

T (@1(d), p2(d), . ..) € (A, M(A))".
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Since F(A) = (A, M(A))°/Ann(A, M(A),) and D is simple, it follows that
F(A) contains a copy of D unitally.

(2)=(3): is obvious.

(5)=(3): Property (4’) implies that D is simple and nuclear, cf. Remark
4.10(1). If A is an isomorphism from A® D ® D ® ... onto A, then X extends
to a unital *-isomorphism from M(A® D® D ® ...) onto M(A). For d € D
let

on(d) = Ay ®1®---010dR1® ) e M(ARDR®D®---)

with d on n-th position. This defines unital *-morphisms from D into M(A)
with lim ||[¢n(d), a]|| = 0. Now deduce (3) as in the proof of the implication
(1)=(2).

(3)=(4): By Remark 4.10(1), D must be simple and nuclear, and condition
(8) is satisfied for A and D:=D ® D ® --- (in place of D).

By Corollary 1.13, there is also a copy of D := D ® D ® --- unitally
contained in F(A), because A and D are separable, and D is unital, simple
and nuclear.

Let A C B:= A® D (and identify A with A ® 1p). We show that A and
B satisfy the assumptions of Proposition 4.8:

Let h: D — F(A) a unital *-morphism. There is an isomorphism A from
A®@D®D into B, with A(a®1®1) =a € A, C By, M(a®d®1) =
pa(h(d) ® a) € Dy C Ay, and Ma®1®d) = a®d € B. X is give by
application of

(paco)®idp: AQM* F(A)®@D — A, ®D C B,

on idy ® h ® idp. (Here o means the flip isomorphism a ® b — b ® a).
L.e. A® D ® D may be considered as a non-degenerate C *—subalgebra of

A(B,)A = Dg.
The image of A is a non-degenerate subalgebra of Dg. Thus

M) M(A®D®D) - M(Dp)

exists and is unital. Since A and D satisfy (), we find a sequence of unitaries
Wy, = M(X)(V,,) € Up(M(Dg)) with lim, WA(a® 1 d)W, =Aa®d®1)
for all @ € A and d € D. Thus (W;,Wa,...) satisfies the assumptions of
Proposition 4.8. It follows that there is an isomorphism ¢ from A onto B =
A ® D that is approximately inner by unitaries in Up(A ® D), i.e. ¢ is as
stipulated in (3).

(4)=(1): If we apply the above verified implications (1)=(2) to A and
D:=D®D®--- in place of D, then we get that condition (() is satisfied
for A and D. It follows that D is simple and nuclear.

By assumption, there is an isomorphism ¢¥: A — A®D from A onto AQD
such that a € A — a® 1 € A® D is approximately unitarily equivalent to 1
by unitaries in Uy(M(A ® D)).
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It follows that a € A — ~'(a ® 1p) € A is approximately unitar-
ily equivalent to id4 by unitaries in Uy(M(A)). Let \: D — D ® D the
isomorphism given by A(di ® do2 ® -+) := (d2 ® d3 ® -+-) ® dy. Then
¢ = ("' ®idp) o (ida ® \) 0 9 is an isomorphism from A onto A ® D and
is approximately unitarily equivalent to a € A+— ¢ "1 (a®1p)®@1p € A® D
by unitaries in Uy(M(A ® D)). Thus, the isomorphism ¢: A — A® D is
approximately unitarily equivalent to a — a ® 1 by unitaries in Uy(A ® D).

(4)=(5): Since (4) implies (1), it implies also (2) and (3). Thus (4) implies
condition (3’) for Aand D. AQ AR D® D ®-...is part of (4). O

Corollary 4.12 Suppose that D is unital and separable, and let D :=
D®® :=D®D®---. Following properties (1)-(4) of D are equivalent:

(1) Any two endomorphisms ¢ and 1 of D are approzimately unitarily equi-
valent by commutators u, = v;w}v,w, of unitaries v,,wy in D.

(2) The flip automorphism o: d®e— e®d of DR D is approzimately inner,

(3) D is self-absorbing.

(4) The morphisms M1 oo: d—d®1Q1Q@--- and N00: d— 1RdRL®---
from D into D are approximately unitarily equivalent in D.

Proof. (1)=(2): Since D = D ® D by some isomorphism ¢: D — DR D, we
get that ¥ ~lov is approximately unitarily equivalent to idp. Thus, ¢ is an
approximately inner automorphism of D ® D.

(2)=(3): D is simple and nuclear by Lemma 4.9(1). Let A := K ® D, then
A2 ARD®D®--- (by any isomorphism from Dto DD Q- --).

Since 11 = o o 12, we get that idy ® n; and idg ® 72 are approximately
unitarily equivalent by unitaries in O, @ DD C M(ARD®D). The unitary
group of O3 @ D® D = O, is connected. Thus, A and D satisfy condition ()
(with D in place of D).

It follows that Proposition 4.11 can be applied on A and D. It leads to an
isomorphism 1 from A onto A® D that is approximately unitarily equivalent
to a — a ® 1. Since D is unital, ¢ defines an isomorphism from D = e; ; ® D
onto D ® D, that is approximately unitarily equivalent to d — d® 1, i.e. D is
self-absorbing.

(3)=(4): If D := D® is self-absorbing, then A := K ® D and D satisfy
part (4) of Proposition 4.11. Thus, A and D fulfill condition () by the impli-
cation (4)=-(2) of 4.11. But this means that idp ®n,: D®D — D® (D® D),
with k£ = 1,2 are approximately unitarily equivalent. The latter is an equi-
valent formulation of (4).

(4)=(1): A := K and D satisfy condition (’) of Remark 4.10. Thus, by
part (1) of 4.10, idx ® v is approximately unitarily equivalent to idx ® idp
for every unital endomorphism of D := D ® D ® ---. This implies that any
two unital endomorphisms of D are approximately unitarily equivalent.

It implies that u®@u*®1®- - - € U(D) for u € U(D®™) is in the norm closure
of the set of commutators {wv*w*v; v,w € U(D)} in U(D). Indeed: the flip
o, on DO @ D8 extends to an isomorphism A of D with A(a®b®@1®---) =
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a®b®R1®--- for a,b € D®". Since ) is approximately inner, we get a sequence
of unitaries v, € U(D) with u @ u* @1 ® -+ = wA(w*) = lim,, wv w*v,, for
wi=uRlele:---.

If X C D is afinite subset of the contractions in D and if v € U(D), then for
every € > 0 there exists n € N and u € U(D®"), such that ||[v*dv—w*dw| < e
for d € X where w:=u®u*®1®---. Recall here that one can find n such
that the elements of X U {v} have distance < £/9 from D®" @1 ®--- C D.

It follows that unital endomorphisms ¢ and ¢ of D are approximately
unitarily equivalent by unitaries w, in the set of commutators in (D). O

Proposition 4.11 (with A := K® D) and Corollary 4.12 immediately imply
the following corollary:

Corollary 4.13 If D is a unital and separable, then D is self-absorbing (in
the sense of Definitions 4.1) if and only if D 2 D® D ® --- and all en-
domorphisms of D are approximately unitarily equivalent by unitaries in the
commutator subgroup of U(D).

Proof. f D2 D® D ® --- and all endomorphisms of D := D D ® ---
are unitarily equivalent, then D 2 D is self-absorbing by Corollary 4.12(3). If
D is self-absorbing, then the implication (1)=-(4) of Proposition 4.11 applies
to A := K ® D and D. Thus, there is an isomorphism % from K ® D onto
(K®D)®D, such that 1 is approximately unitarily equivalent to a € K& D —
a ® 1. Since D is unital, this implies that D2 D® D ® .. .. a

Corollary 4.14 If A is separable and if there is a unital *-morphism from
My @ Ms3 into F(A) then A2 Z® A.

It could be that 1p4) € Ms @ M3 C F(A) does not imply approximate
divisibility of A in general, cf. Question 3.16.

Proof. Let £ := (My & M3) ® (My & M3) ® ---. There is a sequence of
unital *-morphisms h,, from £(M,, , My, ) into E such that ged(p,,¢n) =1
and py, ¢, > n. This defines a unital morphism from Z into F,. Since Z is
self-absorbing, this implies E® Z = E by Theorem 4.5(1). There is a unital *-
morphism from F into F(A) by Corollary 1.13. Thus Z C F(A) unitally. Since
U(Z) =Uy(Z) and Z is tensorially self-absorbing, A =2 A ® Z by Proposition
4.4(4,5). 0

Proof of Proposition 4.4:

(1,2,3): DEDR®D®--- and every unital endomorphism of D is approxi-
mately inner by unitaries in the commutator group, cf. by Corollary 4.13. In
particular, the flip automorphism of D ® D = D is approximately inner. Thus
D is simple and nuclear and has at most one tracial state by Lemma 4.9. Since
D is tensorially non-prime, it follows from [6, cor. 3.11(i)], that either D is
purely infinite or D is stably finite. If a unital nuclear C' *-algebra D is stably
finite then D admits tracial state (by results of B. Blackadar, J. Cuntz and
U. Haagerup).

(3): See Corollary 4.13 or Corollary 4.12(1).
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(4): The pair of algebras (B, D) satisfies condition (3’) by part (3) of
Remark 4.10, because the flip automorphism on D ® D is approximately inner
by part (2) and Corollary 4.12(2). By the equivalences (1)<(3) of Proposition
4.11, B is D-absorbing if and only if there is a copy of D unitally contained
in F(B)

M(K® A) contains a unital copy of O, for every A, and F(A) 2 F(K® A)
for separable A.

(5): By part (3), the maps 72 and 72 from D X DD ® --- into D ®
D = D are approximately unitarily equivalent by unitaries in the commutator
subgroup of U (D).

By assumption, the commutator subgroup is contained in Uy (D). Thus, by
Remark 4.10(4), the pair of algebras (A4, D) satisfies condition (5’) for every
separable algebra A. Now Proposition 4.11 applies: A is D-absorbing if and
only if F'(A) contains a copy of D unitally. O

Proof of Theorem 4.5:
(1): Let B®>® := B® B® --- There is a unital *-morphism

¢: By—>(BRB®--)2F(BRB®---).

It is the ultrapower 1) := (11,1, .. .), of the morphisms 1,,: B — B®> given
by ¥, (b) :=1, ®b® 1o, where 1,41 : =1, ®1land oo :=1Q01®---.

If op: D — B, is unital, then 1 o ¢ is a unital *-morphism from D into
F(B® B® ---). Since D is simple, a copy of D is unitally contained in
F(B® B® ---). Thus B® B® --- is stably D-absorbing by Proposition
4.4(4).

If D is quasi-diagonal, then D is unitally contained in B,, for B := My ®
My@---.

Let t,: E(Mp, , M,,) — D, unital *-morphisms, where p,,, g, > n. Then

Yo Hg(Mpn7qu) = (Du)w

is a unital morphism. One can see, that there is a unital *-morphism from Z
into [, E(M,, , M, ). (If lim,, ged(pn, gn) = oo this is trivial, because then it
contains an ultrapower of matrix algebras.)

Thus, there is a unital morphism from Z into (D,),. On the other hand,
(D.,)w is the quotient of £o, (£so (D)) 2 Lo (D) induced by some other character
wy on its center foo(log) = loo, 1.6 (Dy)w = D.,. We obtain that Z C D,
for some free ultrafilter on N =2 N x N. Since D 2 D® D ® --- and Z is
self-absorbing, D is Z-absorbing.

(2): By Proposition 4.4(4), A is stably D-absorbing if and only if a copy of
D is unitally contained in F(A). If J is a closed ideal of A, then there are unital
*-morphisms from F(A) into F(J) and from F(A) onto F'(A/J), cf. Remark
1.15(3). Thus, J and A/J are stably D-absorbing if A is D-absorbing.
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If E C Ais a hereditary C *-subalgebra and if J denotes the closed ideal
of A generated by E, then K® F = K ® J. Hence, E is stably D-absorbing if
A is stably D-absorbing.

Suppose that A = indlim(h,,: B,, — B,,+1), where By, Ba, ... are separa-
ble. Let hy oo B, — A denote the corresponding natural morphisms. Then
A, = hpoo(By) is an increasing sequence of C' *-subalgebras of A, such that
U,, A is dense in A. If B,, is stably D-absorbing, then its quotient A, is
stably D-absorbing.

It follows that D is unitally contained in F'(A,) for n € N. Since D and
A are separable, we get that D is unitally contained in F'(A) by Proposition
1.14.

Suppose that B is unital and stably D-absorbing, i.e. there is an isomor-
phism 1 from X ® B onto K® B®D that is approximately unitarily equivalent
toa—a®1 forae L® B.

Then there exist a unitary v € M(K ® B ® D) such that

uYPle11 ®1plu=e 1 ®1p@1p.
Then there is a unique isomorphism ¢ from B onto B ® D with
u P(ern @ b)u =e11 @ ¢(b)

for b € B, and ¢ is approximately unitarily equivalent to b +— b ® 1.

(3): Suppose that the commutator group [U(D),U(D)] of U(D) is contained
in Uy(D). Let z1, 22, . .. a sequence that is dense in U (D). For n € N there are
Up, Up € U(D @ D) with

[ ((vnwn) unvn)*m (2) ((Vntn) “unvn) — n2(zi)| < 1/n,

and there is a continuous map w: [0,1/2] — U(D ® D) with wy = 1 and
wyjy = (Vntn)*unvy,. We define unital completely positive maps T,,: D —
E(D,D) by T,(d)¢ = (wg)*m(d)(wy) for ¢ € [0,1/2] and T, (d); = (2t —
D)na(d) + 2(1 = t)T(d)1 2 for t € (1/2,1]. Then T;, is 2/n-multiplicative on
{#1,...,2n}. Thus, the restriction of the ultrapower T,, to D C D,, defines a
unital *-morphism

v: D—ED,D),.

Let A a separable C *-algebra and J a closed ideal of A such that J and
A/J are stably D-absorbing. Then there exist unital subalgebras Dy C F(J)
and Dy C F(A/J) that are isomorphic to D. Thus £(D, D) = £(Dy, D1), and,
by Proposition 1.17, there exits a unital *-morphism h: £(D, D) — F(A). The
superposition h, o ¥ is a unital *-morphism from D into F(A),. Since D is
simple and separable, there is a copy of D unitally contained even in F(A)
itself, cf. Proposition 1.14 (with A,, = A). Hence, A is stably D-absorbing.

Conversely, suppose that the class of separable stably D-absorbing algebras
is closed under extensions. Then £(D, D) 2 D ® £(D, D), because £(D, D) is
a unital extension of the D—-absorbing algebra D @ D by Cy(0,1) @ D:
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0—Co((0,1),D®D) = &(D,D) »De1&1®D — 0.

In particular, there is a unital *-morphism ¢: D — £(D, D). It is given by
a point-norm continuous path of unital *-morphisms v¢;: D — D ® D with
¥o(D) C D1 and 91 (D) C 1®D. For u,v € U(D) we have that ¢ (u*v*uv) is
in Uy (D@D) by the path wy := tho(u)*1be(v)* 1o (u)t(v) with wo = Yo (u v uv)
and w; = 1 ® 1. If © denotes an isomorphism from D ® D onto D, then ¢ oY
is approximately inner. Since ¢(¢o(u*v*uv)) € Up(D), and since Up(D) is a
closed and open normal subgroup of U(D), it follows u*v*uv € Uy(D).

(4): If the class of stably D-absorbing separable C *—algebras is closed
under extensions, then [U(D),U(D)] C Uy(D). The latter implies that every
stably D-absorbing algebra is D-absorbing. a

We conclude this section with some remarks and questions:
(1) If my1,m2: D — D®D are homotopic then for every separable C *—algebra
A there is a natural isomorphism

KK(D,A® D)2 Ko(A®D).

(Here we do not assume that the UCT is valid for D.)
(2) In particular, KK (D,D) = Ky(D) with ring-structure given by tensor
product of projections, and K K1(D, D) = K, (D).
(3) Let D be a self-absorbing algebra.

Are n; and 712 homotopic?

Is cov(D) < 0? Is DX D ® Z?

Is U(D)/Uy(D) — K1(D) an isomorphism if D is self-absorbing ?

Is always K1 (D) = 0 for self-absorbing unital D?
(4) Does there exist a nuclear C *-algebra A such that A is stably projection-
less, that the flip automorphism of A® A is approximately inner (by unitaries
in M(A® A)) and with K,(A) = K.(C)?

A Elementary properties of ultrapowers.

One has to take a more general and flexible approach to ultrapowers to get a
tool for our proofs: It is useful for our applications to consider bounded subsets
X, of the closed unit-ball of a Banach spaces B,, (or of L(B,,, By,)). This is the
most general form of bounded metric spaces (with an given uniform bound
for the diameters). But the needed selection results are part of elementary set
theory (and are rather elementary).

Let w C p(N) a (fixed) free ultrafilter on N. Then X; x X5 x --- with
semi-metric

d,((s1,82,...), (t1,ta,...)) == liur)n |$n — tn]]

defines a metric space that is isometric to the (closed) subset
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X = {mu(s1,82,...); $1 € X1,82 € Xa,...}

of the Banach space

[I{B1 Ba,...} == Lec(B1, Bs,...) Jeu(B1, Ba, ...

w

We suppose now that on each X, there is given a sequence of functions
f,(Ll), ,(LQ),... with f,gk): X, — [0,00) for k = 1,2,.... Further we suppose
that for fixed k£ € N the sequence has a common estimate v, < oo for the
Lipschitz constants of fék) for n =1,2,.... (This condition can be relaxed in
applications by w-lim-existence conditions.)

We can define functions £ : X, — [0, 0] for k € N by
fcgk) (7Tw(81, 52, )) = we hmf’r(zk)(sn) )

because w- lim,, fT(Lk) (tn) — ék)(sn) =0, if w-lim, ||t, — s,|| = 0.

The basic lemma is:
Lemma A.1 Let X1, Xo,... any sequence of sets and suppose that for each
n € N there is given a sequence fﬁbl), 7(L2), ... of functions fy(Lk): X, — [0,00)
fork=1,2,.... Fork €N, let

F®) (51, 89,...) = w-lim fF) (s,) .

Suppose that for every m € N and e > 0, there is s = (s1, 82,...) € X1 X Xa X
- with ff,k)(s) <efork=1,...,m.
Then there is t = (t1,ta,...) € X1 X Xo X ... with

w-lim f{F) () = [P (1) = 0

for all k € N.
Moreover, then there is a sequence n; < ng < --- in N such that there are

sp € X, with fS(s)) <2 fork<e¢,0=1,2,....

The second part is almost trivial by the fact that any subsequence of a zero-
sequence is a zero-sequence. It does not imply the first part because the infinite
set {n1,n2,...} C N is not necessarily contained in the given free ultrafilter
w on N.

Proof. We define subsets X, ,, C X, by X,, 0 := X,
Xpm = {5 € Xp; max(f{V(s),..., f{™(s)) < 1/m}.

Then X, ;i1 C Xpm. We let m(n) := sup{m < n; X, ., # 0}. For every
k € N, the set Yy, of n € N with & < m(n) is in the free ultrafilter w, because



44 Eberhard Kirchberg

there are s, € X,, with w—1lim,, fr(l])(sn) <2k lfor1<j<k+1.Ycw
(for all k£ € N) implies w—lim,, 1/m(n) = 0.

By definition of m(n) we find t,, € X, ;5,(n) C Xy Then w-lim,, ,(LJ)(tn) =
0 for every j € N, because £ (t,,) < 1/m(n) for n > j.

Second part: We find n; < ny < ... with m(ng) > 2¢ because
w-lim, 1/m(n) = 0. Now let sy :=t,, € X,,,. a

A special case of Lemma A.1 is:

Remark A.2 Let w a (fixed) free ultrafilter on N, and let X a bounded sub-
set of a Banach space B. Suppose that f1, fa,... is a sequence of functions
fu: X —0,2].

If for every m € N and € > 0 there is a sequence s1,Sa,... € X such that
w-lim, fi(sn) < e for k=1,...,m, then there is a sequence (t1,ta,...) in X
such that lim,, fi(t,) =0 for all k € N.

Let A a C*—algebra, 0 < v < oo and suppose that X, C L(A) are
subsets with ||T]| < v for all T € X,, (n = 1,2,...). Then [[ _{X1, X>,...}
denotes the set of ultrapowers T,,: A, — A, for T,, = (T1, T3, ...), defined
by T, (mw(ai,as,...)) := mu(Ti(a1), Ta(as),...) where (a1,a9,...) € €s(A)
and T, € X,, for all n € N.

Lemma A.3 Suppose that C C A, is a separable subset, 0 < v < oo and
X C L(A) are subsets with |T|| <~ for allT € X,, andn =1,2,....

Then the set of restricted maps T,,|C: C — A, withT,, € [ {X1,X2,...}
is point-norm closed.

Proof. Let S: C — A, a map with the property that for every finite se-
quence ¢V, ... ™ € C and e > 0 there is T, € []_{X1, Xo,...} with

1S(cY)) = Tu(eD)] < &

for j =1,...,m. We get that S has Lipschitz constant < 2+.

Let ¢, ¢ .. a dense sequence in C, and (agj),agj),...) € loo(A),
B b)) € o (A) representing sequences for ¢ respectively S(c(),
j=1,2,.... Then the functions f,(Lj)(T) = ||b51j) — T(aglj)) || on X, satisfy the
assumptions of Lemma A.1. Thus, there are S,, € X,, with S,,(c)) = S(c1?))
for all j € N. Since S,, and S are Lipschitz, it follows that S = S, |C. a

Proposition A.4 Suppose that B is a C*—algebra and J a closed ideal of
B, that Py, Ps, ... is a sequence of polynomials in in non-commuting variables
x,x™ with coefficients in By, that V,, C L(B) are subsets of linear operators
of norm < v < oo, and that C C B,, is a separable subset.

If for each n € N, € > 0 and every finite subset Y C C, there is a contrac-
tion a € J,, with || Py(a,a*)|| <€ fork =1,...,n, and ||S,(y) —a*ya|| < e-||y]]
for suitable S, € V,, and ally € Y.

Then there exist T,, € V,, (n = 1,2,...) and a contraction x¢ € J,, with
Py (xg,28) =0 for all k € N and T, (c) = z§cxg for all c € C.
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Suppose that, in addition, A C B, is o-unital (respectively is separable)
and a € Ann(A) N J, (respectively a € (A,B)°NJ, = A'NJ,) then there is
xo € Ann(A) NJ, (respectively xo € (A, B)° N J,,) with Py(xg,z§) =0 for all
keN.

If one takes as V,, the set of maps b — d*bd with a contraction d € B
(respectively J = B), then the assumption on V), and a (respectively on
J and a) are trivially satisfied if maxy<,, ||Px(a*, a)|| <e.

Proof. The linear operators S,,: B, — B, for S, := (51,5%,...), with
S, € V, have norm < 2v. Let ¢, ¢(®) ... a dense sequence in C. We find

representing sequences cgk), cgc), ... € Bfor c_(k) with ||c7(1k) | < I, k,n € N.
Py (z*, x) is the sum of products of d*7) € B,,, x and z*. j = 1,...,4}.
There are representing sequences d(llw ),dgw ).... € B of d*9) with norms

< ||d*9)||. The corresponding non-commutative polynomials P,SIC)(:E*7 x) with

coefficients in B have the property that sup,, ||P7(Lk)(bfl,bn)|| < oo for every
(b1,ba,...) € Ls(B) and satisfy

(P (b7, b1), PP (b3, ba), ...) = Pi(b5,b)
Let X, =V, x {be J; ||b|| <1} for n € N. We define
ST, b) = | T () = b*cPb|| + | (b%, b))

for (T,b) € X, and k =1,2,....

Then (X, fr(Ll), 7(12), ...) (n=1,2,...) satisfies the assumptions of Lemma
Al

Thus there exists t = ((T1,b1),(T2,b2),...) € X1 x Xg X --- with
w-lim,, £ (T,,b,) = 0. Then T, = (T1, Ty, .. .)w and @y = 7y (b, ba,...)
are as desired.

To get xo in Ann(A, B)NJ,, or in (A, B)¢ we have to add to the polynomials

Py, Py, ... the polynomials Q1 (z,z*) = zap and Qa(x,2*) = agx respectively
Qn(z,z*) = za, — apx, where ay € A is a strictly positive contraction and
ai,as, ... is dense in the unit ball of A. O

Lemma A.5 If T1,Ts,... € L(B,B) is a bounded sequence of positive
maps and A C B, is a o-unital C*—subalgebra. Then there are contrac-
tions bi,ba,... € By such that ||S,] < ||TL|A|l and S, |A = T,|A for
Sp =T (bn()by).

Proof. Let d € Ay a strictly positive contraction for A and let e =
(e1,e2,...) € loo(B) a positive contraction with 7, (¢) = d. Then ||T,,(d"/*)|| <
IT,| Al =: « for all k € N.

Let X,, := {te,l/j ; 7 €N, 0 <t <1} and consider the functions FE0) (d) :
max([|ex/" — bex/*[|, | T, (6*)]| — ) on X,, € B.

Then (Xn,f,(Ll), f,(Lz)7 ...) (n = 1,2,...) satisfy the assumptions Lemma
A.1, because |[e'/Tel/k — el/¥|| < k/j and || T, (e*/7)| < 7 for j € N.
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By Lemma A.1, there is a positive contraction g = (g1,92,...) € £ (A)
with g, € X,, such that 7,(g9)d = d and ||T,,(¢?)| < 1. Thus, S,|D = T,,|D
for D :=dA,d D> A and S, := T,,(gn(-)gn). O

B Proofs of results in Section 1.

Proof of Proposition 1.3:

Let ay,aq,... € Ay asequence that is dense in the set of positive contrac-
tions in A.

Consider the non-commutative polynomials Pj(z,2*) := z* — x,
Py(z,z*) := a — x*za, P3(x,2*) := (b+ c)x*z, Prin(x,2*) := anx — zay,
for n = 1,2,.... An approximate zero for the polynomials Py (x,z*) is given

by z, = a'/™: Py(z,,z%) = 0 for k # 2 and ||Py(x,,x%)|| < 2/n. Thus, by
Proposition A.4, there is a self-adjoint contraction ¢’ € A’NB,, with a = €’¢’a
and (b+ c)e’ = 0. Thus e := e'e’ € (A4, B)° is a positive contraction with
ea =a and eb = ec = 0.

If z € A, is astrictly positive element of A, then almost the same argument
shows that there is a positive contraction p € B, with p(z +b) = z 4+ b, i.e.
py =yp =y for all y € C*(A,d).

Let I a closed ideal of B with b € I, and let Sy, Ss,... € V with S, (c) =
beb. Consider the non-commutative polynomials Q1 := Pp, Qa(z,2*) := b —
x*zb, Qs(z,z*) = (e + c)x*x Q34p := Payp forn=1,2,....

We show below that the sequence of polynomials (Q1,Q2,...) have con-
tractive approximate solutions x, € I, such that for every n € N there is
a sequence Sﬁ"),Sén), ... of contractions in V with z}yx, = SLE,") (y) for all
y € A.

By Proposition A.4, there exist contractions T, € V (n = 1,2,...) and a
contraction f’ € I, with P(f’, (f')*) =0 for all k € N and T,,(¢) = (f')*cf’
for all c € A. Thus (f")* = f' € (A, B), and f := f'f' € (A, B)¢ is a positive
contraction in A'N1, with fe = fe=0=0b— fband T,,(c) = cf for all c € A.
In particular, fa = fea = 0.

Let E := C*(A,b), K := span(EbE). Then K is a closed ideal of E,
E=A+K, K C I, and K is the closed span of | J,,(bA + bAb + Ab)". It
follows that every element d € K is the limit of finite sums d,, = > unbv,
with u, € AU {p} and v,, € E C B,. Furthermore, bEe = {0} = bEkc,
because b(A+Cb)"e = {0} and b(A+Cb)"c = {0} for n € N. Thus (e+¢)K =
K (e+c) = {0}. Since F is separable, K contains a strictly positive contraction
he K.

We find in C*(h)y C K4 a sequence of positive contractions xy,xs, ...
with Z,@n41 = Zn, ||h — 2,k < 1/n and lim, o ||2nc — cx,|| = 0 for all
¢ € E, cf. [29, thm. 3.12.14]. Note that z,(e + h) = 0 for all n € N, that
lim ||b — 2% 2,b|| = 0 and z,, € L.



Central sequences and purely infinite algebras 47

We show that for every d € K there is a sequence Ry, Rs,... € V with
sup,, ||Rall < ||d|]? and R, (y) = d*yd: By assumption there is a bounded
sequence S1,S52,... € V with S,(y) = b*yb for all y € A. Let (first) d be
a finite sum d = ), u,bv, with u,, € AU {p} and v, € E C B,, and let
(ugn), ué"), ...) and (vgn), vén)7 ...) in £o(B) be representing sequences for u,

respectively vy, with [0 < |[vn]| and [ul™|| < |jtn]. Then the map Ry,
defined by
Ri(y) = (™) Sk((u™) yu)of”

m,n

is iV, [[Ril| < [[Skll (32, lonlD)* (2, lunl))? and

Ro() =D (0m)" S ((thn) Yt vy -

m,n

Since py = yp =y for y € A, we get R, (y) = d*yd for y € A.

By Lemma A.5 we find another sequence R}, R),... € ¥V with R/ (y) =
d*yd for y € A and |R,|| < |d||?>. This happens for every d € K by Lemma
A.3, because every d € K can be approximated in norm by finite sums
>, Unbvy, of the above considered type. Thus, Proposition A.4 applies to
Q1,Q2,..., Vo :=V,v=1and I (in place of J there).

Now we can repeat the above arguments with ¢, J,e + f,CB(B, B) and
c—az*xe, (f +e)x*z in place of b, I, e+ ¢,V and Q2, Q3 . We get a self-adjoint
contraction ¢’ € A’ N J,,, such that with g := ¢'¢’ € (A, B), g € J., gc = ¢,
ge =gf = 0. Then e, f, g are as stipulated. O

Proof of Proposition 1.6: Suppose that A is a separable C *—subalgebra
of C. The set of all positive elements in A’ N I of norm < 1 build an an
approximate unit for I by Definition 1.5.

Let b € Cy with 77(b) € wr(A) NC/I. Then ab — ba € I for all a € A.
[b, A] is contained in a separable C *—subalgebra D of I. Let d € D strictly
positive. Since I is a o-ideal of C' there exists a positive contraction e € A'N T
with ed = d. Then ¢ := (1 — e)b(1 — e) satisfies c € A’ N C and 7;(c) = 77 (b).
Thus

0—-ANI—ANC—n(A) N(C/I)—0

is short exact.

Let D C w;(A) N (C/I) a separable C'*—subalgebra and B € A'NC a
separable C *—algebra with 7;(B) = D. If d denotes a strictly positive element
of BN I, then there is a positive contraction e € C*(AU B)' NI with ed = d.

There is a *-morphism A: Cp(0,1]®@ B — A’'NC with A(fi®@b) = (1—e)™b
for b € B and n € N. It follows A(Cp(0,1] ® (BN 1I)) = {0} and 7 (A(f)) =
wr(f(1)) for f € Co((0,1],B) = Cy(0,1] ® B. Thus there is a *-morphism
Y Co((0,1] ® D) — A" N C with ¢(fo @ h) = A(fo ® b) for b € B with
mr(b) = h. ¢ satisfies ;o ¢(fo ® h) = h for h € D.

Since Ann(n;(A),C/I) C =w(A) N (C/I), for every positive f €
Ann(m;(A),C/I) there is a positive element b € A’ N C with 7;(b) = f. Let
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ap € Ay a strictly positive element of A. Then bag € I. There is a positive
contraction e € C*(b)' N I with ebag = bag. It follows that ¢ :=b(1 —e) € Cy
satisfies cag = 0 and 77(c) = f. O

Lemma B.1 Suppose that A is a o-unital non-degenerate C *-subalgebra of
a C*—-algebra D, that E C A is a full and hereditary o-unital C *—subalgebra
of A, and let Dg := EDE. Then the natural map from A’ N M(D) into
E'N M(Dg) is a *-isomorphism (onto E' N M(Dg)).

Proof. The natural *-morphism is given by «(T)c = Tc for T € A’ N M(D)
and ¢ € Dg. TDg C Dy, because T commutes with £ C A. If «(T) = 0, then
TAEA = ATEA = {0} because T commutes with A. It follows TA = {0} and
T = 0, because span(AEA) is dense in A and span(AD) is dense in D. Thus
¢ is a *-monomorphism from A’ N M(D) into E' N M(Dg), and it suffices to
construct a *-morphism x: E' N M(Dg) — A’ N M(D) with ¢ ok = id.

One can see, that (AQK) NM(D®K) = (A'/NM(D))®1 and A'/NM(D) =
M(A) N M(D) for all non-degenerate pairs A C D.

There is an element g € AR K such that g*g is a strictly positive element of
A®K and gg* is a strictly positive element of E® IC, cf. [7]. The polar decom-
position g = v(g*g)"/? = (gg*)"/?v of g in (A®K)** defines an isomorphism
from E®K onto A®K by ¢(e) := v*ev. Clearly, 1 extends to an isomorphism
from M(Dg®K) onto M(D®K) such that ¢(T) = v*Tv in (DRK)**. It maps
to M(D®K) because ¥(T)z = lim,,(¢*g+1/n)"Y2g*Tg(g*g+1/n)~ %z for
reD®K.

IfT € M(Dg®K) commutes with EQ K, then ¢(T) commutes with A® K
and 9 (T)y = Ty for all y € Dy ® K, because Tg(g*g + 1/n)~/?(gg*)/*y =
g(g g+ 1/n)"2(gg*)'/* Ty for all y € D ® K.

Thus, there is a *-morphism « from E' N M(Dg) into A’ N M(D) with
K(S)®1 =y (S®1). We have 1(k(S5))(c)@p =9¥(S®1)(c®p) = (S®1)(c®p)
for c € Dg and p € K. Hence 1o k = id. ad

Proof of Proposition 1.9: (1) is obvious.

(2)+(3): Let Y = {y1,92,...} C By, ap € A astrictly positive element of
A, and ¢:= (14 ) 1 with d i= a0+ 3, 27 (1+ g 12) (gt + 3 0m).
By Corollary 1.7 there exists a positive contraction e € B,, with ec = ¢. Thus
eag =ag =ape and ey =y =ye forally € Y.

If e € B,, is any positive contraction with eag = ag then ea = a = ae for
alla € Dy p D A. In particular, e € (A, B)¢. If b € (A, B)¢ C {ap} NB,,, then
(eb—b) and (be—0) are in Ann(ag, B,,) = Ann(A, B,,). Thus e+Ann(4, B,,) =
1in F(A, B).

(4): The natural *-morphism is given by

beN(Dag)— Ly e M(Da,g) C L(Da,p),

where Ly(a) := ba for a € D4 p, and involution on M(Dy p) is defined by
t*(a) :==t(a*)* for a € Dy p and t € M(D4,p). Clearly, this is a *-morphism
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with kernel Ann(A, B,,). D4, g embeds naturally into M(D4,g) by b — Ly
for b € DA,B-

Let t € M(Da p)+ and let ag € A a strictly positive contraction. Then
Cp = a(l)/nta(l)/n € Dy p converges to t in the strict topology. In particular,
L., : C*(ag) — B, converges in point-norm topology to ¢t|C*(ao).

Let S denote the set of maps Ly: B — B with b € B and ||b|| < 1. Then
L., € S8¥ for every n € N. By Lemma A.3 (or by [22, proof of lem. 2.13])
there exists a sequence Ly, € S with t|C*(ag) = (Lp,, Lpy, - - -)w|C*(ag). Thus,
b:=m,(b1,ba,...) € B, satisfies b > 0 and ba(l)/n = t(aé/n) for n € N. Since,
ag is a strictly positive element of D4 p, it follows that b € N(Dy4 ) and
Ly =t.

(5): Since Ann(A,B,) = Ann(D4 p,B,), the kernel is Ann(A4, B,) C
(A, B)¢. Clearly, the image of (A4, B)¢ in M(D4, g) commutes with A. If ¢ €
M(Dy4 ) commutes with A and is the image of b € N (D4 p), then [b, A] C
Ann(A4, B,,). Thus [b,a1a2] = 0 for a1,a2 € A. Since A = A - A, it follows
b € (A, B)“. Hence the natural epimorphism from N (Dy4 g) onto M(Da p)
defines a *-isomorphism 7 from F(A,B) = (4, B)¢/Ann(4, B,) onto A’ N
M(Da,p) with pa p(g ®a) =n(g)a for g € F(A,B) and a € A.

(6): If e = €2 > 0 is the unit of (A, B)¢, and b € B,, is a positive contraction
with be = 0, then e+ Ann(A, B,) is the unit of F(A, B) and ba = bpa(1®a) =
bea = 0 for a € A, i.e. b € Ann(A4, B,,). Since Ann(A4, B,,) a closed ideal of
(A, B)¢, it follows b = 0. Thus e is the unit of B,,.

If f is the unit element of B, and (f1, fo,...) € £x(B) is a representing
sequence of positive contractions for f, then g := )" 27" f, satisfies ||g|| <1
and f, < 21/7g1/"* Hence f = h for h := m,(g"/4,¢'/?,...). It follows that
zero can not be in the spectrum of g, i.e. that B is unital.

The other implications are obvious.

(7): Clearly, if B is unital and 15 € A, then Ann(A4, B,,) = {0}.

If Ann(A, B,) = {0} then (A, B)¢ & F(A, B). Thus (A, B)¢ and B are
unital by parts (1) and (6). Let ag € A is a strictly positive contraction for
A, then 1p € Da g = apBuap by Remark 2.7. It follows that ag is invertible
in B, ie 1 € A.

(8): Let E := dAd. Then E is a full o-unital hereditary C *—subalgebra of
A and dDA’Bd = DE7B = EDA’BE.

A natural *-morphism ¢ from A’ N M(D4 g) into E' N M(Dg, g) is given
by «(T)c:=Tcfor T € ANM(Da,g) and ¢ € Dg g. It is a *-isomorphism
from A’ N M(Dy g) onto E' N M(Dg g) by Lemma B.1, because A is a o-
unital non-degenerate subalgebra of D4 p, E C A is a full hereditary o-unital
C *-subalgebra of A, and Dg g = EDj gE.

Let n: F(A,B) - AANM(Da,g) and n2: F(E,B) - E'NM(Dg, g) the
isomorphisms from part (5), then ¢ := 1, * 0 1 07 is a *-isomorphism from
F(A, B) onto F(E, B) with pg g((9) ®a) = pap(9®a) fora € E C A and
g € F(A,B).
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(9): Suppose that C' C B is a hereditary C *—subalgebra with A C C,, C
B,,. Then D¢ = Dap C C,. Since A is o—unital, the natural *-morphisms
N(Da,c) = M(Da,c) and N(Da ) — M(Da,c) are epimorphisms by part
(4), and map (A, C)€ respectively (A4, B)¢ onto A’‘NM (D4 ). Thus (4, B)¢ =
(A,C)¢ + Ann(A, B,). Because Ann(4,C,) = Ann(A4, B,,) N C,,, it follows
F(A,B) 2 F(A,Q). O

Proof of Proposition 1.12:

Let H,, denote the free semi-group on countably many generators X :=
{x1, 22, ...} with involution given by (y1-y2 - yn)* :=yn---y2-y1 fory; € X,
and let C*(Hs) be the full C'*~hull C*(¢1(H)) of the Banach *-algebra
01 (Hwo). C*(Hoo) is projective in the category of all C' *—algebras.

Since (C*(A, B), B)® C (A, B)® and Ann(C*(A4, B), B,,) C Aun(A4, B,), it
suffices to consider the case where B C A to get (1) also for general separable
A C B,,. So we proof the strong result (2) in case B C A.

Let ap € A4 a strictly positive contraction for A with [jao|| = 1. by :=
ag,ba,... € A, dy :=1,da,... € Dy sequences that are dense in the set of
positive contractions of norm one in A respectively in D, and let fy € B4
denote a strictly positive contraction for B. For each n € N there are

(1) a sequence cgn),cén), ... € By with 7rw(cln)7 cén), ...) =b, and ||c§€n)|| =1,
(2) asequence e\ el ... € By with e, := m (™, el ..) € B°, Hein)H =

1, and e, + Ann(B) = d,, and

(3) a sequence p\™,u{™ ... € B* of pure states on B with pul”(foen) =
[ foenll = llpa(dn & fo)ll-

For k € N, we define *-morphisms 6,: C*(Hx) — B by 0i(xy,) = e;n)
for the generators {x1,za,...} of Hy. Further let G := C*(ey,es,...), and
Y, = {cfj) i kg <n}.

0, = (01,02,.. )0 heC*(Hoo) — mu(01(R),02(h),...) € G C B°C By,

is an epimorphism from C*(H,) onto G.
Let hy a strictly positive contraction for (6,) (G N Ann(B)) and hs a
strictly positive contraction for C*(Hs,) with ,,(he) + Ann(B) =1 in F(B).
Below we select sub-sequences (0, )men and (Mz(c?)meN of (0k)ken respec-
tively (/L](Cn))keN (for n =1,2,...) such that the morphism ¢ := (0, , Ok, , - - - )w
from C*(Hy) C C*(Hw)w into (4,B)¢ = A’ N B, satisfies p(h1)ag = 0,
@(hg)ao = ap and )\(cp(xn)fo) = HpB(dn (9 fo)H for A := (Mkn/’dkza .. .)w, ie.

lim ufcn)(ka (wn) fo) = llpB(dn @ fo)ll-

Indeed, we define for each m € N the subsets Q,,, R, Sm, T C N as the
set of £ € N with ||0x(x;)y — yOk(z;)|| < 1/m for all y € Y, and j < m,
1 O(@;) fo) = lles folll < 1/m for j < m, [0k (h)bS) | < 1/m for j < m,
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respectively ||b§1) — Gk(hz)b§1)|| < 1/m for j < m. Then Qp, R, Sm,Tm € w
and, hence, W,,, := Q.,, N R,, NS, N T, € w. In particular, W, is infinite.
Since Wy D Wy D W3 D --- and W, is not finite, we find k,, € W,, such
that k1 < ko < ---. The sub-sequence k1, ko, ... is as desired.

The above defined map h € C*(Hy) — ¢(h)+Ann(A, B) € F(A, B) maps
hs to the unit of F(B) and hy to zero. Thus it defines a unital *-morphism
v1: D — F(A, B) with

71(0,(h) + Ann(B)) = @(h) + Ann(4, B)

for h € C*(Hy). Since Ann(B) is an ideal of B¢ D (A, B)¢ and contains
Ann(A, B,,) we can compose y; with the morphism F (A4, B) — F(B) and get
v2: D — F(B) with

72(0. (k) + Ann(B)) = o(h) + Ann(B).

Then [|p(v2(dn) © fo)ll = [l¢(zn) foll = llpp(dn @ fo)|| for n =1,2,.... Thus,
Iop(12(d) @ foll = lps(d @ fo)l| > 0 for all d € D\ {0}, ice. 12: D — F(B)
is faithful.

By Corollary 1.8 there exists a *-morphism ¢: Cy((0,1], D) — (A, B)°
with ¢(f) + Ann(A, Bs) = 72(f (1)) for f € Co((0,1], D). ¢ is as desired. O

Proof of Corollary 1.13: If A is separable and C, By, Bs,... C F(A)
are separable unital C *-subalgebras, then we get by induction unital sepa-
rable C'*—subalgebras C; := C C Cy C ... C F(A) and unital *-morphisms

n: Cn @ B, — F(A) with ¢,|1 ® B, faithful and ¢, |C,, = id. Here we
let Cpi1 = ¥, (Cp ®™** B,,). This follows from Corollary 1.8 and part (2)
of Proposition 1.12 (with B,A and D replaced by A, C*(A\(C*((0,1],C,)), A)
and D,, respectively).

Note that C € Cy € C3 C ... and that there is a natural unital *-
homomorphism v from C@™** B; ®™** Bo@™**. .. onto the closure of | J,, Cr, C
F(A) with the properties as stipulated. O

Proof of Proposition 1.14: Let C*(Hy) as in the proof of Propo-
sition 1.12, and let ay € A a strictly positive contraction of Ay with
(1 — ap)ar—1]] < 27%71, and ag = Y cn2 "ar € Ai. There are *-
morphisms ¢y : C*(Ho) — Af C (Ag, A)° such that the morphisms ¢ (h) :=
©(h) + Ann(Ay) € F(Ag) have the property that

ot C*(H) — [[{F(A). F(Ay),.. }

maps C*(Ho) onto A. Let hy € C*(Hy)+ a strictly positive element of the
kernel of 1, and let hy € C*(Ho )+ a strictly positive contraction for C*(H)
with ¥, (he) = 1.

Since C*(Hy,) is projective, there are *-morphisms <p£lk): C*(Hy) — A
with (cpgk), @ék), .. )w = k. It turns out that for suitable A, = @éi’”) holds:
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A= (A1, gy e CF(Hy,) — A,

has the properties A(C*(H,)) C A°, A(h1)ag = 0 and A(hg)ag = ag. Indeed:
apply Remark A.2 with X = {¢F; n,k € N} C £L(C*(H,,),A) and functions
fr: X —[0,2] given by

F(p) i= max{||p(h)aoll, llp(ha)ao — aoll, I[(xs), billl; 0,5 <k},
where b1, bs, ... is a dense sequence in the unit ball of A. a

Proof of Corollary 1.16: Clearly, J, is an essential ideal of B, if J is
an essential ideal of B. Since (A, J)¢ = J,N (A, B)® is a o-ideal of (A, B)¢ (cf.
Corollary 1.7), we get from Proposition 1.6 that (4, J)¢ is a non-degenerate
C *—subalgebra of J,,. If the image d + Ann(A, B,) in F(A,B) of d € (A, B)S.
is orthogonal to F'(A, J), then (4, J)°d C Ann(A, B,).

Let ap € Ay a strictly positive element of A. We have J,day = {0},
because (4, J)¢ is non-degenerate. Thus dag = 0 and d € Ann(A, B,,). Hence
F(A,J) is an essential ideal of F'(A, B). O

Proof of Proposition 1.17: Note that £(Dg, D7) is naturally isomorphic
to the quotient of cone(Dg) ®™* cone(D;) by the ideal generated by

(fo®1lp,)®1)+ (1@ (fo®1p,))—1.

Here, cone(Dy) C C([0,1], D) means the unitization of Cy((0,1], Dp). We
denote the natural epimorphism from cone(Dg)®™** cone(D;) onto E(Dy, D)
by n.

Let m:= (75)y: Bw — (B/J). denote the the ultrapower of the epimor-
phism 7y from B onto B/J. (The kernel of 7 is J,, and n(B,,) = (B/J)w.)

Let Ay := C*(A + J). Note that 7(A;) = 7(A) C (B/J)w, (41,B)° C
(A, B)¢, and that 7: (Ay,B)¢ — (B/J), maps F(A1,B) = (A1, B)¢ onto
(m(A),B/J)¢ = F(w(A),B/J) (cf. Remark 1.15). Thus, we can suppose, that
JCACB,.

It suffices to find a unital *-morphism H from cone(Dy)®"** cone(D; ) into
(A, B)¢ = A'NB,, with H((fo®1)®1)+H (1&(fo®1)) = 1. Below we construct
*-homomorphisms hy: Co((0,1],D1) — (A, B)° and hg: Co((0,1],Dy) —
(A, B)¢ with commuting images, such that ho(fo ® 1) + h1(fo ® 1) = 1 and
w(h1(f)) = f(1) for all f € Cy((0,1], D). There is a unique unital *-morphism

H: cone(Dg) @™ cone(D;) — (A4, B)°

with H(g®1) = ho(g) for all g € Co((0,1], Dg) and H(1Q® f) = hy(f) for f €
Co((0,1], Dg). Then H has the desired property and n(H(1® f)) = f(1) € D,
for f € cone(Dy). The unital *-morphism h: E(Dy, D1) — (A, B)¢ = F(A, B)
with hon = H satisfies 7(h(f)) = f(1) for f € cone(D).

Jw N (A, B)¢ is a o-ideal of (A, B)¢ (cf. Corollary 1.7) and

)

0—A'NnJ, — (A4,B)° — (n(A),B/J)"
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is short-exact and strongly locally liftable (cf. Remark 1.15). By Proposition
1.6, there exists a *-morphism ¢: Cy((0,1],D1) — (A, B)¢ with 7(¢(f)) =
f(1) € Dy for f € Co((0,1], Dy). In particular, 1 — ¢(fo ® 1) € J,. Let
Dy := p(Cv((0,1], D1)). Then ¢(Cy((0,1),D1)) = J, N Dy C J, N (A, B)°.
The unital C' *—subalgebra G := C*(A, Ds) of B, is separable. J, NG contains
1—o(fo®1), J, and ¢((0,1),D1) = J, N Da. Let go a strictly positive
element of J, N G. Since J, is a o-ideal of B, (by Corollary 1.7), there is
a positive contraction e € G' N J, with egg = go. Then eb = be for all
beGDAandej=jforall jeJ,NG D J.In particular, e € (4, B)¢ and
(1—e)(1—=¢(fo®1)) =0. Since e commutes element-wise with Dy, we can
modify ¢ as follows:

There is a unique *-morphism hy: Co((0,1], D) — B, with

hi(fg @ d) = (1—e)"¢(fg ®d)

for d € D; and n € N. The *-morphism hy maps Cy((0, 1], D;) into (A4, B)¢ and
w(h1(f)) = f(1) € Dy for f € Cy((0,1], D1). Note that h1(fo ® 1) = (1 —e).
Now let G1 := C*(eG,e) C J,. Then e is a strictly positive element of Gy
and is in the center of Gy, because e € (G, J)°.

By Proposition 1.12 there exists a *-morphism ¢ from Cy((0,1], D) into
(G1, ) =GN J, with ¥(fo®1)b="> for all b € Gy, i.e.

0: de€ Dy Y(fo®d)+ Ann(Gy, J,) € F(Gy,J)

is a unital *-morphism from Dy into F(G1,J). Since e € G commutes with
the image of 1) we can modify ¢ as follows:
There is a unique *-morphism ho: Cy((0,1], Dy) — B, with

ho(fg ® d) = e"Y(fg ® d) = pe, (0(d) @ €")

for d € Dy and n € N.
Let b € G and d € Dy, then

beha(f @ d) = ha(f§ © d)be™ = €™ (f @ d)b

for all b € G, n € N. Thus, hg maps Cy((0,1] ® D) into G' N B,, i.e. the
image of hg is in (A, B)® and commutes element-wise with the image of h;.
Furthermore, ho(fo®1) = ¥(fo®1)e = e because e € G;. Hence, hy, hg define
h (via H) with the stipulated properties. O

C Some calculations with KTP

For convenience of the reader we add here some calculations that help to verify
some of the remarks in Section 4.
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Proof of Remark 4.6: Suppose that D is self-absorbing. By Proposition
4.4, D is simple, is nuclear, has a unique tracial state or is purely infinite, and
D C F(D).

If [1] = 0 in Ko(D) then D can not have a tracial state. Thus D is purely
infinite and Os is unitally contained in D C F(D). Hence, D = O, by [23] (or
20, p. 135)).

If D is tensorially self-absorbing, then D ® O, is tensorially self-absorbing
simple p.i.s.u.n. algebra with K.(D ® O ) = K. (D).

Suppose that Ko(D) # 0, that D is a p.i.s.u.n. algebra and that D satisfies
the KTP, i.e. that with A = B = D there are (unnaturally) splitting short-
exact sequences

0 — Tens(A, B,a) — Ko(A® B) — Tor(A, B,a) — 0
for A= B =D and a € {0,1}. Here
Tens(A, B, a) i= (Ko (A) ® Ko(B)) & (Ki_o(A) ® K1 (B))
and,
Tor(A, B, a) := Tor(Ko(A), K1_o(B)) & Tor(K1(A), Ku(B)).

The monomorphism K, (D)® Ko(D) — K,(D®D) is induced by [2],®[plo —
[ ® pla for projections p € D and projections or unitaries in D.

The isomorphisms K, (D) ® [1p]lk, = Ko(D ® D) imply that K1(D) ®
K1(D) =0, and that Tor(K,(D), K,(D)) =0 for o = 0,1. Thus Ky(D) and
K1(D) are torsion-free (because all Abelian groups with a non-zero torsion
element have some Z, or some p-Priifer-group Z[%] /Z as direct summand, cf.
[16, cor. 27.3]). Therefore, K1 (D) ® K1(D) = 0 implies K; (D) = 0. The flip on
D®D induces the flip on Ko(D)@Ky(D) = Ko(DRD), i.e. [1]@zx = 2®z[1] in
Ky(D) ® Ko(D) for € Ko(D). This means that there are non-zero m,n € Z
with m[1] = nz. Thus Ky(D) is a unital subring of the rational numbers Q (if
Ko(D) #0).

If we now suppose in addition that D satisfies the UCT, then the classification
of simple p.i.s.u.n. algebras yields D = O if Ko(D) = Z, and

D =00 @ ((X) Myp),

peX

where X is the set of prime numbers with 1/p € Ko(D) C Q if D % O3, Ow.
If D is not purely infinite, then D has a unique tracial state 7, and
7 defines an order preserving isomorphism from Ky(D) onto the subring
T7(Ko(D)) of the rational numbers. It is an order isomorphism if and only
if (Ko(D), Ko(D)) is weakly unperforated.
Thus, the given list of algebras exhausts all possible Elliott invariants that
could appear for the algebras D ® Z in the UCT-class. a
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Proof of Remarks 4.3: (1): The Cuntz algebra O is isomorphic to
D:=D®D®..., because Oz is unitally contained in F(D) (cf. proof of
Remark 2.17). Since Oz = O3 ® D, 11 and 72 map D into (different) unital
copies of of Oy in D ® D. Thus [n1] =0 = [n2] in KK(D, D ® D). It implies
that 77 and 72 are approximately unitarily equivalent (they even are unitarily
homotopic by a basic result of classification).

(2): a) Py ® Ps is stably isomorphic to to Oy (by the classification
theorem for simple p.i.s.u.n. algebras in the UCT-class and by the KTP).

b) The unit of Oy is Murray—von-Neumann equivalent to the the Bott
projection p(U ® 1,1 @ U) € M2(Po @ Ps) (defined below) from a unitary
U € P such that [U] =1 in Z = K;(Ps). This follows from the KTP and
the definition of the isomorphism Kj(Po) ® K1(Poo) = Kp(Poo ® Poo) in the
KTP.

¢) The Ky-class of a Bott projection p(V, W) for commuting unitaries V, W

reverses its sign if V' and W will be interchanged:
Let V,W commuting unitaries in a unital algebra B, and let hy s denote
the *-morphism from C(S') ® C(S!) into B with hy,w(uo ® 1) = V and
hvw (1l ® ug) = W. The Bott projection p(V,W) € Ms(B) is the image
hv.w ®@1ida(pBott) € M2(C*(V,W)) C My(B) of the canonical Bott projection
PBott € MQ(C(Sl) & C(Sl))

PBott 1S contained in the unital subalgebra (Co(R)®Co(R))+C-1 = C(S?)
of (Co(R) + C1) @ (Co(R) + C1) = C(S') ® C(S') and [pBott] — [1 ® €11]
generates Ko(Co(R?)) 2 Z. Let D := {z € C; |z| < 1} the closed unit disk in
C, S' = 0D its boundary and ¢: z = x +iy € C=R? - (1+4]2]?)"/22€ D
the natural homeomorphism from R? onto D \ S!. The 6-term exact K-
sequence of the corresponding exact sequence

0 — Co(R) ® Cy(R) — C(D) — C(S*) — 0

defines a boundary isomorphism 0 from K1(C(S')) onto Ko(Co(R) ® Cy(R)).
This isomorphism is functorial with respect to *-morphisms Y of C(S!) re-
spectively of Cp(R) ® Co(R) that are induced by continuous maps x from
(D, SY) into (D, St).

The flip (z,y) € R? — (y,2) € R? is induced by %~ (x(v(x + iy))),
where x is the homeomorphism of D given by x(w) := iw for w € D. The
homeomorphism x|S! reverses the orientation of S*, hence

K1 (xIST): Ki(C(S1)) — K1(C(Sh))

is the isomorphism n — —n of K1(C(S1)) = Z. Therefore, the flip automor-
phism of Cy(R) ® Cy(R) defines the automorphism of Ko(Co(R?)) = Z that
changes signs. The restriction of hy, i to Cp(R) ® Cyp(R) defines a group mor-
phism gy from Z = Ko(Co(R?)) to Ko(C*(V,W)) (and then to Ko(B) for
commuting unitaries V,W € B) with puyw (1) = [pv.w] — [l ® e1.1].

d) By a) and c), the flip map on Py @ Psy = (Os )t defines an automor-
phism of Oy ® K of order 2 that reverses the sign of elements Ko(Oy) = Z.
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In particular, the flip of Py, ® Py, is not approximately inner.
(3): The examples of Rgrdam are not stably finite. O

Proof of Remark 4.2 Let 6,(d) := }_, ., s;ds] for d € O,, and the
canonical generators si,...,s, of O,. Since d,,: O, — O, is unital and is
homotopic to id, §,, is approximately unitarily equivalent to id (by classifi-
cation theory). Thus, O,, is unitally contained in F'(O,,). By Corollary 1.13
this implies that D := O,, ® O,, ® - - - is unitally contained in F(O,,). Since
O,, # Oz we get that Oy is not unitally contained in D, i.e. 0 # [1] € K(D)
(cf. proof of 2.17). Moreover, D is a p.i.s.u.n. algebra in the UCT-class and
(n — 1)K.(D) = {0}, because O,, is a p.i.s.u.n. algebra in the UCT class and
D=20,®D.

Suppose that 11 o and 72, are approximately unitarily equivalent in D.
Then D is self-absorbing by Corollary 4.12. Since (n—1) K, (D) = {0}, Remark
4.6 implies that K. (D) = 0, which contradicts 0 # [1] € Ky(D). O
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